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Abstract. In this series of papers, we investigate properties of a finite group which
are determined by its low degree irreducible representations over a number field F ,
i.e. its representations on matrix rings Mn(D) with n ≤ 2. In particular we focus on
representations on M2(D) where D is a division algebra having an order O such that O
has finitely many units, i.e. such that SL2(O) has arithmetic rank 1. In this first part,
the focus is on two aspects.

One aspect concerns characterisations of such representing spaces in terms of Serre’s ho-
mological goodness property, small virtual cohomological dimension and higher Kleinian-
type embeddings. As an application, we obtain several characterisations of the finite
groups G whose irreducible representations are of the mentioned form. In particular,
such groups G are precisely those such that U(RG), with R the ring of integers of F ,
can be constructed from groups which virtually map onto a non-abelian free group.
Along the way we investigate the latter property for congruence subgroups of higher
modular groups and its implications for the congruence kernel. This is used to obtain
new information on the congruence kernel of the unit group of a group ring.

The second aspect concerns the conjugacy classes of the images of finite subgroups of
U(RG) under the irreducible representations of G. More precisely, we initiate the study
of a blockwise variant of the Zassenhaus conjectures and the subgroup isomorphism
problem. Moreover, we contribute to them for the low rank representations above.
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1. Introduction

This paper concerns representation theory of finite groups G. Arguably the main aim of
it is to determine which group theoretical invariants of G can be retrieved from its category
of representations RepF (G), where F is some field of characteristic 0. In this work we
consider the general problem of retrieving information from the group algebra FG viewed
as an F -algebra.

This problem is highly dependent on the choice of the ground field F . For example if
F = C, then FG ∼= FH for G and H abelian exactly when |G| = |H|. On the other hand,
if F = Q then the group algebra determines all the structure constants of an abelian group
by a theorem of Perlis–Walker [70]. One reason that Q detects more is the theorem of
Wedderburn–Artin, which says that there is an isomorphism of F -algebras
(1.1) FG ∼= Mn1(D1)× · · · ×Mnℓ

(Dℓ),
where Di are finite-dimensional division F -algebras. In particular, the Brauer group Br(F ),
i.e. the division algebras over F , has an influence. One way to view this is, the ‘smaller’ F ,
the ‘richer’ its Brauer group. Nevertheless, Dade [16] constructed non-isomorphic groups G
and H with isomorphic group algebras over any field of characteristic 0, or in other words
such that QG ∼= QH. For a long time, it was believed that over the integers Z (equivalently
over all group rings RG), a group G is uniquely determined by its integral group ring ZG.
However, Hertweck constructed a counterexample to this [37]. Nevertheless, if ZG ∼= ZH,
then G and H are cocycle twists of each under a Cech-type non-abelian cohomology theory
constructed by Roggenkamp–Kimmerle [53]. Thus, although Hertweck managed to find
solvable groups for which this cohomology group is non-trivial, it indicates that G and H
are still very related to each other.

The motivation to consider FG lies in the fact that it is a distinguished object in
RepF (G). Firstly, being the regular module, it is directly related to the set of irreducible
F -representations of G. A second aspect is more categorical. Namely, RepF (G) viewed as a
symmetric tensor1 category is known (by [20, 19]) to determine completely the underlying
group G. The latter data is equivalent to determining FG as a Hopf algebra. However,
solely viewed as a tensor category, there can be non-isomorphic finite groups G and H such
that RepF (G) ≃ RepF (H) as tensor categories, giving rise to the concept of isocategorical
groups [26, 17, 28]. If F is algebraically closed, then G and H are isocategorical if and only
if FG and FH are up to some Drinfeld twist isomorphic as Hopf algebras [26, Proposition
3.1]. This highlights again the distinguished role of the group algebra. In our setting, one
follows the natural desire to retrieve information on G from much less (and more realistic to
be determined) starting structure.

Interestingly, if R is the ring of integers of a number field, then2 the R-algebra RG
contains the same information as its unit group U(RG). In other words, if RG ∼= RH as
R-algebras, then U(RG) ∼= U(RH) as groups. Therefore, for several decades now, there has
been considerable interest in understanding how G is embedded in the finitely presented
group U(RG). One proposed line of research is to construct a subgroup N such that (1)

1With tensor category we mean an abelian, F -linear, semisimple, monoidal and rigid category whose
monoidal unit is simple.

2The technical condition on R allowing this conclusion, is that R is a G-adapted ring. This means that
R is an integral domain of characteristic 0 such that none of the prime divisors of |G| are invertible in R.
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the construction of N does not depend on knowing the basis G of RG (i.e. it is generic
in G), (2) it is of finite index in U(RG) and ideally (3) it is normal and torsion-free. This
allows to retrieve invariants from the finite group U(RG)/N . Property (2) is related with
the problem of generic constructions of invertible elements [43].

Now recall that each simple factor Mni
(Di) in the Wedderburn–Artin decomposition

(1.1) corresponds to a primitive central idempotent ei of FG; we denote the set of all such
elements by PCI(FG). It is a general fact that U(RG) has finite index in

∏ℓ
i=1 U(RGei). As

such, both property (2) and the normality in (3) are directly related with the description of
normal subgroups of the groups U(RGei). In turn, this heavily depends on the isomorphism
type of FGei = Mni(Di). More precisely, the presence of the following type of simple
algebras often breaks the standard methods used (see [4, Section 6.1] for more details):
Definition 1.1 (Exceptional components). A finite-dimensional simple algebra B is called
exceptional if it is isomorphic to one of the following:

(1) a non-commutative division algebra which is not a totally definite quaternion algebra
over a number field,

(2) a matrix algebra M2(D) with D ∈ {Q,Q(
√
−d),

(
−a,−b

Q

)
| a, b, d ∈ N0}.

If B is of the latter form, then we speak of an exceptional matrix algebra and in the former
case of an exceptional division algebra. If B ∼= FGe for some e ∈ PCI(FG), then B is called
an exceptional component of FG.

The name was coined in [49] and the reason that in practice they are exceptional (i.e.
require ‘other methods’) is different. The exceptional matrix algebras are exactly those
Mn(D) for which the S-rank of SLn(D) is 1, where S is the set of Archimedean places of Z(D)
(see [4, Remark 6.7] for details and eq. (2.1) for the definition of SLn over non-commutative
rings). Consequently, they are exactly those matrix algebras having a maximal order3 Mn(O)
such that SLn(O) does not satisfy the subgroup congruence problem. Moreover, there exist
non-central normal subgroups which are not of finite index. The non-exceptional division
algebras D are exactly those having an order O such that SL1(O) is finite. The others are
problematic because SL1(D) has no unipotent elements, which are an ingredient for most
generic constructions of units in U(RG). Additionally, the subgroup congruence problem for
SL1(D) is sadly still open. Therefore, for the lines of research described earlier, irreducible
representations in such simple algebras require a separate study.

This series of papers has three aims. A first aim is to better understand irreducible
representations into an exceptional matrix algebra A. Here the focus will be on the following
topological and homological properties and invariants:

(1) Serre’s good property: a group Γ is good if the cohomology of Γ coincides with the
cohomology of its profinite completion Γ̂, in any finite module (see Section 4.3 for a
precise formulation).

(2) Virtual cohomological dimension: for any discrete group Γ, this is the cohomological
dimension of a torsion-free finite index subgroup of Γ, and we denote it by vcd(Γ)
(see Section 4.1 for a precise formulation).

(3) Higher Kleinian property: a group Γ has property Din if n is the smallest integer
such that Γ can discretely be embedded into SLn(C) (see Definition 4.7).

(4) A large congruence subgroup: a group Γ is large if it maps onto a virtually free group
(see Section 5 for details).

In Section 4 and Section 5 we will determine the above for the unimodular elements of an
order in A. It will turn out that exceptional matrix algebras cannot be distinguished from
other simple algebras through any of the above. However, if we assume that the matrix
algebra is associated to an irreducible representation of a finite group, then they can be. In

3It is well-known that a maximal order in Mn(D) is of the form Mn(O) with O a maximal order in D.
Furthermore, the unit groups of two orders are commensurable. Thus this property does not depend on the
chosen order.
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case of the large property, our approach will be geometric, by relating it to the setting of
higher modular groups. Furthermore, as an application, we obtain new information on the
congruence kernel of an integral group ring.

The second aim is to characterise and classify the finite groups G and number fields F
such that FG has the following property:
(Mexc) All FGe ∼= Mn(D), with n ≥ 2, are exceptional.
So with respect to the general theory described earlier, they represent the ‘most degenerate
groups’. As a second application of understanding the properties above, we obtain several
characterisations of when FG has (Mexc). Some of them extend the work in [50] and others
are completely new. In the sequel to this paper, we will give a precise classification of
the finite groups G and number fields F such that FG has (Mexc), yielding a new case of
Kleinert’s virtual structure problem [56]. Moreover, we will solve the rational isomorphism
problem for these groups, i.e. if QG ∼= QH and QG has (Mexc), then G ∼= H.

The third aim is the study of conjugacy classes of finite subgroups through low rank
irreducible representations. More precisely, let ρ : U(FG) → Mn(D) be an irreducible F -
representation of G with Mn(D) exceptional and let H be a finite subgroup of U(RG). Then
we investigate the GLn(D)-conjugacy class of ρ(H). In other words, we study a blockwise
variant of the Zassenhaus conjectures and the subgroup isomorphism problem.

We now explain in more detail the main results of this paper.

1.1. Topological and homological characterisation of exceptional components and
applications. Let A be a finite simple algebra over a number field F and O an order in A.
In Section 4 we characterise when any of the following occur:

• vcd(SL1(O)) divides 4,
• SL1(O) has property Din with n | 4,
• SL1(O) is good.

Each of the above is independent of the chosen order O, i.e. they depend only on the
isomorphism type of A. Moreover, they all hold for exceptional matrix algebras. See
Proposition 4.3, Proposition 4.8 and Proposition 4.13 for the detailed statements.

The aforementioned results are not representation theoretical ones. Concretely, it may
happen e.g. that vcd(SL1(O)) | 4, but that SL1(O) does not have Din with n | 4, and vice
versa. However if we assume that A is a simple component of a group algebra FG having
(Mexc), then the various properties are directly related.

Theorem A (Theorem 4.1, Theorem 4.12 & Corollary 4.14). Let G be a finite group and
F a number field with ring of integers R. Then the following are equivalent:

(i) FG has (Mexc),
(ii) [F : Q] ≤ 2 and vcd(SL1(RGe)) | 4, for every e ∈ PCI(FG) such that FGe is not a

division algebra,
(iii) [G : Fit(G)] ≤ 2 and Fit(G) has class at most 3 and

SL1(RGe) has Din with n | 4,
for every e ∈ PCI(FG) such that FGe is not a division algebra,

(iv) U(RG) is good,
(v) SL1(RG) is good.

The fact that QG having (Mexc) implies that U(ZG) is good was already obtained in [13,
Theorem 1.5].

Two instrumental ingredients for Theorem A are (1) the description of the exceptional
division algebra components that a group algebra with (Mexc) can have and (2) the behaviour
of the (Mexc) property over different ground fields. Both problems are resolved in Section 3.

Remark. In [50] a characterisation in terms of virtual cohomological dimension and the
Kleinian property was obtained of the finite groups G such that QG has no exceptional
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division components and the non-division components are all of the form M2(Q(
√
−d))

for some d ∈ N. More precisely, they show that QG has such components if and only if
vcd(SL1(ZGe)) ≤ 2 for all e ∈ PCI(QG). In turn the latter is equivalent to SL1(ZGe) having
Din with n | 2 for all e ∈ PCI(QG). Interestingly, including all exceptional matrix algebras
adds some intricate properties on the Fitting subgroup.

In light of the aforementioned result from [50] (and its predecessors) and Theorem A, it
is natural to formulate the following general problem.

Problem (Block Virtual Structure problem). Let P be a property. Classify the group
algebras FG such that, for each primitive central idempotent e of FG in some subset
(depending on P) of PCI(FG), the simple algebra FGe has property P.

Later in the introduction we briefly recall the virtual structure problem and in Section 2
it is shown how it relates to the above problem.

1.2. Virtually free quotients and congruence kernels for higher modular groups.
Let R be a ring such that R/I is finite for any ideal I in R. Recall that a subgroup Γ of
SLn(R) is said to be a principal congruence subgroup if it is the kernel of a reduction map
SLn(R)→ SLn(R/I). Such subgroups are of finite index and any subgroup containing one
is called a congruence subgroup.

A finite index subgroup mapping onto free groups. The first main result of Section 5 concerns
largeness for principal congruence subgroups of SL2(O) with O an order in D such that
M2(D) is an exceptional matrix algebra. A group is called large if it has a quotient which is
virtually a non-abelian free group. Such groups are also referred to as having property vFQ,
see [59]. However, we will avoid this notation to avoid confusion with another property,
which we will name property vQL. A group has property vQL if it has a finite index subgroup
which maps onto a non-abelian free group, i.e. it virtually has a non-abelian free quotient. If
a group is large, then it also has vQL, since the inverse image of the free group provided by
largeness is a finite index subgroup which has a free quotient. One reason for the terminology
“large” is the fact that Γ being large implies that Γ is SQ-universal, meaning that every
countable group can be embedded in a quotient of Γ.

In [59, Theorem 3.7] it was proven that if Γd is a torsion-free finite index subgroup of
SL2(Id), then Γd is large. Moreover, if the prime p does not split in Id, then the kernel of
SL2(Id)→ SL2(Id/pId) maps onto a free group of rank p3 + p− 1. Note that the property
vQL is stable under commensurability. Hence [59, Theorem 3.7] gave a constructive version
of Grunewald–Schwermer’s theorem [32], stating that SL2(Id) has vQL. We obtain the
analogous statement for SL2(O) with O an order in

(
u,v
Q

)
, where u and v are strictly

negative integers.

Theorem B (Theorem 5.1). Let
(

u,v
Q

)
be a totally definite quaternion algebra with centre Q

and let Lu,v be the Z-order with basis {1, i, j, k}. Then every torsion-free principal congruence
subgroup of SL2(Lu,v) is large.

Combining the aforementioned results in the literature with Theorem B yields the
following.

Corollary C (Corollary 5.2). Let A be an exceptional matrix algebra, O an order in A and
Γ a group commensurable with SL1(O). Then Γ has a finite index subgroup mapping onto a
non-abelian free group.

The proof of Theorem B is geometric and uses tools from [59] and [52]. More precisely,
in Section 5.2 we relate the principal congruence subgroups of SL2(Lu,v) to congruence
subgroups of certain groups of isometries of the hyperbolic 5-space, denoted SL+ (Γu,v

4 (Z)).
To do so, in Section 5.1 we recall how studying 2×2 matrix groups over orders in quaternion
algebras all comes down to studying discrete subgroups SL+ (Γ4(Z)) of Vahlen groups, which
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are groups of 2× 2 matrices with entries in a Clifford algebra. These groups were described
in [84], where Vahlen generalised Möbius transformations to higher-dimensional hyperbolic
spaces. Discrete subgroups of the latter provide a natural generalisation of the modular
group to higher dimensions. These generalised groups are denoted by SL+(Γn(Z)) and
referred to as higher modular groups. Theorem B will be a consequence of the following
statement on higher modular groups. In fact, the following was our motivation to consider
largeness of congruence subgroups of SL2(Lu,v).

Theorem D. Let u, v ∈ Z<0 and suppose that the torsion-free principal congruence subgroup
Conn (see (5.2)) of the higher modular group SL+ (Γu,v

4 (Z)) is torsion-free. Then Conn is
large.

Remark. In Lemma 5.6 it is shown that sufficiently deep (depending on u) principal
congruence subgroups are torsion-free. Using the connection built in the proof of Theorem 5.1,
the latter also yields that there exists some n such that Conn is torsion-free.

Remark. Being large implies that the abelianisation is infinite. In particular, if a group Γ
has vQL, then Γ does not have property (FAb), i.e. not every finite index subgroup has
finite abelianisation. This observation, along with Theorem 5.1 applied to

(
−2,−5

Q

)
, can be

used to remove the condition 5 ∤ |G| in [3, Theorem 6.10].

A look at the congruence kernel. Associated to groups Γ such as SL+(Γn(Z)) and SL1(O),
there are two natural topologies. Firstly, the congruence topology, which has the congruence
subgroups as a basis of neighbourhoods of the identity. A second is the profinite topology,
which considers all finite index subgroups as a neighbourhood basis at the identity. Denote
by Γ̃ and Γ̂ the respective completions. The subgroup congruence problem (SCP) asks
whether all finite index subgroups contain a principal congruence subgroup. In other words,
whether the natural epimorphism

πΓ : Γ̂→ Γ̃
is injective. The kernel C(Γ) := ker(πΓ) is called the congruence kernel. Serre proposed a
quantitative version of (SCP) by asking to compute C(Γ).

In Section 5.3 we use Theorem D (resp. Theorem B) to show that the congruence kernel
of SL+ (Γu,v

4 (Z)) (resp. SL1(O)) contains as a closed subgroup a copy of the free group of
countable rank, see Theorem 5.7 and Corollary 5.8. In case of SL2(Id) this was obtained in
[58, Theorem B] and our proof uses the methods in loc. cit.

1.3. Applications to the unit group of a group ring. The results obtained in Section 5
are applied in Section 6 to the unit group of a group ring.

As a first application we complement Theorem A with a group theoretical characterisation
of when a group algebra FG has (Mexc). For this, we define the following class of groups:

GvQL := {Γ | Γ is virtually indecomposable and has vQL} ⊔ { finite groups }.
Subsequently, consider the larger class∏

GvQL :=
{∏

i

Gi | Gi is finitely generated abelian or in GvQL

}
.

Theorem E (Theorem 6.1). Let G be a finite group, F a number field and R its ring of
integers. Then the following are equivalent:

(1) U(RG) is virtually-
∏
GvQL.

(2) FG has (Mexc) and no exceptional division components.
Moreover, FG has (Mexc) if and only if SL1(RGe) has vQL for all e ∈ PCI(FG) such that
FGe is not a division algebra.

The second application concerns the congruence kernel CG of the unit group of an integral
group ring U(ZG). The latter has been investigated in [9, 10, 13]. In [9, 10] several families of
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finite groups G are described with the property that if CG is infinite, then G belongs to one
of these families. Under the assumption that QG has no exceptional division components,
an upper-bound on the virtual cohomological dimension of CG is obtained in [13, Theorem
5.1]. We contribute towards bounding from below, by showing that whenever QG has an
exceptional matrix component, then the congruence kernel contains a profinite free group of
countable rank F̂ω. This is a direct consequence of [58, Theorem B], Theorem 5.7 and the
well-behavedness of the congruence kernel with direct products.

Corollary F (Corollary 6.3). Let G be a finite group. Then the following hold:

(1) If QG has an exceptional matrix algebra, then CG contains F̂ω,
(2) If QG has (Mexc), then CG contains

∏
e∈PCI ̸=1

F̂ω,

where PCI̸=1 := {e ∈ PCI(QG) | QGe is not a division algebra}.

1.4. The blockwise subgroup isomorphism and Zassenhaus property. Recall that
U(ZG) = ±1 · V (ZG) where V (ZG) is the set of units in U(ZG) of augmentation 1, called
the normalised unit group. Three conjectures concerning finite subgroups H of V (ZG) were
attributed to Zassenhaus [88, 80]. Namely, consider the following sets:

G1 := {H ⩽ V (ZG) | H cyclic and finite} ,
G2 := {H ⩽ V (ZG) | |H| = |G|} ,
G3 := {H ⩽ V (ZG) | H finite} .

The ith Zassenhaus conjecture predicts that if H ∈ Gi, then H is QG-conjugated to a
subgroup KH of G. Each of these three conjectures have been disproven [77, 74, 24],
transforming them into the question for which H and G the above conjugation property
holds. The above conjectures, but where conjugation over QG is weakened to the existence of
an abstract isomorphism between H and some KH ⩽ G, are called the subgroup isomorphism
problem, see [60, 68] and references therein.

The aim of Section 7 is to study a blockwise variant of the Zassenhaus conjectures,
i.e. investigating whether the image of H under any irreducible Q-representation ρ of
G is ρ(QG)-conjugated to a subgroup of ρ(G). Similarly, we also consider a blockwise
subgroup isomorphism problem. Note that these problems can be investigated more generally.
Therefore in Section 7.1 we define the Zassenhaus and subgroup isomorphism property for
general finite-dimensional semisimple F -algebras. The subgroup isomorphism property for
the set G2 and twisted group rings has recently also received considerable attention, see
[63, 64, 65, 35, 51].

The rest of the section is devoted to the investigation of the Zassenhaus property for
exceptional matrix algebras. As a first main result of independent interest, we obtain in
Section 7.4 a precise description of the conjugacy classes of finite subgroups of the unit
group of an exceptional matrix algebra A. If O is an order in A, the latter description allows
to say which finite subgroups are A-conjugated to a subgroup of U(O) which spans A over
Q. We refer to Theorem 7.27 for a precise statement.

Another main result is the following, stating that for certain irreducible Q-representations
ρ of exceptional type, one is always able to ρ(QG)-conjugate ρ(H) into ρ(G).

Theorem G (Theorem 7.10). Let G be a finite and e ∈ PCI(QG) such that QGe is either
a field, a quaternion algebra or isomorphic to M2(Q(

√
−d)) with d ̸= 3. If H is a finite

subgroup of V (ZG), then (He)α ≤ Ge for some α ∈ QGe.

We expect that combining the results from Section 7.4 and the methods from [68], one
could obtain Theorem G for any exceptional algebra.

We would also like to mention that along the way we formulate several questions which
arise naturally: Question 7.7, Conjecture 7.19, Question 7.20 and Conjecture 7.18.
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1.5. The Virtual structure problem and rational isomorphism problem for ex-
ceptional components. In the sequel to this paper, [15], we will investigate the virtual
structure problem and rational isomorphism problem for group algebras FG having (Mexc).

Recall that in [56], Kleinert formulated formally the problem to obtain unit theorems for
the unit group of orders O in finite-dimensional semisimple algebras A. More precisely, the
problem concerns finding classes of groups G(A) such that most of the generic unit groups of
A are contained in G(A). Formulated a bit differently, one could consider a class of groups
G and classify all semisimple algebras A such that A has a unit theorem for G. Now if we
restrict ourselves to group algebras, then the simple factors are related to each other via the
representation theory of the group basis. As such the following problem was distilled in [46].

Problem (Virtual Structure Problem). Let G be a class of groups. Classify the finite groups
G such that U(ZG) has a subgroup of finite index lying in G.

For a historical overview on the virtual structure problem we refer the reader to the
introduction of [42].

A first main result resolves the virtual structure problem for the class of (Mexc) groups.
This result completes a line of research started 30 years ago with among others the papers
[48, 46, 71, 50]. The most general result until now concerned the finite groups G such that
QG has the stronger property that

(i) all matrix components are of the form M2(Q(
√
−d)) with d ∈ N ,

(ii) and QG has no exceptional division components,
which were classified in [46, 50]. Considering property (Mexc) generalises their considerations
in two ways. Anecdotally, the MathSciNet review of [46] states that they obtain “the most
far-reaching result possible”, which indeed looked like to be so for now almost 20 years. We
will prove the following.

Theorem H. Let G be a finite group and F a number field such that FG has (Mexc). Then
the following holds:

(1) G ∼= Ck
3 ⋊Q with Q a 2-group of nilpotency class at most 3,

(2) G has an abelian normal subgroup B such that G/B ∼= C2 or C2 × C2,
(3) [G : Fit(G)] ≤ 2,
(4) if Q is non-abelian, then FG has no exceptional division components.

Moreover, a precise description of the action of Q on Ck
3 and the isomorphism class of Q is

obtained.

Finally, we study the rational isomorphism problem, i.e. the problem of distinguishing a
finite group among all finite groups through its rational group algebra. Positive instances of
the latter problem are scarce as the authors are only aware of the case of abelian groups [70]
and metacyclic groups [29, 30]. Note that Dade’s examples [16] are metabelian, indicating
the difficulty to find new classes. Although finite groups satisfying (Mexc) are metabelian
by Theorem H, we will show that they are distinguishable.

Theorem I. Let G and H be finite groups such that QG ∼= QH as Q-algebras and QG has
(Mexc). Then G ∼= H.
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Conventions and notations. Throughout the full article all groups denoted by a Latin letter
will be a finite group. All orders will be understood to be Z-orders. We also use the following
notations:
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• PCI(FG) for the set of primitive central idempotents of FG.
• πe : U(FG)↠ FGe the projection onto a simple component.
• C(FG) = {FGe | e ∈ PCI(FG)} for the set of isomorphism types of the simple

components of FG.
• The degree of a central simple algebra A is

√
dimZ(A) A.

• By ϕ(n) we denote Euler’s phi function.
• The notation gt denotes the conjugation t−1gt.
• For any even n ≥ 2, the notation Dn denotes the dihedral group of order n.
• For a group element g ∈ G, we denote its order by o(g). For an integer n ≥ 1, we

denote its multiplicative order modulo m by om(n).
• We denote the non-negative integers by N, and the positive integers by N0.

2. The block Virtual Structure Problem

The overarching spirit of this paper is to determine properties of a finite group which are
determined by its irreducible representations over a number field. For example, one could
wonder which groups are fully determined by certain interesting predescribed conditions on
them (such as property (Mexc)):

Problem (Block Virtual Structure problem). Let P be a property. Classify the group
algebras FG such that for a set of primitive central idempotents e ∈ PCI(FG) (depending
on P), FGe has property P.

In the case that P is the property of belonging to a class of groups G which behaves
well with direct products and is constant on commensurability classes, the Block Virtual
Structure problem is equivalent to the classical Virtual Structure Problem, as shown by
Lemma 2.1 below.

We now first recall the concept of the reduced norm. First, let A be a finite-dimensional
central simple algebra over a field K of characteristic 0 and let E be a splitting field of A
(i.e. A⊗K E ∼= Mn(E) for some n). Then the reduced norm of a ∈ A is defined as

RNrA/K(a) = det(1E ⊗K a).
Note that RNrA/K(·) is a multiplicative map, RNrA/K(A) ⊆ K and RNrA/K(a) only
depends on K and a ∈ A (and not on the chosen splitting field E or the isomorphism
E ⊗K A ∼= Mn(E)), see [47, page 51]. For a subring R of A, define
(2.1) SL1(R) = { a ∈ U(R) | RNrA/K(a) = 1 },
which is a (multiplicative) group. If A = Mn(A′) and R = Mn(R′) with A′ a finite-
dimensional central simple algebra over K and R′ a subring of A′, then we also write
SL1(A) = SLn(A′) and SL1(R) = SLn(R′). Next, if A =

∏
i Mni(Di) is semisimple and hi

is the projection onto the ith component, then
SL1(R) := { a ∈ R | ∀ i : RNrMni

(Di)/Z(Di)(hi(a)) = 1 }.
We will use the notation

(2.2)
∏
G :=

{∏
i

Gi | Gi is finitely generated abelian or in G
}
,

for the class of groups which are formed out of direct products of groups in G and abelian
groups. Using [55], together with classical results on unit groups of orders, we obtain the
following. We will say that a group is virtually-G if it has a finite index subgroup which
belongs to the class G.

Lemma 2.1. Let A be a finite-dimensional semisimple F -algebra with F a number field
and O an order in A. Let G be a class of groups such that being virtually-

∏
G is closed

under commensurability and direct factors4. Then the following hold.

4In other words if G1 × G2 is virtually-
∏

G, then both G1 and G2 are virtually-
∏

G.
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(1) U(O) is virtually-
∏
G if and only if for every e ∈ PCI(A), the group SL1(Oe) is

either virtually-cyclic or virtually-G.
(2) SL1(Oe) is virtually cyclic if and only if SL1(Oe) is finite.
(3) If moreover being in G implies not having property5 (FA), then the degree of Ae is

at most 4.

It was proven by Kleinert that SL1(O) (for O an order in a finite-dimensional simple
Q-algebra A) is finite if and only if A is a field or a totally definite quaternion algebra, see
[54] or [47, Proposition 5.5.6]. Moreover, a classification of the rings of integers R and finite
groups G such that U(RG) is virtually cyclic was obtained in [42, Proposition 1.4].

Remark 2.2. If one defines the set
∏
G as simply being the products

∏
i Gi with Gi ∈ G,

then Lemma 2.1 still holds. In fact in that case one has in (1) that SL1(Oe) is necessarily
virtually-G.

The proof of Lemma 2.1 will show that the same conclusion holds if the class of groups that
are virtually-

∏
G has the following weaker direct factor property: if

∏
e∈PCI(A) SL1(Oe)×

U(Z(O)) is virtually-
∏
G, then each SL1(Oe) is virtually-

∏
G. Or more abstractly, thanks

to [54], it is enough to obtain the property for direct products of the form
∏m

i=1 Γi × Γ with
Γi non-abelian virtually indecomposable and Γ a finitely generated abelian group.

Example 2.3. Let G be the class consisting of groups Γ having a (potentially trivial) normal
subgroup N which is free such that Γ/N is also free. Then it was proven in [50, Theorem
2.1] that G satisfies the hypothesis from Lemma 2.1.

Another example is the class of groups having infinitely many ends. By Stalling’s theorem
this is equivalent to having an amalgamated or HNN splitting over a finite group. In [42,
Lemma 2.1] it is proven that this class also satisfies the hypothesis from Lemma 2.1.

In the remainder of the paper we will sometimes use the following fact without further
notice. This result is somehow folklore, but for convenience of the reader we sketch the
proof.

Lemma 2.4. Let A be a finite-dimensional semisimple F -algebra with F a number field. If
O1 and O2 are orders in A, then SL1(O1) and SL1(O2) are commensurable.

Proof. We know that U(O1) and U(O2) are commensurable. Therefore [47, Proposition
5.5.1] implies that the subgroups ⟨SL1(Oj),U(Z(Oj))⟩ for j = 1, 2 are commensurable.
Furthermore, [47, Corollary 5.5.3] implies that ⟨SL1(Oj),U(Z(Oj))⟩ is commensurable with
SL1(Oj) × U(Z(Oj)). From this we conclude that the SL1(Oj), j = 1, 2 are necessarily
commensurable. □

Proof of Lemma 2.1. The sufficiency in (1) is clear. Hence assume that U(O) is virtually-∏
G. Recall [47, Proposition 5.5.1], which says that ⟨SL1(O),U(Z(O))⟩ is a subgroup of

finite index in U(O) and moreover that SL1(O) ∩ U(Z(O)) is finite. Therefore, SL1(O)×
U(Z(O)) is commensurable with U(O). Furthermore, SL1(O) is commensurable with∏

e∈PCI(A) SL1(Oe) (see also [47, Corollary 5.5.3]). Hence by the assumptions on G, we have
that

∏
e∈PCI(A) SL1(Oe) × U(Z(O)) and subsequently SL1(Oe) is virtually-

∏
G for each

e ∈ PCI(A). Now if Ae is a field or a totally definite quaternion algebra, then SL1(Oe) is
finite by [54]. For other simple algebras Ae, [55, Theorem 1] says that SL1(Oe) is virtually
indecomposable, meaning that if SL1(Oe) is commensurable with a direct product Γ1 × Γ2,
then Γ1 or Γ2 is finite. Therefore, SL1(Oe) being virtually-

∏
G implies that it is either

virtually cyclic or virtually-G, as desired.
For part (2) we may assume without loss of generality that A is simple. It follows from

[44, Theorem 4.1] that U(O) contains a free group if and only if A is not a totally definite
quaternion algebra. In particular, combined with [47, Proposition 5.5.6], (2) follows.

5A group Γ does not have Serre’s property (FA) if it acts on a tree without fixed vertices. This for
instance is the case if Γ has a non-trivial decomposition as an amalgamated product or as an HNN extension.
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Now we consider (3). By the first part, SL1(Oe) is either virtually cyclic or virtually-G.
Part (2) and [47, Proposition 5.5.6] moreover imply that the former case only happens if Ae
is a field or a totally definite quaternion algebra. In particular the degree of Ae is at most
2. Hence suppose that SL1(Oe) is virtually-G. In that case, the desired conclusion follows
from [55, Theorem 3]. □

3. Finite groups with only exceptional higher simple components

In this section we first show in Theorem 3.1 how property (Mexc) behaves over different
coefficient fields. Afterwards, in Theorem 3.4, we describe which exceptional algebras can be
components of a group algebra with (Mexc). The possibilities turn out to be quite limited.

3.1. The role of the coefficient field. Considering the role of the coefficient field, we
immediately note the following.

Theorem 3.1. Let G be a finite group and F ⊆ L fields of characteristic 0. If LG has
(Mexc), then FG also has (Mexc). If moreover Q ⊊ L and LG has a non-division algebra
component, then

LG has (Mexc)⇔


QG has (Mexc),
L = Q(

√
−d) for some square-free d ∈ N,

Z(QGe) ⊆ L for all e ∈ PCI(QG) s.t. QGe is not a division algebra.

This shows the importance of first understanding the case of rational group algebras. In
the companion paper [15], where the finite groups such that FG has (Mexc) will be classified,
the bulk of the work will be dedicated to the case F = Q.

Remark 3.2. Finite groups G for which QG has only division algebra components have been
classified in [79, Theorem 3.5]. Concretely, QG is a direct product of division algebras if
and only if G is abelian or G is of the form A× Cn

2 ×Q8 with A an abelian group of odd
order such that the multiplicative order of 2 ∈ Q is odd modulo |A|.

If F is any field of characteristic 0, one can show, using the aforementioned classification,
that FG is a direct sum of division algebras exactly when QG is and F is not a splitting
field of

(
−1,−1

Q

)
. Therefore, we may in the sequel of the paper suppose that FG has a

matrix component.

Proof of Theorem 3.1. Recall that there is a bijection between the simple components of LG
and the absolutely irreducible characters Irr(G) of G. For χ ∈ Irr(G) denote the associated
component of LG by AL(χ). Now, following [47, Theorem 3.3.1], there is an isomorphism of
F (χ)-algebras
(3.1) AL(χ) ∼= L(χ)⊗F (χ) AF (χ),
where L(χ) denotes the character field associated to χ.

If L = F there is nothing that needs to be proven, so let F ⊊ L. Note that the result
from loc. cit. implies that the reduced degree of AF (χ) is less than or equal to that of
AL(χ). Hence if LG has only division algebra components, then so does FG. Furthermore,
if LG has (Mexc), then all matrix components of FG also have reduced degree two.

Next suppose that AF (χ) is a matrix component and hence so is AL(χ). Then from (3.1)
it follows that L(χ) = Z(AL(χ)) contains F (χ) in its centre. As LG has (Mexc), this means
that

[F (χ) : Q] | [L(χ) : Q] | 2.
Consequently, either F (χ) = Q or F (χ) = L(χ). From all this we now conclude that FG
must also have (Mexc), which proves the first statement.

Now suppose that LG has (Mexc) and a non-division algebra component. By the first part
QG must also have (Mexc). Moreover, since L ⊆ Z(AL(χ)) for all χ ∈ Irr(G), the (Mexc)
assumption implies that L = Q(

√
−d) for some d ∈ N. Since we assume F ̸= Q, the number

d can be taken square-free. Now, as LG has (Mexc), we have that for each e ∈ PCI(LG)
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such that LGe is not a division algebra, Z(LGe) is Q or an imaginary quadratic extension
of Q. Consequently, L(χ,

√
−d) = L(

√
−d) for all χ ∈ Irr(G), yielding simple components

of reduced degree at least 2. In other words, L(χ) ⊆ Q(
√
−d) for all such χ, showing the

necessary conditions. The converse clearly also holds, using (3.1). □

3.2. Division algebra factors in case of property (Mexc). In this section we determine
which simple algebras can occur as a simple component of a group algebra FG with property
(Mexc). The main result will be that the possible division algebras that can arise are restricted.
Recall that associated to a central idempotent e ∈ PCI(FG), there is an epimorphism from
FG to the simple component FGe which restricts to
(3.2) φe : G→ Ge, g 7→ ge.

Thus Ge denotes a finite subgroup of U(FG)e. It is classical, see Lemma 3.9, that

(3.3) C(FG) =
⋃

e∈PCI(F G)

C(F [Ge]).

This motivates the following definition.

Definition 3.3. Let G be a finite group and F a field with char(F ) ∤ |G|. We say that FG
is covered by H1, . . . ,Hℓ if C(FG) =

⋃ℓ
i=1 C(FHi).

Thus (3.3) can be reformulated as saying that FG is covered by {Ge | e ∈ PCI(FG)}. To
obtain the restrictions on the simple components of FG, we will describe which finite groups
can be isomorphic to Ge with e ∈ PCI(FG) when FG has (Mexc). In [13, Proposition 4.1]
such a study was essentially already done. The proof in loc. cit. however contains some
flaws, which we correct. Note that if FG has (Mexc), then each Ge is a subgroup of either a
division algebra or of an exceptional matrix algebra. We will call finite subgroups of such
simple algebras low rank spanning groups.

For the upcoming study in Section 4.2 of components whose SL1 are discrete in SL4(C),
we will need to understand the simple components of FG in case it satisfies following slightly
weaker version of (Mexc):

(wMexc)
All FGe ∼= Mn(D), with n ≥ 2, are exceptional or M4(Q)

and FG is covered by low rank spanning groups.
If FG has no M4(Q) as component, then it will follow from Lemma 3.9 that FG has

(Mexc) if and only if it has (wMexc).
As mentioned in Remark 3.2, it is known when FG is a direct product of division algebras.

Therefore the assumption that QG has at least one matrix component in the next result,
does not harm the generality. In the following statement, the notation cd(G) denotes the
set of the degrees of the irreducible characters of G.

Theorem 3.4. Let G be a finite group and suppose that QG has a matrix component. If
QG has (wMexc), then the following hold.

(1) The 1× 1 components of QG are either fields or quaternion algebras. More precisely,
the non-commutative possibilities are:{(

ζ2t ,−3
Q(ζ2t)

)
,

(
−1,−1

Q

)
,

(
−1,−3

Q

)
,

(
−1,−1
Q(
√

2)

)
,

(
−1,−1
Q(
√

3)

)
| t ∈ N≥3

}
.

(2) QG has (Mexc) if and only if the Fitting subgroup Fit(Ge) has index at most 2 and
nilpotency class at most 3 for each e ∈ PCI(QGe) such that QGe is not a division
algebra.

(3) If QG has (Mexc), then the only possible exceptional matrix algebras6 are{
M2(Q(

√
−d)),M2(

(
−1,−1

Q

)
),M2(

(
−1,−3

Q

)
) | d = 0, 1, 2, 3

}
.

6Note that by [23, Theorem 3.5] the only exceptional matrix algebra not appearing is M2(
( −2,−5

Q

)
).
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In particular, cd(G) ⊆ {1, 2, 4} and deg(QGe) | 4 for every e ∈ PCI(QG).
Remark 3.5. In the proof we will obtain that for C3 ⋊ C2n , with C2n acting by inversion,
the rational group algebra has all non-division simple components of the form M2(Q) and
M2(Q(i)). Furthermore, it has a division component of the form

(
ζ2n−1 ,−3
Q(ζ2n−1 )

)
. Hence it gives

an example of a group that has all matrix components of the form M2(Q(
√
−d)) with d ∈ N

but which does not satisfy the stronger property considered in [50], where they require that
QG has no exceptional division components.

One interesting class of groups for which QG has no exceptional division components
is the class of cut groups, see [4, Proposition 6.12]. Recall that a group is called cut if
Z(U(ZG)) is finite.

For a general coefficient field, we will deduce the following.
Corollary 3.6. Let G be a finite group and F a field of characteristic 0 different from Q,
such that FG has (Mexc) and at least one non-division component. Then the isomorphism
types of the non-commutative components of FG are amongst the following:{(

ζ2t ,−3
Q(ζ2t)

)
,

(
−1,−3
Q(
√
−2)

)
,M2(F ) | t ∈ N≥3

}
.

Moreover,
•

(
−1,−3
Q(

√
−2)

)
∈ C(FG) if and only if F = Q(

√
−2) and G maps onto C3 ⋊ C4,

•
(

ζ2t ,−3
Q(ζ2t )

)
∈ C(FG) if and only if F = Q(

√
−1) and G maps onto C3 ⋊ C2n with

action by inversion and n ≥ t.
3.2.1. Background on strong Shoda pairs and simple components. We need to recall some
methods to construct primitive central idempotents of QG. These methods were introduced
by Olivieri–del Río–Simón [67], see [47, Chapter 3] for a good introduction.

A tuple (H,K) is called a strong Shoda pair (SSP in short) when
K ≤ H �NG(K),

such that H/K is cyclic and a maximal abelian subgroup of NG(K)/K, and such that the
G-conjugates of

(3.4) ϵ(H,K) :=
∏

M/K∈M(H/K)

(K̂ − M̂),

(where M(H/K) denotes the set of the non-trivial minimal normal subgroups of H/K) are
orthogonal. Associated to such a tuple is a primitive central idempotent of QG, given by

(3.5) e(G,H,K) =
∑
t∈T

ϵ(H,K)t,

where T is a right transversal of CenG(ϵ(H,K)) in G.
The following is a combination of [47, Proposition 3.4.1, Theorems 3.4.2 & 3.5.5 and

Problem 3.5.1] and [62, Lemma 3.4].
Theorem 3.7 ([67]). With notations as above, e := e(G,H,K) is a primitive central
idempotent of QG if (H,K) is a strong Shoda pair. Moreover, in that case, CenG(ϵ(H,K)) ∼=
NG(K), ker(φe) = coreG(K) =

⋂
g∈G K

g and
dimQ QGe = [G : H][G : NG(K)]ϕ([H : K]).

Furthermore, QGe ∼= M[G:NG(K)]
(
Q(ζ[H:K]) ∗NG(K)/H

)
for some explicit crossing. In

particular, deg(QGe) = [G : H].
The notation deg denotes the degree of the central simple algebra QGe(G,H,K)), i.e.

deg(A) =
√
n if A⊗Z(A) C ∼= Mn(C).

Finally, we will mainly use the theory of strong Shoda pairs for G metabelian, in which
case the SSPs are easy to describe.
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Theorem 3.8 ([47, Theorem 3.5.12]). Let G be a finite metabelian group and let B be a
maximal abelian subgroup of G containing G′. Let K ≤ G be such that C ′ ≤ K ≤ C for
some subgroup C of G with B ≤ C ≤ G. Then (H,K) is a strong Shoda pair if and only if
the following hold:

(1) H/K is cyclic,
(2) H is maximal in the set {C ≤ G | B ≤ C and C ′ ≤ K ≤ C}.

3.2.2. Proof of the main result. The proof of Theorem 3.4 requires a finer understanding of
the quotient groups Ge, with e ∈ PCI(QG).

Lemma 3.9. For any finite group G, a normal subgroup N ⩽ G, a field F with char(F ) ∤ |G|
and e ∈ PCI(FG), the following holds:

C(F [G/N ]) ⊆ C(FG) and C(F [Ge]) ⊆ C(FG).
Consequently,

C(FG) =
⋃

e∈PCI(F G)

C(F [Ge]).

In particular, properties (Mexc) and (wMexc) are inherited by quotients.

Proof. The first claim follows from the fact that F [G/N ] is a semisimple subalgebra of
FG. Indeed, it is immediately semisimple since it is a group algebra, and a straightforward
calculation shows that F [G/N ] ∼= FGÑ ≤ FG with Ñ the central idempotent 1

|N |

∑
n∈N

n.

The second inclusion follows from the first since the group Ge is an epimorphic image of G.
The last statement is now also immediate, since every simple component of FG corresponds
to a primitive central idempotent e ∈ PCI(FG). □

Using Lemma 3.9, the proof of Theorem 3.4 reduces to a study of the subgroups of
division algebras classified by Amitsur [2] and the groups spanning an exceptional matrix
algebra classified in [23].

Proof of Theorem 3.4. For a group G having (wMexc), the set PCI(QG) naturally decom-
poses into PCI1 := {e | QGe ∼= D} and PCI2 := {e | QGe ∼= M2(D)}, where D always
signifies a rational division algebra, and PCI4 := {e | QGe ∼= M4(Q)}. Hence, with
Lemma 3.9 in mind, for the first statement it suffices to analyse the components possibly
appearing in Q[Ge] for e ∈ PCIi with i = 1, 2, 4.

We start with PCI2. The finite subgroups G of GL2(Q(
√
−d)) or GL2(

(
−a,−b

Q

)
) with

a, b, d ∈ N with the property that SpanQ{G} is the respective M2(·) have been classified7 in
[23, Theorem 3.7]. This classification consists of 55 groups and in particular the groups Ge
for e ∈ PCI2 are among them. The simple components of QG may be computed using e.g.
the Wedderga package in GAP, see Table B in Appendix A for the result. This moreover
shows that for groups Ge with e ∈ PCI2, the property (Mexc) is equivalent to the weaker
property that each non-division component has reduced degree 2. A case-by-case verification
also shows that each of these groups Ge contains an abelian normal subgroup of index a
divisor of 4. Furthermore, as can be seen in the table, the only 1× 1 components appearing
are

Q,Q(ζ3),Q(i),Q(ζ8),Q(ζ12),
(
−1,−1

Q

)
,

(
−1,−3

Q

)
,

(
−1,−1
Q(
√

2)

)
,

(
−1,−1
Q(
√

3)

)
.

Inspection of the table also shows that the remaining statements hold for such groups.
Next we consider the case e ∈ PCI1. A similar reasoning applies. Indeed, the finite

subgroups (such as Ge for e ∈ PCI1) of rational division algebras have been classified by
Amitsur in [2]. We will use the rephrasing from [83, Theorem 2.1.4] which asserts that they
are:

7In [23, Table 2] a group was missing, see [4, Appendix A] for a complete list.
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(a) a Z-group, i.e. having cyclic Sylow-subgroups, with restrictions listed later on in the
proof.

(b) (i) the binary octahedral group O∗ ∼= SU2(F3) of order 48:{
±1,±i,±j,±ij, ±1± i± j ± ij

2

}
∪

{
±a± b√

2
| a, b ∈ {1, i, j, ij}

}
.

(ii) Cm ⋊Q, where m is odd, Q is quaternion of order 2t for some t ≥ 3, an element
of order 2t−1 centralises Cm and an element of order 4 inverts Cm.

(iii) M × Q8, with M a Z-group of odd order m and the (multiplicative) order of 2
mod m is odd.

(iv) M×SL2(F3), where M is a Z-group of order m coprime to 6 and the (multiplicative)
order of 2 mod m is odd.

(c) SL2(F5).
None of the groups SU2(F3) = O∗, SL2(F3) and SL2(F5) have (wMexc). Indeed, using8

the Wedderga package in GAP one verifies that M3(Q) is a simple component over Q of
O∗ ∼= SU2(F3) and SL2(F3), and moreover that M5(Q) is a simple component over Q for
SL2(F5). Consequently, they cannot be epimorphic images of the group G. Hence:
The cases (b)(i), (b)(iv) and (c) do not appear as groups Ge for e ∈ PCI1 with Q[G] (Mexc).

The groups in (b)(ii) are dicyclic groups of order 2tm, i.e. Dic4n with n = 2t−2m and
t ≥ 3. When n odd, the dicylic groups coincide with case (B) in the family of Z-groups (see
below). Therefore, consider a general dicyclic group:

(3.6) Dic4n = ⟨a, b | a2n = 1, b2 = an, b−1ab = a−1⟩.

This is a metabelian group and hence its strong Shoda pairs are described by Theorem 3.8,
which we apply now. Note that the derived subgroup Dic′

4n is given by ⟨a2⟩, and ⟨a⟩ is
the maximal abelian subgroup of Dic4n containing it. For any SSP (H,K), one has that
⟨a⟩ ⊆ H. In other words, H = ⟨a⟩ or H = Dic4n. If H = Dic4n then the simple component
associated to (H,K) is a field, by [45, Lemma 2.4]. Via Theorem 3.8, it is a direct verification
that for d | 2n, the tuple (⟨a⟩, ⟨ad⟩) is a SSP if and only if d ̸= 1, 2. Note that K is normal
in Dic4n. Hence the associated primitive central idempotent is ϵ(⟨a⟩, ⟨ad⟩). Now, in [47,
Example 3.5.7], it is noted that (for n not necessarily even)

(3.7) QDic4nϵ(⟨a⟩, ⟨ad⟩) ∼= M2(Q(ζd + ζ−1
d )) if d | n and d ∤ 2,

where ζd denotes a complex primitive d-th root of unity. Since Q(ζd + ζ−1
d ) = Q(ℜ(ζd)) and

ℜ(ζd) = cos 2π
d ∈ R \ Q, Niven’s theorem implies that M2(Q(ζd + ζ−1

d )) is exceptional9 if
and only if ϕ(d) ≤ 2. The latter is equivalent to d ∈ {1, 2, 3, 4, 6}. In conclusion, if Dic4n is
non-abelian and has (wMexc), then it must be isomorphic to one of the groups

Dic4.2 = Q8, Dic4.4 = Q16, Dic4.6 = C3 ⋊Q8 or Dic4.3 = C3 ⋊ C4.

The first three groups are in the family (b)(ii). Moreover, these three groups each have
(Mexc), since their Wedderburn–Artin components are10:

C(QQ8) = {Q,
(
−1,−1

Q

)
}, C(QQ16) = {Q,

(
−1,−1
Q(
√

2)

)
, M2(Q)}, and

C(Q[C3 ⋊Q8]) = {Q,
(
−1,−1

Q

)
,

(
−1,−1
Q(
√

3)

)
, M2(Q)}.

8The SmallGroupID’s of these three groups are respectively [48,28], [24,3] and [120,5].
9Recall that [Q(ℜ(ζd)) : Q] = ϕ(d)/2. In particular, in contrast to the case e ∈ PCI2, it can happen that

all non-division components are exceptional without the group having (Mexc). Moreover, it can happen that
all non-division components are of the form M2(F ) with F a quadratic extension of Q. As shown by (3.7),
this holds for Dic4n with n = 5, 10, 8, 12.

10Calculated using the Wedderga package in GAP (the groups have SmallGroupID’s respectively [8,4],
[16,9] and [24,4]).
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Before we consider case (b)(iii) from above, we will discuss (a), the Z-groups (and in
particular Dic4.3). They have also been classified, see [83, Theorem 2.1.5]. They are the
following:
(A) Finite cyclic groups,
(B) Cm ⋊ C4, where m is odd and C4 acts by inversion,
(C) G0 ×G1 × . . .×Gs, with s ≥ 1, gcd(|Gi|, |Gj |) = 1 for all 0 ≤ i ̸= j ≤ s and G0 is the

only cyclic subgroup amongst them. Furthermore each of the Gi, for i ̸= 0, is of the
form

Cpa ⋊
(
C

q
b1
1
× . . .× Cqbr

r

)
,

for p, q1, . . . , qr distinct primes. Moreover, each of the groups Cpa ⋊ C
q

bj
j

is non-cyclic
(i.e. if C

q
αj
j

denotes the kernel of the action of C
q

bj
j

on Cpa , then αj ̸= bj) and satisfies
the following properties:

(i) qjoq
αj
j

(p) ∤ o |G|
|Gi|

(p).
(ii) one of the following is true:

• qj = 2, p ≡ −1 mod 4, and αj = 1,
• qj = 2, p ≡ −1 mod 4, and 2αj+1 ∤ p2 − 1,
• qj = 2, p ≡ 1 mod 4, and 2αj+1 ∤ p− 1,
• qj > 2, and q

αj+1
j ∤ p− 1.

Here om(q) denotes the order of q modulo m.
It is clear that the cyclic groups have (Mexc) since QCn is abelian. Moreover, by the

theorem of Perlis–Walker [47, Theorem 3.3.6], C(QCn) = {Q(ζd) | d divides n}.
Case (B), i.e Dic4n with n odd, is treated in (3.7). The conclusion was that the only

possible (non-abelian) such group having (wMexc) is C3 ⋊ C4. In this case it has (Mexc),
since

(3.8) C(Q[C3 ⋊ C4])) = {Q,Q(i),
(
−1,−3

Q

)
,M2(Q)}.

Next we consider case (C). We first show that (wMexc) implies 2 | |Gi|, for 1 ≤ i ≤ s and
hence s = 1 by the coprimeness condition. For this, we consider Ai =

∏s
j=1 Cqαj , the kernel

of the action in the decomposition of Gi into a semidirect product. Then

B := Gi/Ai
∼= Cpa ⋊ C

q
k1
1 ·...·qks

s
,

where kj := bj − αj > 0 and the action is non-trivial and faithful. Denote by x and y the
respective generators of the factors of B, i.e. B = ⟨x⟩ ⋊ ⟨y⟩. By Lemma 3.9, the group
B also has (Mexc). Note that Cpa = ⟨x⟩ is a maximal abelian subgroup of B containing
B′. Now using Theorem 3.8, it is a direct verification that (H,K) = (⟨x⟩, 1) is a SSP of B.
Moreover, QBe(G, ⟨x⟩, 1) ∼= Q(ζo(x)) ∗ ⟨y⟩ for some explicit crossing (see [47, Remark 3.5.6])
that would show that the component is not a division algebra. Hence, as B has (wMexc), it
is an exceptional matrix algebra or M4(Q) and thus dimQ QBe(G, ⟨x⟩, 1) | 16. Now using
[62, Lemma 3.4], we compute that

dimQ QBe(G, ⟨x⟩, 1) = [G : ⟨x⟩] ϕ(o(x)) = qk1
1 · . . . · qks

s pa−1(p− 1).

Combining both facts with the fact that p and qi are pairwise distinct primes, we obtain
that s = 1, q1 = 2 and pa = 3. Thus B ∼= C3 ⋊ C2k1 . Furthermore, since the action is
faithful, we obtain that k1 = 1, i.e. B ∼= C3 ⋊ C2 with action by inversion. Consequently,
G1 ∼= C3 ⋊ C2b1 with the action by inversion (as α1 = b1 − 1). For such groups, using
Theorem 3.8, one verifies that, for b1 ≥ 4,

(3.9)
C(Q[C3 ⋊ C2n ]) =

{
Q(ζ2ℓ),

(
−1,−3

Q

)
,
(

ζ2t ,−3
Q(ζ2t )

)
, M2(Q), M2(Q(i))

| 1 ≤ ℓ ≤ n, 3 ≤ t ≤ n− 1
}
,
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and, for b1 ≤ 3:

C(Q[C3 ⋊ C2]) = {Q,M2(Q)}, C(Q[C3 ⋊ C4]) = {Q,Q(
√
−1),

(
−1,−3

Q

)
, M2(Q)},

C(Q[C3 ⋊ C8]) = {Q,Q(
√
−1),Q(ζ8),

(
−1,−3

Q

)
, M2(Q), M2(Q(

√
−1))}.

Hence we see that such a G1 ∼= C3 ⋊ C2b1 even have (Mexc).
It remains to consider G0 × G1 with G0 ∼= Cm cyclic. From the Wedderburn–Artin

decomposition of Q[G1] above, we see that Q[G0 ×G1] contains as a simple component
Q(ζm)⊗Q M2(Q) ∼= M2(Q(ζm)).

Since G0 ×G1 is assumed to have (wMexc), this implies that [Q(ζm) : Q] ≤ 2. The latter
happens exactly when m ∈ {1, 2, 3, 4, 6}. Now recall that |G0| = m and |G1| = 3 · 2b1 are
relatively prime, yielding that m = 1, since b1 ≥ 1. Hence in conclusion,

(3.10) Z-groups of type (C) with (wMexc) are C3 ⋊ C2n with action by inversion.
Moreover, they have (Mexc) .

The last case to handle is (b)(iii), i.e. M ×Q8 with M a Z-group of odd order m and the
multiplicative order of 2 modulo m odd. By Lemma 3.9, the group M must have (wMexc).
Looking at the possible Z-groups of odd order, we see that M must be cyclic. Now recall
that C(QQ8) = {Q,

(
−1,−1

Q

)
}. If M is cyclic, then

C(Q[M ×Q8]) = {Q(ζd),
(
−1,−1
Q(ζd)

)
| d divides m}.

As m and om(2) are odd, all the components are division algebras – a conclusion that also
directly would have followed from [79]. In conclusion11,

Groups of type (b)(iii) with (wMexc) are given by Cm ×Q8 with m and om(2) odd. They
all have (Mexc), since all components are division algebras.

In summary, with the analysis above we have shown part (1) and (2) from the statement
by describing

∏
e∈PCI(QG) Ge. Note that all allowed groups Ge have been highlighted in the

proof. One verifies case-by-case that the Fitting subgroup Fit(Ge) has index at most 2 and
class at most 3 if and only if Ge has (Mexc).

Additionally, for the simple algebras Mn(D) allowed by (wMexc), we see that Mn(D)⊗Z(D)
C is isomorphic to M2(C) or M4(C). By the first part of the proof, if QGe ∼= D, then
D ⊗Z(D) C is either C or M2(C). Hence indeed cd(G) ⊆ {1, 2, 4} and deg(QGe) | 4 for all
e ∈ PCI(QG). □

To finish this section we consider coefficient rings larger than Q.

Proof of Corollary 3.6. By Theorem 3.1 we know that F = Q(
√
−d) for some square-free

d ∈ N. Moreover, F ⊆ Z(FGe) for each e ∈ PCI(FG). In particular if M2(D) is an
exceptional matrix component of FG, then Z(D) = F . Hence D cannot be a quaternion
algebra

(
−a,−b

Q

)
, since F ̸= Q. In conclusion, every non-division component of FG is of the

form M2(F ).
Theorem 3.1 also yields that QG has (Mexc), and hence the possible isomorphism types

of components of QG are described in Theorem 3.4. As FG ∼= F ⊗Q QG, it remains to
describe F ⊗QD for D a non-commutative division algebra component of QG, say QGe = D.
Here one needs to be careful to also remember for which low rank spanning groups such D’s
appear, as it can happen that FG no longer has (Mexc), for a low rank spanning group G
such that QG has (Mexc).

11This conclusion only requires that every non-division component is of the form M2(D) with [Z(D) :
Q] ≤ 2, not the full strength of (Mexc).
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It is well-known that Q(
√
−d) is a splitting field of

(
−1,−1

Q

)
for d = 1, 2, 3 and of

(
−1,−3

Q

)
for d = 1, 3. Hence if D is one of these, then F ⊗Q D can only be a division algebra in
case F = Q(

√
−2) and D =

(
−1,−3

Q

)
. Recall that D = QGe for some e ∈ PCI(QG). If

D ∈ C(Q[Ge]) with Ge a group from Table B in Appendix A, then Ge has SmallGroupID
[24,1] or [36,6].

However, over Q(
√
−2) both groups no longer have (Mexc). If D ∈ C(Q[Ge]) with Ge a

group classified by Amitsur, then inspecting the options in the proof of Theorem 3.4, we see
that Ge ∼= C3 ⋊ C4, see (3.8). Furthermore, Q(

√
−2)[C3 ⋊ C4] has (Mexc).

Next, we consider the division algebras
(

−1,−1
Q(

√
c)

)
with c = 2 or 3. Since

(
−1,−1

Q

)
splits

over F = Q(
√
−d) with d = 1, 2, 3, the same holds for

(
−1,−1
Q(

√
c)

)
. Therefore,

F ⊗Q

(
−1,−1
Q(
√
c)

)
∼= M2(F )⊕M2(F (

√
c)).

Since M2(F (
√
c)) is not an exceptional matrix algebra, we conclude that such quaternion

algebras
(

−1,−1
Q(

√
c)

)
cannot be a component of FG.

It remains to consider the division algebra
(

ζ2t ,−3
Q(ζ2t )

)
with t ∈ N≥3. By (3.9) this is a

component if and only if G maps onto C3 ⋊ C2n , where the action is by inversion, and
3 ≤ t ≤ n − 1. Moreover, M2(Q(i)) ∈ C(Q[C3 ⋊ C2n ])). Hence it follows that F = Q(i).
Now, it is easy to see that

Q(i)⊗Q

(
ζ2t ,−3
Q(ζ2t)

)
∼=

(
ζ2t ,−3
Q(ζ2t)

)
⊕

(
ζ2t ,−3

Q(ζ2t ,
√
−1))

)
,

and that i ∈ Q(ζ2t). In conclusion, Q(i)[C3 ⋊ C2n ] has (Mexc) for all n ≥ 4, finishing the
proof of the statement. □

4. Homological and topological characterisation of exceptional components

In this section we consider various homological and topological characterisations of
exceptional matrix algebras. These characterisations, along with the results in Section 3,
will be used to give various characterisations of property (Mexc).

4.1. Groups of virtual cohomological dimension 4. Let Γ be a discrete group. Then
the cohomological dimension of Γ over the ring R is

hdimR Γ := min{n | Hk(Γ,M) = 0 for all k > n and M ∈ mod(RΓ)}.

If no such n exists, one says that hdimR Γ = ∞. A usual obstruction to having finite
cohomological dimension is torsion in Γ. However, if Γ has a torsion-free subgroup of
finite index (e.g. when Γ is linear), then each of such finite index subgroups has the same
cohomological dimension. Hence, one defines the virtual cohomological dimension as:

vcd(Γ) := {hdimZ Λ | [Γ : Λ] <∞ and Λ torsion-free}.

The main result of this section is the following characterisation of (Mexc).

Theorem 4.1. Let G be a finite group, F a number field and R its ring of integers. Suppose
that FG has a matrix component. Then the following are equivalent:

(1) FG has (Mexc),
(2) [F : Q] ≤ 2 and vcd(SL1(RGe)) | 4 for every e ∈ PCI(FG) such that FGe is not a

division algebra.
Furthermore, if FG has (Mexc), then vcd(SL1(RGe)) > 4 whenever FGe is an exceptional
division algebra.
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Remark 4.2. The implication on vcd from (1) to (2) in Theorem 4.1 is true for any field F .
However, for the converse the condition that F is a quadratic number field is required. For
example for any field F ⊇ Q one has that FD8 ∼= F × F ×M2(F ). If F is a cubic number
field with one real embedding and one pair of complex embeddings (e.g. F = Q( 3

√
d) for

d ∈ N0), then vcd(SL2(R)) = 4 by Proposition 4.3 below, but FD8 does not have (Mexc).

By definition the virtual cohomological dimensions of commensurable groups are equal.
In particular, the unit groups of two orders O1 and O2 in a simple algebra A have equal
vcd. To prove Theorem 4.1, we will classify the simple algebras A having an order O with
vcd(SL1(O)) | 4, a result of independent interest.

Recall that in [50, Proposition 3.3] the finite-dimensional simple F -algebras A, over a
number field F , such that vcd(SL1(O)) ≤ 2 for some (and hence each) order O in A have
been classified. We extend this result to virtual cohomological dimension 4. See Remark 4.4
below for vcd(SL1(O)) = 3.

Proposition 4.3. Let A be a finite-dimensional simple F -algebra with F a number field. If
vcd(SL1(O)) = 4 for an order O in A, then A is isomorphic as an F -algebra to:

(1) M2(
(

−a,−b
Q

)
) with a, b ∈ N0,

(2) M2(F ), with F a cubic field with precisely one real embedding and one pair of
complex embeddings,

(3) or to
(

−a,−b
F

)
such that it is non-ramified at exactly two real places and F is totally

real.

Proof. Let D a division ring of degree d, for an integer n ≥ 1, and let A = Mn(D), and
F = Z(D). Let O be an order in A. We make use of the following formula, as stated in [50,
Eq. (1)].

(4.1) vcd(SL1(O)) = r1
(nd− 2)(nd+ 1)

2 + r2
(nd+ 2)(nd− 1)

2 + s(n2d2 − 1)− n+ 1,

where s is the number of pairs of non-real complex embeddings of F , r1 is the number of
real embeddings of F at which A is ramified, and r2 the number of real embeddings of F
at which A is not ramified. We may assume that nd > 1, since when nd = 1, A is a field,
which implies that vcd(SL1(O)) = 0 by [50, Proposition 3.3]. Note that for any choice of
nd ≥ 2, the first two terms of eq. (4.1) are non-negative. Additionally, when d is odd, it is
well-known that r1 = 0.

Suppose s ≥ 2. Then for any choice of n or d such that nd = 2,

vcd(SL1(O)) ≥ s(n2d2 − 1)− n+ 1 > 4,

and this expression is strictly increasing in both n and d. Hence vcd(SL1(O)) > 4 for any
s ≥ 2, and in particular we conclude that F has at most one pair of non-real complex
embeddings.

Suppose then s = 1. Then

vcd(SL1(O)) ≥ s(n2d2 − 1)− n+ 1 = n2d2 − n > 4, when n ≥ 3.

Hence n is at most 2 in this case. Suppose first n = 1. Then

vcd(SL1(O)) ≥ d2 − 1 > 4, when d > 2.

Thus d = 2 because nd ≥ 2 by assumption. Then we find

vcd(SL1(O)) = r2
4 · 1

2 + 4− 1 = 4 ⇐⇒ r2 = −1
2 ,

which is a contradiction since r2 ∈ N. Hence we cannot have n = 1. The only other option
is n = 2. Then n2d2 − n = 4d2 − 2 ≤ 4 if and only if d = 1, in which case

vcd(SL1(O)) = r2
4 · 1

2 + 2 = 4 ⇐⇒ r2 = 1.
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In this case we find that A = M2(F ) with F a cubic number field with precisely one real
embedding and one pair of complex embeddings.

Suppose now s = 0. We examine the case r2 = 0 first. Then r1 ≥ 1 and

vcd(SL1(O)) = r1
(nd− 2)(nd+ 1)

2 − n+ 1,

and hence vcd(SL1(O)) = 4 necessarily implies that nd ≥ 3. Suppose first that n = 1. Then

vcd(SL1(O)) = r1
(d− 2)(d+ 1)

2 = 4 ⇐⇒ r1 ≤ 2, since d ≥ 3.

If r1 = 2, then vcd(SL1(O)) = (d− 2)(d+ 1) = 4 implies that d = 3, but we have already
remarked that r1 = 0 when d is odd, a contradiction. If r1 = 1, then (d − 2)(d + 1) = 8,
which implies that d = 2±

√
32

2 , which is not an integer, a contradiction. We conclude that
if s = 0 and r2 = 0, then n > 1. Suppose n = 2. Then necessarily d ≥ 2 since nd ≥ 3. It
follows that

vcd(SL1(O)) = r1

2 (2d− 2)(2d+ 1)− 1 ≥ 4,

with equality if and only if r1 = 1 and d = 2. We find that in this case, A = M2(
(

−a,−b
Q

)
)

for some positive integers a, b. Now the expression r1
2 (nd − 2)(nd + 1) − n + 1 is strictly

increasing in n if and only if n > d−1
r1d2 , which in the case at hand is satisfied since d ≥ 1 and

r1 ≥ 1 by assumption. It follows that vcd(SL1(O)) > 4 whenever n ≥ 3.
Still under the assumption that s = 0, we now turn our attention to the case r2 ̸= 0,

meaning r2 ≥ 1. Then

vcd(SL1(O)) = r2

2 (nd+ 2)(nd− 1) + r1

2 (nd− 2)(nd+ 1)− n+ 1.

If r1 ≥ 1, then d is even, meaning that nd ≥ 4 when n ≥ 2. But when n = 2, then
r2

2 (2d+ 2)(2d− 1) + r1

2 (2d− 2)(2d+ 1)− 1 ≥ 9r2 + 5r1 − 1 > 4,

and again the expression above for vcd(SL1(O)) is strictly increasing in n. Hence r1 = 0 if
r2 ≥ 1 and n ≥ 2. If r1 = 0, then vcd(SL1(O)) = 4 if and only if r2

2 (nd+ 2)(nd− 1)−n = 3.
This expression is strictly increasing in n if and only if n > 1−d

r2d2 , which is always satisfied
by assumption on r2 and d. But when n ≥ 2 and d ≥ 2, meaning in particular that nd ≥ 4,
one finds that

r2

2 (nd+ 2)(nd− 1)− n ≥ 7,

implying that only the cases n = 1, and (n, d) = (2, 1) need to be investigated. If n = 2 and
d = 1, then

vcd(SL1(O)) = r2

2 (nd+ 2)(nd− 1)− n+ 1 = 2r2 − 1,

which equals 4 if and only if r2 = 5
2 , a contradiction.

In particular, for s = 0, r2 ≥ 1 and any value of r1, only the case n = 1 remains. Assuming
n = 1, we have in particular that d ≥ 2, and

vcd(SL1(O)) = r2

2 (d+ 2)(d− 1) + r1

2 (d− 2)(d+ 1) ≥ r2

2 (d+ 2)(d− 1) ≥ 4,

where the last inequality becomes an equality if and only if d = 2 = r2. In that case one
also finds that r1

2 (d− 2)(d+ 1) = 0, and hence vcd(SL1(O)) = 4 if s = 0, r2 = d = 2 and
r1 takes any arbitrary integer value. We obtain that A =

(
−a,−b

F

)
with F a totally real

number field and A is non-ramified at precisely two places. If d ≥ 3, it now immediately
follows that vcd(SL1(O)) ≥ 9r2 + 4r1 > 4, and this concludes our analysis. □

Remark 4.4. With a similar proof one can verify that vcd(SL1(O)) = 3 if and only if A is
isomorphic to one of the following simple algebras:

• M3(Q),
• M2(Q(

√
d)) with d ∈ N0 square-free,
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•
(

−a,−b
F

)
such that F has one pair of non-real complex embeddings and is ramified

at all real places.
Concerning vcd(SL1(O)) ≤ 2, [50, Proposition 3.3] shows that

• vcd(SL1(O)) = 0 if and only if A is a field or a totally definite quaternion algebra,
• vcd(SL1(O)) = 1 if and only if A ∼= M2(Q)
• vcd(SL1(O)) = 2 if and only if A ∼= M2(Q(

√
−d)) or a quaternion algebra with a

totally real centre and which is non-ramified at exactly one infinite place.

The other main ingredient of the proof of Theorem 4.1 is the following result of independent
interest, which describes which simple algebras of the form M2(F ) with F a cubic number
field can occur as a component of a rational group algebra.

Lemma 4.5. Let G be a finite group. Let F be a cubic number field. Suppose that the
simple algebra M2(F ) is a quotient of QG, say M2(F ) ∼= QGe with e ∈ PCI(QG). Then the
prime divisors π(Ge) ⊆ {2, 3, 7}, and F = Q(ζ7 + ζ−1

7 ) or F = Q(ζ9 + ζ−1
9 ).

Example 4.6. Recall that from (3.7) it follows that when G = Dic4n with 7 | n (respectively
9 | n), then QDic4n has a component which is isomorphic to M2(F ), with F = Q(ζ7 + ζ−1

7 )
(respectively F = Q(ζ9 + ζ−1

9 )) is a cubic extension of Q. Thus the statement of Lemma 4.5
is sharp.

Proof. Let λ ∈ F be a torsion element, say of order n. Then it is a primitive nth root of
unity, denoted ζn, and

(4.2) 3 = |F : Q| = |F : Q(ζn)||Q(ζn) : Q| ≥ ϕ(n).

It follows that n ∈ {1, 2, 3, 4, 6}.
Let g ∈ Ge. By fixing a Q-basis of F as a 3-dimensional Q-space, one can realise g

as a 6-by-6 matrix over Q. We denote by χF,g and χQ,g respectively the characteristic
polynomials of g over F and over Q. Similarly, we write µF,g and µQ,g for the minimal
polynomials of g over respectively F and Q. By definition, any minimal polynomial µQ,g

has degree at most 6, and any µF,g has degree at most 2. Remark that µF,g has degree 1 if
and only if g is a scalar matrix over F .

From [57, Page 147], it follows that for any g ∈ Ge of prime power order pk, the pkth

cyclotomic polynomial Φpk equals µQ,g. In particular, Q(ζpk ) ∼= Q[X]
(µQ,g) . The latter also holds

over F , when pk > 4. Indeed, µF,g is given as the unique monic polynomial generating
the ideal Ig := {P ∈ F [X] | P (g) = 0}, and the minimal polynomial of ζpk over F is given
by the unique monic polynomial generating the ideal Iζ

pk
:= {Q ∈ F [X] | Q(ζpk ) = 0}.

We claim that Ig = Iζ
pk

. Indeed, by [57, Page 146], there is some matrix B ∈ GL2(C)
such that BgB−1 = diag(λ1, λ2), with each λi a pkth root of unity, amongst which at least
one primitive (otherwise BgB−1 and hence g would have order strictly smaller than pk).
Without loss of generality, assume λ1 = ζpk . Remark that since conjugation by an invertible
matrix induces an algebra automorphism of M2(C), it follows that P ∈ Ig if and only if
P (BgB−1) = 0. In particular, P ∈ Ig if and only if P (ζpk ) = 0 = P (λ2). We conclude that
Ig ⊆ Iζ

pk
. But since deg(µF,g) = 2, and pk > 4 (meaning that ζpk ̸∈ F ), it follows that Ig is

a maximal ideal of F [X], and hence Ig = Iζ
pk

. In particular, F (ζpk ) ∼= F [X]
(µF,g) .

Since Φp divides µQ,g when g ∈ Ge is an element of prime order p, and the degree of
µQ,g is at most 6 as remarked earlier, it follows that p ∈ {2, 3, 5, 7}, and in particular
π(Ge) ⊆ {2, 3, 5, 7}. Suppose there is some element g ∈ G of order p ∈ {5, 7}. Remark
that deg(χF,g) = 2, since otherwise g would be a scalar matrix with a pth root of unity
on the diagonal, which is a contradiction with the description of torsion elements in F as
given in eq. (4.2). Over F (ζp), χF,g splits as (X − ζi

p)(X − ζk
p ) for some 0 ≤ i ̸= k ≤ p− 1.

Now ζi+k
p ̸= 1 would imply that F has a pth root of unity, a contradiction by eq. (4.2).

Thus, k = −i, and the degree 1 coefficient in χF,g is equal to −(ζi
p + ζ−i

p ). In particular
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Q(ζi
p + ζ−i

p ) ⊆ F . If p = 5, then since |Q(ζ5 + ζ−1
5 ) : Q| = 2 does not divide |F : Q| = 3, we

obtain a contradiction. When p = 7, |Q(ζ7 + ζ−1
7 ) : Q| = 3. It follows that F = Q(ζ7 + ζ−1

7 ).
Let now π(Ge) ⊆ {2, 3}. We bound the exponent of Ge. Let g ∈ Ge, say of order 2i3j

for some non-negative integers i, j. If i = 0 or j = 0, then o(g) = pn with p ∈ {2, 3}. Since
Φpn divides µQ,g for each p ∈ {2, 3} and deg(µQ,g) ≤ 6, it follows that o(g) ∈ {p, p2}. If
i ̸= 0 ̸= j, then considering a realisation of g as an element in GL6(Q), [57, Page 147]
implies that there exist positive integers m1, . . . ,mr such that o(g) = lcm{m1, . . . ,mr},
Φmi divides µQ,g, and 6 =

∑r
i=1 diϕ(mi), for some di ≥ 1. In particular each ϕ(mi) ≤ 6.

Since π(Ge) ⊆ {2, 3}, from a case-by-case analysis it follows that mi ∈ {1, 2, 3, 4, 6, 9, 18}.
In particular, exp(G) | 36.

Suppose that Ge contains an element g of order 9. Then since F (ζ9) ∼= F [X]
(µF,g) , and

deg(µF,g) = 2,
|F (ζ9) : Q| = |F (ζ9) : F ||F : Q| = 6.

Moreover, since |Q(ζ9) : Q| = 6, it follows that F (ζ9) = Q(ζ9), and in particular F ⊆ Q(ζ9).
The only subfields contained in Q(ζ9) are Q, Q(ζ3) and Q(ζ9 + ζ−1

9 ), and of these only
Q(ζ9 + ζ−1

9 ) is of degree 3 over Q.
Suppose now that π(Ge) ⊆ {2, 3} and all elements of order 3n necessarily have order

3. Then exp(Ge) | 12. Then by Brauer’s splitting field theorem, Q(ζ12) is a splitting
field for Ge, since Ge has exponent a divisor of 12. In particular, F ⊆ Q(ζ12). However,
Gal(Q(ζ12)/Q) ∼= Z/4Z, which has order coprime to 3, which together with the fundamental
theorem of Galois theory implies a contradiction. □

We are now able to prove Theorem 4.1.

Proof of Theorem 4.1. First suppose that FG has (Mexc) and let e ∈ PCI(FG). If FGe is an
exceptional matrix component, then vcd(RGe) = 2 or 4 by Proposition 4.3 and Remark 4.4.
Moreover, by Theorem 3.1, F = Q(

√
−d) for some square-free d ∈ N.

Next, if FGe is a division algebra, then as explained in the proof of Theorem 3.1, one has
that FGe ∼= F (χ)⊗Q(χ) AQ(χ) for some absolutely irreducible representation χ of G, and
AQ(χ) must be a division algebra of QG which also has (Mexc). Hence, by Theorem 3.4, we
know that AQ(χ) is either a field or one of the following quaternion algebras:

{
(
ζ2t ,−3
Q(ζ2t)

)
,

(
−1,−3

Q

)
,

(
−1,−1
Q(
√

2)

)
,

(
−1,−1
Q(
√

3)

)
| t ∈ N≥3}.

Of these only the first one is exceptional and will remain so after tensoring with F (χ).
Some of the others might become exceptional after tensoring with F (χ). However, inspecting
the possible quaternion algebras with virtual cohomological dimension less than 4 given by
Proposition 4.3 and Remark 4.4, we see that they are not part of the list as they must have
totally real centre, and F ⊆ Q(

√
−d) for some d ∈ N.

It remains to prove the converse, so suppose that [F : Q] ≤ 2 and vcd(SL1(RGe)) | 4
for every e ∈ PCI(FG) such that FGe is a non-division simple component. By the results
referred to above, the only simple algebras not allowed by the property (Mexc) are those
of the form M2(K), with K a cubic number field with one real embedding and one pair of
complex embeddings. Now as F ⊆ Z(FGe) = K and [F : Q] | [K : Q] = 3, one has that
F = Q. However by Lemma 4.5, the algebra M2(K) cannot be the simple component of
FG, finishing the proof. □

4.2. Higher Kleinian groups: discrete subgroups of SL4(C). Another interesting
property is a kind of higher Kleinian property:

Definition 4.7. A group Γ is said to have property Din if n is the smallest number such
that Γ is a discrete subgroup of SLn(C).

We will be interested in the case that Γ has Din with n a divisor of 4. An alternative
way to look at this is via the 5-dimensional hyperbolic space, since one has the following
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isomorphism:

Iso+(H5) ∼= PGL2(
(
−1,−1

Q

)
).

In particular, a group Γ acts discontinuously on12 H5 if and only if Γ has Di4.
The finite-dimensional simple algebras A such that SL1(O) is Kleinian, i.e. is a discrete

subgroup of SL2(C), for an order O in A, were classified in [50, Proposition 3.2]. Note that
if SL1(O) has property Din, then so does SL1(O′) for any other order O′ in A (as both
groups are commensurable, see Lemma 2.4).

Proposition 4.8. Let A be a finite-dimensional simple F -algebra with F a number field and
O an order in A. Then SL1(O) has property Di4 if and only if A has one of the following
forms:

(1) M2(
(

−a,−b
Q

)
) with a, b ∈ N0,

(2) M4(Q),
(3)

(
−a,−b

Q(
√

−d)

)
with a, b ∈ N0 and d ∈ N>1 square-free,

(4) A division algebra of degree 4 which is non-ramified at at most one infinite place.

Proof. Write A = Mn(D) with D a finite-dimensional division algebra and denote K = Z(D).
As mentioned earlier, property Din does not depend on the chosen order. For convenience,
we choose one of the form Mn(O) with O an order in D. We will consider the set of infinite
non-compact places:

V nc := V∞(K) \ {v ∈ V∞(K) | SL1(Mn(D ⊗K Kv)) is compact }.
The places in V nc are exactly those at which we can use strong approximation. Note that if
n ≥ 2, then V nc = V∞(K) is the set of all infinite places.

Now suppose that SL1(O) is discrete in SL4(C) and take v0 ∈ V∞(K) such that SLn(O) ⩽
SLn(D ⊗K Kv0) embeds discretely in SL4(C). Recall that SL1(Mn(D ⊗K Kv)) is compact
if and only if n = 1 and A is ramified at v. Thus v0 can be chosen in V nc.

Next consider another place v0 ̸= v1 ∈ V nc and consider the diagonal embedding

∆: SL1(Mn(D)) ↪→
∏

v∈V nc\{v1}

SL1(Mn(D ⊗K Kv)).

By strong approximation, see [72, Theorem 7.12, pg 418], the image Im(∆) is dense.
Therefore, v0 ∈ V nc \ {v1} yields a factor in which the image of SL1(Mn(D)) is both
dense and discrete, a contradiction since SLn(O) is not finite (being discrete in SL4(C)).
Consequently,
(4.3) |V nc| ≤ 1.

Now, notice that being discrete in SL4(C) implies that dimC Mn(D⊗K C) ≤ 16. Further-
more, if it is not discrete in some SLm(C) for m ≤ 4, then dimC Mn(D ⊗K C) = 16. The
latter implies that A = M4(F ), M2(D) or D′ with D a quaternion algebra and D′ a division
algebra of degree 4. This combined with (4.3) yields the stated possibilities. Indeed, simply
recall that SL1(Mn(D ⊗K Kv)) is compact if and only if n = 1 an A is ramified at v.

Conversely, it is easily verified that the SL1 of all algebras mentioned indeed have a
discrete embedding in SL4(C). □

Remark 4.9. The proof of Proposition 4.8 also yields that SL1(O) has property Di3 if and
only if A is isomorphic to M3(Q) or a division algebra of degree 3 which is non-ramified at
at most one infinite place.

Concerning Di2, [50, Remark 3.5] says that SL1(O) has Di2 (i.e. is Kleinian) if and only
if vcd(A) ≤ 2 or A is quaternion division algebra which is ramified at all its infinite places
and which has exactly one pair of complex embeddings.

12Here one assumes that the action on H5 does not come from the embedding of an action on H4.



24 ROBYNN CORVELEYN, GEOFFREY JANSSENS, AND DORYAN TEMMERMAN

In [50] it was proven that SL1(ZGe) has Din for n ≤ 2 for each e ∈ PCI(QG) if and
only if QG has no exceptional division components and the non-division components are of
the form M2(Q(

√
−d)) for some d ∈ N. In our case, where we allow exceptional division

algebras, the situation is more intricate, as the next example illustrates.

Example 4.10. Consider the group
C3 ⋊ C2m = ⟨a, b | a3 = b2m

= 1, ab = a−1⟩,
with m ≥ 4. In (3.9) we obtained that

C(Q[C3 ⋊ C2m ]) =
{
Q(ζ2ℓ),

(
−1,−3

Q

)
,
(

ζ2t ,−3
Q(ζ2t )

)
, M2(Q), M2(Q(i))

| 1 ≤ ℓ ≤ n, 3 ≤ t ≤ m− 1
}
.

Thus C3 ⋊ C2m has all non-division algebra components as in [50], but also has exceptional
division components which do not have Din for n ≤ 2.

From Remark 4.9, Proposition 4.8 and Theorem 3.4 we obtain the following corollary.

Corollary 4.11. Let G be a finite group and F a number field with ring of integers R.
Suppose that FG has (Mexc). Then

SL1(RGe) has Din with n | 4,
for each e ∈ PCI(FG) such that FGe is not a division algebra. If FG has no exceptional
division components, then this holds for all e ∈ PCI(FG).

Consider the group
G := C5 ⋊ C8 = ⟨a, b | a5 = b8 = 1, ab = a3⟩.

It can be verified that

C(QG) = {Q,Q(i),Q(ζ8),M2(
(
−2,−5

Q

)
),M4(Q)}.

From Proposition 4.8 and Remark 4.9 we see that SL1(QGe) has Din with n | 4 for each
primitive central idempotent e. However, QG does not have (Mexc). Following Theorem 3.4,
the group theoretical origin for the failure of (Mexc) is that [G : Fit(G)] = 4.

Through a precise classification of finite groups G such that QG has (Mexc) we will obtain
in the companion paper [15] the following.

Theorem 4.12. Let G be a finite group and F a number field. Then the following are
equivalent:

(1) FG has (Mexc) (resp. and has no exceptional division algebra components)
(2) [G : Fit(G)] ≤ 2 and Fit(G) has class at most 3 and

SL1(RGe) has Din with n | 4,
for each e ∈ PCI(FG) such that FGe a non-division algebra (resp. for each
e ∈ PCI(FG)).

Remark. As a preliminary piece of evidence, note that if we add the assumption that FG
has (wMexc), then part (2) of Theorem 3.4 yields the statement of Theorem 4.12, but with
[G : Fit(G)] ≤ 2 replaced by [Ge : Fit(Ge)] ≤ 2.

4.3. The good property. In this section, we fix for each e ∈ PCI(G) a maximal order
Mne

(Oe) in QGe. The arguments will however be independent of this choice. Furthermore,
we denote by Γ̂ the profinite completion of a group Γ. Recall, following terminology
introduced by Serre, that Γ is called good if the map

Hj(Γ̂,M)→ Hj(Γ,M),
induced by the inclusion of Γ in its profinite completion, is an isomorphism for any j and
any finite Γ-module M . Note that any finite group has the good property, since finite groups
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are isomorphic to their profinite completion. Moreover, free groups have the good property
(see [31, Proposition 3.7]).

By [31, Lemma 3.2, Proposition 3.4], the good property is preserved under commensura-
bility and is closed under direct products. Writing FG =

∏m
i=1 Mni

(Di), R an order in F
and Oi an order in Di, Lemma 2.4 implies that SL1(RG) is good exactly when SLni

(Oi) is
good for all 1 ≤ i ≤ m. One has moreover the following statement which follows directly by
assembling results in the literature and is in fact implicit in the proof of [13, Theorem 1.5].
For convenience of the reader, we record it here explicitly and provide a proof.

Proposition 4.13. Let G be a finite group and F a field of characteristic 0. Further let
O be an order in FGe with e ∈ PCI(FG) such that FGe is not a division algebra. Then
SL1(O) is good if and only if FGe is an exceptional matrix algebra.

Proof. Let FGe = Mn(D). Then, thanks to Lemma 2.4 and the fact that the good property
is preserved under commensurability, we may assume that O is of the form Mn(O′) with O′

a maximal order in D.
Suppose FGe is an exceptional matrix algebra, i.e. n = 2, and O′ is Id, the ring of integers

in Q(
√
−d) for d ≥ 0, or O′ is an order in a totally definite quaternion algebra. In [31,

Theorem 1.1], it is shown that PSL2(Id) is good, for all d ≥ 1. Since the centre of SL2(Id) is
finite, it follows moreover from [31, Lemma 3.3] that SL2(Id) is good. Additionally, SL2(Z)
is good since it is commensurable to a free group.

As explained in the proof of [13, Remark 3.5], SL2(O′) with O′ an order in a totally definite
quaternion algebra is commensurable to a standard arithmetic lattice of SO(1, 5). Such a
subgroup of SO(1, 5) admits a separable hierarchy as it is virtually special [8, Theorem 1.10].
Consequently, one can apply [31, Theorem 3.9], which gives the good property whenever
such a hierarchy exists. We conclude that SL1(O) is good when FGe is an exceptional
matrix algebra.

Conversely, in [31, Proposition 5.1] it was proven that SLn(O′) is not good if it enjoys the
subgroup congruence property. In particular if n ≥ 3 or n = 2 and U(O′) is infinite, then
it is not good, see [6] for the case n ≥ 3 and [81] for the case n = 2. Suppose n = 2. Now
U(O′) is finite if and only if D is either isomorphic to Q, to an imaginary quadratic field or
to a totally definite quaternion algebra, see [4, Theorem 2.10], i.e. in the case at hand if and
only if FGe is an exceptional matrix algebra. It follows that when FGe is a non-exceptional
matrix component, SL1(O) does not have the good property, as desired. □

We now readily obtain the following characterisation.

Corollary 4.14. Let G be a finite group with no exceptional division components, F a
number field with ring of integers R. Then the following are equivalent:

(1) SL1(RG) is good,
(2) U(RG) is good,
(3) FG has (Mexc).

Remark 4.15. The proof of Corollary 4.14 will show that for any G the group SL1(RG) is
good if and only if U(RG) is good. In fact, one expects that

SL1(RG) is good ⇐⇒ FG has (Mexc) and has no exceptional division components.

Indeed, from Theorem 3.4 and Theorem 3.1 one obtains explicitly the possible exceptional
division components D. Now if S denotes the set of infinite places of D, then for each
of them a direct computation shows that the S-rank of D is at least two. Hence Serre’s
conjecture predicts that SL1(O) satisfies the subgroup congruence property, for O some
order in D, and hence SL1(O) would not be good by [31, Proposition 5.1].

In the companion paper [15] it will be shown that when QG has (Mexc), then QG has an
exceptional matrix component if and only if the Sylow 2-subgroups of G are abelian and
16 | exp(G).
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Proof of Corollary 4.14. For the equivalence between (1) and (2), it follows from [47, Corol-
lary 5.5.3] that U(RG) is commensurable with U(Z(RG)))× SL1(RG). Moreover, Z(RG)
is an order in Z(FG) and hence U(Z(RG)) is finitely generated by [47, Theorem 5.3.1].
Because U(Z(RG)) is a finitely generated abelian group, it is good (since Z is good and
finite groups are good). Hence U(Z(RG)) × SL1(RG) is good if and only if SL1(RG) is
good13. This finishes the equivalence between (1) and (2).

For the equivalence between (1) and (3) we will use that FG is assumed to have no
exceptional division components. Namely, recall that SL1 over a non-exceptional division
component is finite, e.g. see [4, Theorem 2.10]. Hence they are good. We obtain the
equivalence between (1) and (3) by Proposition 4.13 and the paragraph above it. □

5. Congruence subgroups of rank 1 have virtually free quotient

The aim of this section is to show largeness for principal congruence subgroups of SL2(O)
with O an order in a division algebra D such that M2(D) is an exceptional matrix algebra.
A group is called14 large if it has a quotient which is virtually a non-abelian free group. A
group has property vQL if it has a finite index subgroup which maps onto a non-abelian free
group, i.e. it virtually has a non-abelian free quotient. Note that largeness implies vQL.

Theorem 5.1. Let
(

u,v
Q

)
be a totally definite quaternion algebra with centre Q and let Lu,v

be the Z-order with basis {1, i, j, k}. Then every torsion-free principal congruence subgroup
of SL2(Lu,v) is large.

In Lemma 5.6 it is shown that sufficiently deep (depending on u) principal congruence
subgroups are torsion-free. As explained in the introduction, the analogue of Theorem 5.1
for SL2(Id) was obtained in [32, 59]. Furthermore, SL2(Z) is itself virtually free. Combining
these results with Theorem 5.1, understanding the remaining exceptional matrix algebra
SL2(O) with O an order in

(
u,v
Q

)
, we obtain the following.

Corollary 5.2. Let A be an exceptional matrix algebra, O an order in A and Γ a group
commensurable with SL1(O). Then Γ has a finite index subgroup mapping onto a non-abelian
free group.

In Section 6 we will use Corollary 5.2 to obtain another characterisation of property
(Mexc).

The proof of Theorem 5.1 is geometric and uses tools from [59] and [52]. More precisely,
in Section 5.2 we relate the principal congruence subgroups of SL2(Lu,v) to congruence
subgroups of certain groups of isometries of the hyperbolic 5-space, denoted SL+ (Γu,v

4 (Z)),
called higher modular groups. Once this connection is settled, Theorem 5.1 will follow from
the following statement on higher modular groups

Theorem 5.3. Let u, v ∈ Z<0. Let Conn (defined in (5.2)) be a torsion-free principal
congruence subgroup of the higher modular group SL+ (Γu,v

4 (Z)). Then Conn is large.

The fact that there exists some n such that Conn is torsion-free, follows from Lemma 5.6
and the connection built in the proof of Theorem 5.1.

Finally, in Section 5.3 we use Theorem 5.1 to show that the congruence kernel for SL2(O)
and SL+ (Γu,v

4 (Z)) contains a copy of the free group of countable rank. In case of SL2(Id)
this was obtained in [58, Theorem B] and our proof uses the methods in loc. cit. The result
obtained here will be used in Section 6 to study the congruence kernel of the unit group of
an integral group ring.

13The argument in the proof of [31, Proposition 3.4] using the Künneth theorem may be adapted to show
that if G1 × G2 is good, and G1 is good, then necessarily G2 is good. This follows by considering the 0th

cohomology groups for N1 in the proof, which coincide with Fp.
14Such groups are also referred to as having property vFQ, see [59]. However, we will avoid this notation

to avoid confusion with property vQL.
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5.1. Background on SL2 over quaternionic orders. To prove the main result, we
introduce some notation. We define, for u and v strictly negative integers, the following
subset of

( −1,−1
R

)
:

Hu,v(Q) :=
{
a0 + a1

√
|u|i+ a2

√
|v|j + a3

√
|uv|k | a0, a1, a2, a3 ∈ Q

and i2 = j2 = −1, ij = −ji = k
}
.

It is not hard to see that the following statement holds.

Lemma 5.4 ([52, Lemma 6.1]). Hu,v(Q) is a subalgebra of
( −1,−1

R
)

isomorphic to
(

u,v
Q

)
.

The isomorphism is explicitly given by

Λ: Hu,v(Q)→
(
u, v

Q

)
,(5.1)

a0 + a1
√
|u|i+ a2

√
|v|j + a3

√
|uv|k 7→ a0 + a1i+ a2j + a3k.

We will be using the well-established Clifford algebras Cliffn(R), i.e. the R-algebras
generated abstractly (as an algebra) by n− 1 elements i1, . . . , in−1 satisfying the relations

ihik = −ikih, for h ̸= k and i2h = −1 for 1 ≤ h ≤ n− 1.

For example,

Cliff1(R) ∼= R, Cliff2(R) ∼= C and Cliff3(R) ∼=
(
−1,−1

R

)
.

The following definitions are also well-established, see e.g. [1]. Recall that the main
conjugation .′ on Cliffn(R) is defined as the R-linear automorphism determined by ih 7→ −ih
for every 1 ≤ h ≤ n − 1, and that there is an anti-involution .∗ defined as the R-linear
automorphism defined on an arbitrary basis element ih1ih2 . . . ihm by reversing its order, i.e.
by sending it to ihmihm−1 . . . ih1 . The composition of these two commuting automorphisms
yields a new anti-involution denoted by a := a′∗.

The vector space Cliffn(R) is endowed with a Euclidean norm

|a| :=
√∑

a2
I ,

where a =
∑
aII ∈ Cliffn(R), I = ij1 · · · ijr

, 1 ≤ j1 < ... < jr ≤ n − 1 (notice that such
elements I form a basis for Cliffn(R)).

Moreover, for a an element of the n-dimensional linear subspace Vn(R) ≤ Cliffn(R)
generated by the basis {i0 := 1, i1, . . . , in−1}, one readily computes that aa = |a|2, showing
that every non-zero vector of Vn(R) is invertible. The group generated by all such vectors
is denoted by Γn(R) and is called the Clifford group.

This Clifford group also gives rise to general and special linear groups:

GL(Γn(R)) :=
{(

a b
c d

)
| a, b, c, d ∈ Γn(R) ∪ {0}, ad∗ − bc∗ ∈ R∗,

ab∗, cd∗, c∗a, d∗b ∈ Vn(R)} ,

SL+(Γn(R)) :=
{(

a b
c d

)
∈ GL(Γn(R)) | ad∗ − bc∗ = 1

}
,

for which it can be shown that the map
(

a b
c d

)
7→ ad∗−bc∗ is multiplicative. Lastly, Cliffn(Z)

denotes the Z-subalgebra of Cliffn(R) generated by i0, . . . , in−1, and we let Γn(Z) :=
Cliffn(Z)∩Γn(R), the submonoid of products of vectors from Cliffn(Z) which are themselves
invertible in Cliffn(R).

Remark 5.5. The groups SL+(Γ4(R)) and SL2
(( −1,−1

R
))

are isomorphic. This non-obvious
fact is proven in [25, Section 6], though the explicit isomorphism, as we will use later, can
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be found in [52, Section 5]. For the sake of completeness, we mention it here. Note that the
elements

ε1 = 1 + i1i2i3
2 , ε2 = 1− i1i2i3

2
form a pair of central, orthogonal idempotents of Cliff4(R). Indeed, one readily checks that
they commute with all generators of Cliff4(R):

ε2
i = εi, ε1ε2 = 0, and ε1 + ε2 = 1.

Using this, we obtain that every element α ∈ Cliff4(R) can be uniquely expressed as
α = aε1 + bε2,

with a, b ∈ Cliff3(R). Indeed, writing α =
∑
αII for I ∈ {1, i1, i2, i3, i1i2, i1i3, i2i3, i1i2i3},

and a =
∑
aII, b =

∑
bII for I ∈ {1, i1, i2, i1i2} one straightforwardly calculates that

a1 = α1 + αi1i2i3 , b1 = α1 − αi1i2i3 ,
ai1 = αi1 − αi2i3 , bi1 = αi1 + αi2i3 ,
ai2 = αi2 + αi1i3 , bi2 = αi2 − αi1i3 ,
ai1i2 = αi1i2 − αi3 , bi1i2 = αi1i2 + αi3 .

Because of the fact that ε1 and ε2 are central orthogonal idempotents, one can make
an algebra homomorphism χ′ : Cliff4(R) → Cliff3(R), α 7→ a. Using the isomorphism
Cliff3(R) ∼=

( −1,−1
R

)
allows us to extend it to an algebra homomorphism χ : Cliff4(R) →( −1,−1

R
)
, which can be explicitly expressed as

χ(α) = α1 + αi1i2i3 + (αi1 − αi2i3)i+ (αi2 + αi1i3)j + (αi1i2 − αi3)k.
It is this homomorphism (which is obviously not an isomorphism) that extends, by entrywise
application, to a group isomorphism between SL+(Γ4(R)) and SL2

(( −1,−1
R

))
.

We now define a transformation σ of Cliffn(R) as
σ(z) = −z′.

Clearly σ2 = IdCliffn(R).
We also define the following subset of Cliff4(R):

Cliffu,v
4 (Q) :=

{
α0 + α1

√
|u|i1 + α2

√
|v|i2 + α3

√
|uv|i3 + α4

√
|uv|i1i2

+α5
√
|v|i1i3 + α6

√
|u|i2i3 + α7i1i2i3 | αi ∈ Q

}
,

and one straightforwardly checks that it is a subalgebra of Cliff4(R). Analogously, we define
Cliffu,v

4 (Z), a Z-order of Cliffu,v
4 (Q), Γu,v

4 (Z) and SL+ (Γu,v
4 (Z)) (which is a subgroup of

SL+ (Γ4(R))). We consider the principal congruence subgroups of level n ≥ 1 of the latter
group, i.e.

(5.2) Conn :=
{(

1 + na nb
nc 1 + nd

)
∈ SL+ (Γu,v

4 (Z)) | a, b, c, d ∈ Cliffu,v
4 (Z)

}
.

5.2. Virtually free quotients of congruence subgroups. We start with proving that
the congruence subgroups of higher modular groups are large.

Proof of Theorem 5.3. Consider the hyperbolic space of dimension 5,
H5 = {z0 + z1i1 + z2i2 + z3i3 + z4i4 | zi ∈ R, z4 ≥ 0} ⊆ V5(R).

It is not hard to see that σ restricted to H5 is simply a reflection along the plane with equation
z0 = 0. It is well-known that PSL+ (Γ4(R)) acts faithfully via a Möbius transformation on
H5:

Mz =
(
α β
γ δ

)
z = (αz + β)(γz + δ)−1, M ∈ PSL+ (Γ4(R)) , z ∈ H5,

where we abuse the notation by representing an element of PSL+ (Γ4(R)) by a matrix.
However, it is clear this choice does not impact the way it acts via Möbius transformation.
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Let now M =
(

α β
γ δ

)
be in the subgroup Conn, i.e. α = 1 + na, β = nb, γ = nc and

δ = 1 +nd for some a, b, c, d ∈ Cliffu,v
4 (Z). Denote PConn by its image in PSL+ (Γ4(R)) and

again abusively say that M ∈ PConn (indeed, since Conn is torsion-free, we may assume
M ∈ PConn). We claim that σMσ is again in PConn. Indeed, for every z ∈ H5 we have

(σMσ) z = −
(
(−αz′ + β)(−γz′ + δ)−1)′ = (α′z − β′)(−γ′z + δ′)−1.

Hence, σMσ corresponds to the Möbius transformation given by the matrix
(

α′ −β′

−γ′ δ′

)
,

which is an element of PConn.
Hence, the subgroup PConn is normalised by a reflection. This shows, by [59, Corol-

lary 3.6], that PConn maps to a virtually free group. □

As indicated by Theorem 5.3, in order to prove Theorem 5.1, we need to consider
torsion-free principal congruence subgroups of SL2(Lu,v). We now show that these exist.

Lemma 5.6. Let Lu,v be as above. There exists a prime p such that for every larger
prime q, with u not a square modulo q, the principal congruence subgroup of level q of
GL2(Lu,v) = SL2(Lu,v) is torsion-free.

Proof. Consider the map
φ : GL2(Lu,v)→ GL2(Lu,v/qLu,v).

We want to find a prime p and show that for q described in the statement, the kernel of φ is
torsion-free.

It is immediately verified that

ι :
(
u, v

Q

)
→ M2(Q(

√
u))

a+ bi+ cj + dk 7→
(
a+ b

√
u c+ d

√
u

cv − dv
√
u a− b

√
u

)
,

is an injective homomorphism, such that ι(Lu,v) ⊆ M2(Iu). We may thus extend ι to an
injection ι : GL2(Lu,v)→ GL4(Iu).

For this larger group, we may also consider the principal congruence subgroup of level q,
namely the kernel of the canonical morphism

ψ : GL4(Iu)→ GL4(Iu/qIu).
From the expression of ι, it is not hard to see that ι(kerφ) ≤ kerψ. From the assumptions

on q, i.e. that u is not a square modulo q, it follows that qIu is a prime ideal. This is
well-known, for example see [76, § 5.4 Proposition 1]. As such, from [33, Lemma 9] it follows
that every torsion element of the kernel has order some power of q. On the other hand, by a
result of Schur which is also stated in [33, Theorem 14], there exists a natural number s
such that the orders of the torsion elements of GL4(Iu) divide s.

So, if we let p be a prime larger than s and q a prime larger than p such that u is not a
square modulo p, then all torsion elements of kerφ have to have an order which is a power
of q and which divides s. This is only possible when the order is 1. This proves that kerφ is
torsion-free. □

Proof of Theorem 5.1. Let Gn be the principal congruence subgroup of level n of SL2(Lu,v).
To prove the result, we will assume Gn to be a torsion-free principal congruence subgroup.
The fact that such an index n exists follows from Lemma 5.6. This will indeed suffice
since congruence subgroups which are contained in one another are of finite index and
Gn ∩Gm = Glcm(n,m).

We expand the isomorphism Λ of (5.1) to an isomorphism Λ between SL2(Hu,v(Q))
and SL2

((
u,v
Q

))
. Setting Gn = Λ−1(Gn), the nth principal congruence subgroup of

SL2
(
Λ−1(Lu,v)

)
, it suffices to prove the desired statement for Gn. Remark that Gn is

also torsion-free.
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By Remark 5.5, one deduces that for the explicit isomorphism χ : SL+(Γ4(R)) →
SL2

(( −1,−1
R

))
, one has that χ(Conn) ≤ Gn and thus that Conn is torsion-free.

Even more so, χ (SL+ (Γu,v
4 (Z))) ≤ SL2

(
Λ−1(Lu,v)

)
, and, using the classical argument

that the units of orders are commensurable, this index is finite. However, since Conn is a
finite index subgroup of SL+ (Γu,v

4 (Z)) and the same holds for Gn in SL2
(
Λ−1(Lu,v)

)
, we

obtain that [Gn : χ(Conn)] <∞. Theorem 5.3 now finishes the proof. □

5.3. Congruence kernel of higher modular groups. Let F be a number field and S a
non-empty finite set of places of F containing the Archimedean places. Associated is the
ring of S-integers OS = {x ∈ F | |x|v ≤ 1 for all v /∈ S}. Now consider a linear algebraic
F -group G and fix an F -embedding G ↪→ GLn(F ). Using this, the group of S-integral
points is defined as G(OS) := G(F ) ∩GLn(OS). Any subgroup Γ of G(F ) commensurable
with G(OS) is called an S-arithmetic subgroup. In this generality, a principal congruence
subgroup of Γ is a subgroup of the form Γ(J) := Γ ∩G(J) for an ideal J of OS , and

G(J) := G(OS) ∩ SLn(J) = {g ∈ G(OS) | g ≡ 1 mod J}.

As OS/J is finite, all the groups Γ(J) have finite index in Γ.
The congruence topology on Γ has the subgroups Γ(J) as basis of neighbourhoods of the

identity, whereas the profinite topology considers all finite index subgroups. Denote by Γ̃
and Γ̂ the respective completions. The subgroup congruence problem (SCP) asks whether
all finite index subgroups contain a principal congruence subgroup. In other words, whether
the natural epimorphism

πΓ : Γ̂→ Γ̃
is injective. The kernel C(Γ) := ker(πΓ) is called the congruence kernel. Serre formulated a
quantitative version of (SCP) by asking to compute C(Γ) and conjecturing that it is finite
if and only if the S-rank of Γ is at least two.

In our setting, we consider a finite-dimensional division Q-algebra D, a free D-module
V of rank two and G = GLV the algebraic Q-group of automorphisms of the D-module
V . Hence for any Q-algebra A, the group GLV (A) is the group of automorphisms of the
(D ⊗Q A)-module V ⊗Q A. More precisely, D =

(
u,v
Q

)
for some strictly negative integers

u, v ∈ Z<0 and Γ is any arithmetic subgroup of G(Q). For convenience, we consider an
order O in D =

(
u,v
Q

)
(which were always assumed to be Z-orders) and assume that Γ is a

finite index subgroup of SL2(O).
In case that Γ = SL2(O), then by [73, Theorem (22.4)] S̃L2(O) = SL2(Ô) where Ô is the

profinite completion of O, i.e. Ô is the inverse limit of all O/J with J a non-zero ideal of O.
The ring Ô is a profinite ring and so GL2(Ô) is a profinite group.

We denote by Fω the free group of countable rank and by F̂ω its profinite completion.

Theorem 5.7. Let u, v ∈ Z<0 be strictly negative integers, O an order in
(

u,v
Q

)
and Γ a

finite index subgroup of SL2(O). The congruence kernel C(Γ) contains a closed subgroup
isomorphic to F̂ω.

Via the comparison map χ : SL+(Γ4(R)) → SL2
(( −1,−1

R
))

, Theorem 5.1 was obtained
as a consequence of the similar statement for the congruence subgroups Conn of the
higher modular groups SL+ (Γu,v

4 (Z)), i.e. Theorem 5.3. This time, through that same
comparison, the analogue of Theorem 5.7 for the higher modular groups follows as a corollary.
More precisely, the principal congruence subgroups of SL+ (Γu,v

4 (Z)) are by definition the
finite index subgroups Conn. Hence we can consider the completions ̂SL+ (Γu,v

4 (Z)) and
˜SL+ (Γu,v

4 (Z)) as above and the associated natural epimorphism and its kernel, again called
the congruence kernel.
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Corollary 5.8. Let u, v ∈ Z<0 be strictly negative integers, then the congruence kernel of
SL+ (Γu,v

4 (Z)) contains a closed subgroup isomorphic to F̂ω.

Proof of Theorem 5.7. The proof proceeds as for [58, Theorem B]. Namely, reading between
the lines in loc. cit., one obtains a reduction to the following claim.

Claim: Let X be a set with |X| ≥ 2 and n ≥ 1. The profinite group F̂ (X) is not embedded
as a profinite group in ˜SLn(O) = SLn(Ô).

We now explain how the claim indeed implies Theorem 5.7. Let Γf be a finite index
subgroup of Γ mapping onto a free group Fm of rank m ≥ 2, as yielded by Theorem 5.1.
It is well-known that this implies that Γ̂f ≤ ŜL2(O) has a subgroup Z isomorphic to F̂m.
Indeed, F̂m being a free profinite group, the epimorphism from Γf onto Fm splits. The
claim now implies that Z ∩ C(Γ) is non-trivial as otherwise Z ∼= F̂m would embed into
Γ̂/C(Γ̂) = Γ̃ ≤ S̃L2(O), which would contradict the above claim.

It follows from [58, Theorem 2.1.(a)] that the non-trivial normal subgroup Z ∩ C(Γ)
of Z ∼= F̂m contains F̂ω. In particular also C(Γ) contains F̂ω, as desired. Thus it indeed
remains to prove the claim.

First note that it is enough to obtain the claim in case that O is a maximal order,
which we assume from now on. Suppose that F̂ (X) embeds continuously into SLn(Ô).
Since every finite group is a quotient of a subgroup of F̂ (X), the same holds for SLn(Ô).
We will show that the latter however does not hold. If H is a quotient of a subgroup of
SLn(Ô) = lim←− SLn(O/J), then it must be of some SLn(O/J). Since J is a two-sided ideal
in a maximal order (over a Dedekind domain) one can decompose J into a product of prime
ideals [73, Theorem (22.10)], say J =

∏ℓ
i=1 P

ki
i . Hence H is the quotient of a subgroup of

some SLn(O/Pmi
i ). Now, if H is a non-abelian simple group, then it does not intersect the

kernel of the map from SLn(O/Pmi
i ) to SLn(O/Pi), as the kernel is nilpotent. Hence such

H is the quotient of a subgroup of some SLn(O/Pi). By [73, Theorem (22.3)] O/Pi is a
finite-dimensional simple algebra over the residue class field Z/(Pi ∩ Z). Moreover, Pi lies
over some prime ideal (pi) of Z. Then, piO = Pmi

i with mi the index of the division algebra(
u,v
Qpi

)
.

If
(

u,v
Qpi

)
∼= M2(Qpi

) is split, then O/Pi
∼= M2(Fp) by [73, Theorem (22.4)]. Furthermore,

if
(

u,v
Qpi

)
is still a division algebra, then O/Pi

∼= Fp2 . In conclusion, SLn(O/Pi) is of the
form SLdn(Fpt) for some d, t ∈ N. It follows from [58, Lemma 2.4.(b)] that there is a finite
non-abelian simple group which is not the quotient of subgroup of SLdn(Fpt) for any p,
yielding the desired contradiction and as such finishing the proof. □

6. Applications: (Mexc) through vQL and congruence kernel unit group

Let O be an order in an exceptional matrix algebra A. In Section 5 we obtained that
SL1(O) has a finite index subgroup mapping onto a non-abelian free group. Subsequently,
the latter property was used to obtain information on the congruence kernel of SL1(O). In
this section we apply the aforementioned results to the unit group of RG with R the ring of
integers in a number field.

6.1. Characterisation of (Mexc) via largeness of (higher) modular groups. Recall
that we say that a group Γ has property vQL if it has a finite index subgroup which maps
onto a non-abelian free group. This property is preserved under commensurability. Now
consider the following class of groups:

GvQL := {Γ | Γ is virtually indecomposable and has vQL} ⊔ { finite groups },
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and the associated class
∏
GvQL defined in (2.2). Recall that a group Γ is called virtually

indecomposable if Γ can only be commensurable to a direct product Γ1 × Γ2 if Γ1 or Γ2 is
finite.

Theorem 6.1. Let G be a finite group, F a number field and R its ring of integers. Then
the following are equivalent:

(1) U(RG) is virtually-
∏
GvQL.

(2) FG has (Mexc) and no exceptional division components.
Moreover, FG has (Mexc) if and only if SL1(RGe) has vQL for all e ∈ PCI(FG) such that
FGe is not a division algebra.

A main ingredient for the equivalence between (1) and (2) is Lemma 2.1. In particular,
we need to show that the class of virtually-

∏
GvQL groups satisfies the necessary properties.

The proof of [50, Theorem 2.1] is particularly instructive for the direct factor property.

Lemma 6.2. With notations as above, the class of groups which are virtually-
∏
GvQL

satisfies the following:
• If Γ1 and Γ2 are commensurable and Γ1 is virtually-

∏
GvQL, then so is Γ2.

• If
∏m

i=1 Γi × Γ is virtually-
∏
GvQL, where Γi is virtually indecomposable and Γ

finitely generated abelian, then each Γi is either finite or virtually-
∏
GvQL.

Proof. Firstly note that the class GvQL is closed under commensurability. This implies that
the class of virtually-

∏
GvQL groups is so as well. Indeed, suppose that Γ1 and Γ2 are two

groups such that Γ1 ∩ Γ2 has finite index in both Γi. Clearly if Γ1 ∩ Γ2 is virtually-
∏
GvQL,

then so is each Γi. Hence we may assume that Γ2 is a finite index subgroup of Γ1 and it
remains to consider the case that Γ1 is virtually-

∏
GvQL. Let

∏q
i=1 Hi be a finite index

subgroup of Γ1 with Hi either finitely generated abelian or in GvQL. Since Hi ∩Γ2 has finite
index in Hi, and GvQL is closed under commensurability, we obtain that Hi ∩ Γ2 is either
finitely generated abelian or in GvQL. Therefore

∏q
i=1(Hi ∩ Γ2) is a finite index subgroup of

Γ2 and a member of
∏
GvQL, proving the claim.

Now we consider the closedness under direct factors as in Remark 2.2. Let
∏m

i=1 Γi × Γ
be virtually-

∏
GvQL, with Γ a finitely generated abelian group and Γi non-abelian virtually

indecomposable groups.
If

∏m
i=1 Γi is finite, then there is nothing to prove. Hence assume that some factors Γi

are infinite. Now take a finite index subgroup H which is in
∏
GvQL. By possibly going over

to a finite index subgroup of H, we may assume that H decomposes as

H = Zℓ ×
∏

x∈X

Hx,

with Hx mapping onto a non-abelian free group and X ̸= ∅. Note that each Hx is infinite.
Denote by πx the projection of H onto Hx. Further, consider Si := Γi ∩ H for each

1 ≤ i ≤ m and B := Γ ∩ H. Since H has finite index in
∏

i Γi × Γ, the group Si has
finite index in Γi and S :=

∏m
i=1 Si ×B has finite index in H. In particular, Si is virtually

indecomposable.
For the remainder of the proof fix some 1 ≤ i ≤ m such that Γi is infinite. We need to

show that Γi is virtually-
∏
GvQL. As Si has finite index in Γi, it is enough to show that Si

is virtually-
∏
GvQL. Since Si is infinite, there is some x ∈ X such that πx(Si) is infinite. For

such an x, the group Hx maps onto a non-abelian free group, say Fnx
, via an epimorphism

ψx : Hx → Fnx
. If ψx(πx(Si)) is a non-abelian free group, then Si would be in GvQL, as

desired. Thus we are reduced to the case that whenever πx(Si) is infinite, then ψx(πx(Si))
is not a non-abelian free group. Hence ψx(πx(Si)) is either trivial or infinite cyclic.

Claim: If πx(Si) is infinite, then πx

(∏
j ̸=i Sj ×B

)
is finite.

Denote L :=
∏

j ̸=i Sj × B. As S has finite index in H, also πx(S) has finite index in
πx(H) = Hx. Since Si commutes with L, it follows that πx(Si) ∩ πx(L) ⊆ Z(πx(S)). Now
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note that the finite index subgroup πx(S) of Hx also maps onto a non-abelian free group
under ψx, which we denote F . Therefore, Z(πx(S)) must be contained in ker(ψx). This
implies that we obtain

ψx(πx(S)) = ψx(⟨πx(Si), πx(L)⟩) ∼= ψx(πx(Si))× ψx(πx(L)),
as a finite index subgroup of Fnx . As nx ≥ 2, this means that either πx(Si) or πx(L) is
fully contained in ker(ψx). However, if πx(L) ⊆ ker(ψx), as ψx(πx(Si)) is assumed at most
infinite cyclic, then ψx(πx(S)) would be at most infinite cyclic. This is a contradiction since
πx(S) has finite index in Hx. In conclusion, πx(Si) ⊆ ker(ψx). Now using that free groups
are the projective objects in the category of groups, we obtain a splitting πx(S) ∼= K ⋊ F
with K containing πx(Si) and F isomorphic to a subgroup of πx(L). However, from the
definition of S, such a splitting in fact yields a direct product πx(S) = πx(Si)×πx(L), which
contradicts the virtual indecomposability of Hx, finishing the proof of the claim.

Finally, consider the set Y = {x ∈ X | πx(Si) is infinite }. The above claim implies
that if x ∈ Y , then πx(Si) has finite index in Hx, since πx(S) = ⟨πx(Si), πx(

∏
j ̸=i Sj ×B)⟩.

Note that Si contains a finite index subgroup Ri with the property that πx(Ri) = 1 for
x /∈ Y . Since Si is virtually indecomposable, so is Ri. But by the above, Ri is a finite index
subgroup of

∏
x∈Y Hx, which would yield a virtual decomposition of Ri. Thus Y = {x0}

is a singleton and therefore Ri inherits from Hx0 that it is in GvQL. In conclusion, Si and
hence Γi is virtually-GvQL, finishing the proof. □

Proof of Theorem 6.1. Let D be a finite-dimensional division algebra, O an order in D and
Γ a finite index subgroup in SLn(O) with n ≥ 2. Then the moreover part of Theorem 6.1
follows from the following:
(6.1) Γ has vQL ⇐⇒ Mn(D) is exceptional.
Indeed, if Mn(D) is not exceptional, then Γ satisfies property (FAb) by Margulis’s normal
subgroup theorem [66] and hence cannot satisfy largeness. If Mn(D) = M2(Q(

√
−d)) for

d ∈ N, then it has vQL by [32] (or [59, Theorem 3.7]). If Mn(D) = M2(
(

−a,−b
Q

)
), then vQL

is given by Theorem 5.1 and the fact that vQL is preserved by commensurability. This
proves (6.1) and hence the moreover part.

Now we focus on the equivalence between (1) and (2). By Lemma 6.2 the class virtually-∏
GvQL satisfies the necessary properties to apply Lemma 2.1. Consequently, U(RG)

is virtually-
∏
GvQL if and only if SL1(RGe) is either finite or virtually-GvQL for each

e ∈ PCI(FG). The former only occurs if FGe is a field or totally definite quaternion
algebra [47, Proposition 5.5.6]. To understand when SL1(RGe) is virtually-GvQL one needs
to distinguish whether FGe is a division algebra or not.

If FGe is not a division algebra, then SL1(RGe) has vQL if and only if FGe is an
exceptional matrix algebra by (6.1). Moreover SL1(RGe) is virtually indecomposable by [55,
Theorem 1]. This finishes the proof that (1) implies that FG has (Mexc). Therefore, now
suppose that FGe has is one of the possible non-commutative division algebra component
of a group algebra with (Mexc). Then D is either exceptional of the form

(
ζ2t ,−3
Q(ζ2t )

)
with

t ≥ 4 or it is a totally definite quaternion algebra. In the latter case U(O) is finite by [54].
In the former case the S-rank, with S the set of infinite places, is at least 2 and hence by
Margulis’s normal subgroup theorem SL1(O) has property (FAb) and thus not vQL. This
both finishes the proof that (1) implies (2) and the converse. □

6.2. Congruence kernel of group rings. Let A be a finite-dimensional semisimple
Q-algebra. Then

A = End(V1)× · · · × End(Vq),
with Vi an ni-dimensional module over some finite-dimensional division Q-algebra Di,
i = 1, . . . , q. In consequence, the Q-group of units of A identifies with the reductive group

G = GLA = GLD
n1
1
× · · · ×GLDnm

m
.
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If O is an order in A, then SL1(O) is an arithmetic subgroup of SL1(A). In Section 5.3 we
have recalled the definition of the congruence kernel of SL1(O). For ease of the reader, we
describe in the setting of the unit group of an order in a semisimple algebra the definitions
with down-to-earth terminology.

A principal congruence subgroup of SL1(O) is a subgroup of the form
SL1(O,m) := {u ∈ SL1(O) | u− 1 ∈ mO},

with m ∈ N0. Denote by N the set of all finite index normal subgroups of SL1(O) and by Co
the set of all principal congruence subgroups. Both sets define a basis of of neighbourhoods
of 1 for group topologies in SL1(O) and hence we have associated completions:

ŜL1(O) := lim←−
N∈N

SL1(O)/N and S̃L1(O) := lim←−
m∈N

SL1(O)/ SL1(O,m).

Since N contains the set Co, the identity map on SL1(O) induces a surjective group
homomorphism πO from ŜL1(O) to S̃L1(O). The kernel ker(πO) is called the congruence
kernel. Note that if A = QG and O = ZG, then the congruence kernel is simply the kernel
of the natural morphism ̂SL1(ZG)→ SL1(ẐG), which we denote by CG.

The congruence kernel of an integral group ring has been investigated in [9, 10, 13]. In
loc. cit. several families of finite groups G are described with the property that if CG is
infinite, then G is a member of one these families. Under the assumption that QG has no
exceptional division components, an upper-bound on the virtual cohomological dimension
of CG is obtained in [13, Theorem 5.1]. We contribute towards bounding from below, by
showing that whenever QG has an exceptional matrix component, then the congruence
kernel contains a profinite free group of countable rank. This is a direct consequence of [58,
Theorem B], Theorem 5.7 and the well-behavedness of the congruence kernel with respect
to direct products.

Corollary 6.3. Let G be a finite group. Then the following hold:
(1) If QG has an exceptional matrix algebra, then CG contains F̂ω,
(2) If QG has (Mexc), then CG contains

∏
e∈PCI ̸=1

F̂ω.
where PCI̸=1 := {e ∈ PCI(QG) | QGe is not a division algebra}.

Remark 6.4. If QG has no exceptional division components, then CG is infinite if and
only if QG has an exceptional matrix component. As pointed out in Remark 4.15, for
division algebra components it is still open whether SL1(D) satisfies the subgroup congruence
problem. However, they are expected to do so whenever their S-rank, with S the set of
infinite places of Z(D), is at least 2. Under that condition one can already apply Margulis’s
normal subgroup theorem, yielding that every non-central normal subgroup has finite index
(in particular yielding property (FAb)).

It is also not known if S-rank 1 for SL1(D) implies the existence of a large congruence
subgroup, such as in Theorem 5.1. In fact even infinite abelianisation is still open. However,
in case that D is a quaternion algebra over a number field, more is known. Indeed, whenever
Margulis’s theorem does not apply, then the corresponding symmetric space is either the
hyperbolic plane H2 or the hyperbolic 3-space H3. Then a torsion-free finite index subgroup
of SL1(O) is either the fundamental group of a compact surface, hence trivially has infinite
abelianisation, or the fundamental group of a compact hyperbolic 3-manifold. In the second
case, Agol’s positive answer of the virtual Hacken conjecture tells us that there is a finite
index subgroup with infinite abelianisation. It would be interesting to know whether some
congruence subgroup is large.

7. The blockwise Zassenhaus and subgroup isomorphism property

Three conjectures concerning finite subgroups H of the normalised unit group V (ZG) of
an integral group ring were attributed to Zassenhaus [88, 80]. The strongest (referred to
as the third) Zassenhaus conjecture predicts that H is conjugated over QG to a subgroup
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of G. The second asserts the same, but only under the hypothesis that |H| = |G|, and
the first (and weakest) concerns the case that H is cyclic. All of these conjectures have
been disproven [77, 74, 24], transforming them into the question for which H and G the
above conjugation property holds. In Section 7.1 we introduce a blockwise variant of the
conjectures, i.e. investigating whether the image of H under any irreducible Q-representation
ρ of G is conjugated in ρ(QG) to a subgroup of ρ(G). Furthermore, we define the Zassenhaus
property for semisimple F -algebras with F a field of characteristic 0. The rest of the section
is devoted to the investigation of the Zassenhaus property for exceptional matrix algebras.
Among other things, in Section 7.4 we describe the conjugacy classes of finite subgroups of
exceptional matrix algebras.
Convention: With a group basis of a group ring FG, we will mean a finite subgroup Γ of the
normalised unit group of FG which forms a F -basis of FG.

7.1. The Zassenhaus property for semisimple algebras. Let A be a finite-dimensional
semisimple algebra over a field F , with char(F ) = 0. Let R be a subring of A. We introduce
the following definition.

Definition 7.1. The set of spanning (sub)groups in R is the set of isomorphism classes of
finite subgroups of U(R) such that their F -linear span equals A:

(7.1) SF (R) := {Γ ⩽ U(R) | |Γ| <∞, SpanF {g ∈ Γ} = A} / ∼= .

If F = Q we will omit the index and write S(R).

Note that for most subrings R ⩽ A, the set SF (R) is empty. However, if R is an order in
A, or A = R itself, then by definition SF (R) ̸= ∅.

Definition 7.2. Let R be a subring of A such that SF (R) is non-empty. Furthermore, let
G be a set of finite subgroups of U(R), and [Γ] ∈ SF (R) an isomorphism class of spanning
subgroups. Then R is said to have the subgroup isomorphism property relative to Γ and G if
all H ∈ G are isomorphic to a subgroup of Γ. If there moreover exists an element αH ∈ U(A)
such that

HαH ⩽ Γ,
then R is said to have the Zassenhaus property relative to Γ and G.

Example 7.3. With the above terminology, the Zassenhaus conjectures may be reformulated
as follows. Let A = QG and R = ZG. Then R satisfies the ith Zassenhaus conjecture if it
has the Zassenhaus property relative to G and Gi, where

G1 := {H ⩽ V (ZG) | H cyclic and finite} ,
G2 := {H ⩽ V (ZG) | |H| = |G|} ,
G3 := {H ⩽ V (ZG) | H finite} .

The subgroup isomorphism property for the sets Gi, with i = 1, 2, 3, has also been
investigated, see [60, 68] and references therein. The subgroup isomorphism property for
the set G2 and twisted group rings has recently also received considerable attention, see
[63, 64, 65, 35, 51].

Also, implicitly the blockwise Zassenhaus property has been considered in [36, Lemma 3].

Remark 7.4. We defined the subgroup isomorphism property and Zassenhaus property
relative to a representative Γ of the isomorphism class [Γ]. The subgroup isomorphism
property clearly does not depend on this choice of representative. If A is a simple algebra,
Lemma 7.22 will imply that isomorphic spanning groups are conjugated in U(A). Hence,
enjoying the Zassenhaus property is also independent of the choice of representative in case
of a simple algebra. As shown by the next result, the latter also holds when A is a group
ring and G consists of cyclic subgroups. We are grateful to Leo Margolis for providing us
with a proof, which he learned from Wolfgang Kimmerle.
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Proposition 7.5. Suppose G is a finite group and R a G-adapted15 ring with field of
fractions F . Let H ⩽ V (RG) be a finite cyclic group, and suppose there exists a group basis
Γ of RG and an y ∈ U(FG) such that H ⩽ Γy. Then H is conjugated by an element of
U(FG) to a subgroup of G.
Proof. Suppose first that H ⩽ Γ. Denote H = ⟨h⟩. Then from [75, Theorem V.1] it follows
that there is a bijection φ : Γ→ G such that for all x ∈ Γ the following holds: (i) varϕ(x)
and x have the same order, (ii) φ(x)n and φ(xn) are conjugate for all n ∈ Z, and (iii)
χ(x) = χ(ϕ(x)) for any irreducible K-character, with K some field containing F . Then
fixing x ∈ Γ such that ϕ(x) = h, the restriction φ|⟨x⟩ : ⟨x⟩ → H is a group isomorphism.
Moreover, for any χ as above and any j ∈ Z, χ(xj) = χ(hj). It follows from16 [78, Lemma
37.6] that x and h are conjugate over FG.

Now suppose that H ≤ Γy for y ∈ U(FG). Then Hy−1
⩽ Γ, and hence by the above

Hy−1 is FG-conjugated to a subgroup of G. In particular, so is H, finishing the proof. □

Remark 7.6. One could wonder whether there is a version of Proposition 7.5 with Γy replaced
by any group basis of QG. This however seems not to be possible. Concretely, Leo Margolis
communicated to the authors that the cyclic subgroup Cn serving as counterexample to the
first Zassenhaus conjecture (see [24]) is expected not to be contained in any group basis of
QG. It would be interesting to investigate whether there is some e ∈ PCI(QG) such that
Cne is contained in no spanning subgroup of U(QGe) of the form Γy with Γ ≤ V (ZG) and
y ∈ QGe. In particular, the following is natural to ask.
Question 7.7. Does the counterexample to the first Zassenhaus conjecture in [24] satisfy
the blockwise Zassenhaus property relative to cyclic subgroups?

In practice there are obvious conditions one needs to specify on the groups H ∈ G so that
O can have the Zassenhaus or subgroup isomorphism property relative to G. For instance, if
H is isomorphic to a subgroup of Γ ∈ B, then |H| divides |Γ| and exp(H) | exp(Γ). However,
in case that A is a group algebra these conditions are always satisfied (see Lemma 7.17) and
hence do not need to be specified in Example 7.3.

Note that for any groups H and Γ, one has that exp(H) | exp(Γ) holds if the set of orders
of prime-power order elements of H is included in that of Γ. More generally, for a group Γ
we call the set
(7.2) spec(Γ) := {n ∈ N | ∃g ∈ Γ : o(g) = n}
of orders of elements in Γ the spectrum of Γ. A main problem in group rings17, is the
spectrum problem (SP):
(SP) spec(G) = spec(V (RG))?
The spectrum problem is the weaker version of the first Zassenhaus conjecture where
‘conjugate’ is replaced by ‘isomorphic to’. In contrast to the Zassenhaus conjecture, the
spectrum problem is still open. In [38], it was notably proven to be true for G solvable.
Moreover, if R is the ring of integers in a number field, a theorem of Cohn–Livingstone [14]
yields that the unit group V (RG) contains an element of prime power order pn if and only
if G does. In particular,
(7.3) exp(V (RG)) = exp(G).
Definition 7.8. Let Γ ∈ SF (R) for some subring R of a finite-dimensional semisimple
F -algebra A and let P be some group-theoretic property. Then a set G of finite subgroups
of U(R) is called P-admissible if all H ∈ G have property P.

15Recall that a G-adapted ring is an integral domain R of characteristic 0 such that no prime divisor of
|G| is invertible in R.

16Note that the statement is only formulated for F = Q, but the proof can also be generalised to this
context, by replacing C in the proof of [78, Lemma 37.6] with a splitting field of G containing F .

17In the literature the problem is formulated for R = Z. However, the question makes sense in this
generality, since for such rings of integers there is a variant of the Cohn–Livingstone theorem.
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Example. If P is the property “the order |H| divides |Γ|”, we will speak of “order-admissible”.
Similarly for exp(Γ) and spec(Γ) we say exp-, respectively spec-admissible.

In case that A is semisimple but not simple, there is a natural weaker property to consider.
Namely, for each e ∈ PCI(A) we can consider the simple factor Ae and the associated
projection πe : A→ Ae. For a subgroup G of U(A) we denote

Ge := πe(G).

Definition 7.9. Let G be a set of finite subgroups of U(R), and Γ ⊆ SF (R). We say that R
has the blockwise Zassenhaus (resp. subgroup isomorphism) property relative to Γ and G if
for all e ∈ PCI(A), Re has the Zassenhaus (resp. subgroup isomorphism) property relative
to Γe and Ge.

Note that if R satisfies the Zassenhaus property relative to Γ and G, then R satisfies the
blockwise Zassenhaus property relative to Γ and G.

7.2. Somme illustrative examples. In this section we consider the unit group of some
exceptional algebras and point out several types of behaviour. As a consequence we will
obtain the following application to the blockwise Zassenhaus property.

Theorem 7.10. Let G be a finite and e ∈ PCI(QG) such that QGe is either a field, a
quaternion algebra or isomorphic to M2(Q(

√
−d)) with d ̸= 3. If H is a finite subgroup of

V (ZG), then (He)α ≤ Ge for some α ∈ QGe.

Recall that if M2(Q(
√
−d)) is the simple component of some integral group, then

d ∈ {0, 1, 2, 3}. Hence the above is a combination of Proposition 7.11, Corollary 7.14,
Proposition 7.15 and Proposition 7.16. We also need the upcoming fact that |He| divides
|Ge|, see Lemma 7.17.
The case of M2(Q)

Consider A = M2(Q) and its maximal order O = M2(Z). It is well-known that
(7.4) GL2(Z) ∼= D8 ∗C2×C2 D12,

with C2×C2 = ⟨ao(a)/2, b⟩, for a and b such that Dn = ⟨a, b | an/2 = b2 = 1, bab = a−1⟩. By
Bass–Serre theory (see e.g. [82, I.4, Theorem 8]), under the aforementioned isomorphism,
an arbitrary finite subgroup H of GL2(Z) is conjugate to a subgroup of D8 or of D12. In
particular, if H is not a 2-group and |H| ≠ 12, then H is conjugated to a subgroup of D6.

Suppose then that G is a finite subgroup of GL2(Z) whose Q-span is M2(Q). Since a
spanning subgroup must be non-abelian and must contain at least 4 elements, it follows
that G is conjugate to either D6, D8 or D12. In fact, these three dihedral groups have a
faithful irreducible Q-representation into M2(Q). Hence, in view of Lemma 7.21 below,

S(O) = {Dm | m = 6, 8, 12}.
Let H ⩽ GL2(Z) be finite such that |H| divides m for some m ∈ {6, 8, 12}. Then the above
shows that if exp(H) ̸= 2, then the cardinality |H| uniquely determines to which spanning
subgroup H is conjugated. If exp(H) = 2, then H is conjugated into any spanning subgroup
since the amalgamation of GL2(Z) is over ⟨ao(a)/2, b⟩. In conclusion, we obtain the following.

Proposition 7.11. Let Γ ∈ S(M2(Z)) and H an order-admissible subgroup of GL2(Q).
Then H is conjugated over GL2(Z) to a subgroup of Γ. In particular, it has the Zassenhaus
property relative to Γ and all order-admissible subgroups.

Remark. We would like to emphasise that in this example one has an especially nice
Zassenhaus property since the conjugation is already over the order. However, this is specific
to M2(Q), as the upcoming example already illustrates well, see Remark 7.13. Furthermore,
Proposition 7.11 was already implicit in [42, Theorem 1.5] were it is proven (using other
terminology) that if all the non-division components of QG are isomorphic to M2(Q), then
ZG enjoys the blockwise Zassenhaus property relative to G and the set of all finite subgroups.
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Moreover, conjugation can be realised over the maximal order. Importantly, the latter
is really a property of the projections. Indeed, it is classical that ZS3 satisfies the third
Zassenhaus conjecture, however there is a finite subgroup of V (ZS3) which is conjugated to
a subgroup of S3 over QS3, but not over ZS3.

The case of M2(Q(
√
−2))

In [34], Hatcher gave a decomposition as an amalgamated product for PGL2(I2), where
I2 is the ring of integers of Q(

√
−2). This decomposition can be adapted to yield the

following for GL2(I2), see Remark 7.37 for details:

(7.5) GL2(I2) ∼= (GL2(F3) ∗C8 SD16) ∗SL2(Z) (D12 ∗C2×C2 Q8).

Here SD16 := ⟨a, b | a8 = b2 = 1, ab = a3⟩ is the semidihedral group.
As in the case of M2(Q), from (7.5) one can readily read off which Zassenhaus or subgroup

isomorphism properties it possesses. For instance, again by Bass–Serre theory, every finite
subgroup is conjugated in GL2(I2) to a subgroup of GL2(F3), SD16, D12 or Q8. Of these
groups, only the first two have an irreducible faithful representation onto M2(Q(

√
−2)).

Hence Lemma 7.21 yields that

S(M2(I2)) = {SD16,GL2(F3)}.

Interestingly, in this example there are two GL2(I2)-conjugacy classes of spanning sub-
groups isomorphic to SD16, as any subgroup of GL2(F3) isomorphic to SD16 will also span
M2(Q(

√
−2)). However, by Lemma 7.22 they will be conjugated over GL2(Q(

√
−2)).

Proposition 7.12. The ring M2(I2) has the Zassenhaus property relative to
• GL2(F3) and all finite subgroups,
• SD16 and all order-admissible subgroups.

Remark 7.13. From the amalgamated decomposition in (7.5), it follows that every finite
subgroup of GL2(I2) is conjugated inside GL2(I2) to either a subgroup of GL2(F3)∗C8 SD16
or D12 ∗C2×C2 Q8. Moreover, both cases are mutually exclusive. Thus for example the
subgroup D12 of D12 ∗C2×C2 Q8 cannot be conjugated over GL2(I2) to a subgroup of one of
the two spanning subgroups GL2(F3) or SD16, but by Proposition 7.12 it can be conjugated
over GL2(Q(

√
−2)) to one. One of the subtleties that this example touches upon, is the

problem whether a finite subgroup is contained in a spanning subgroup. Namely, D12 is
contained in no spanning subgroup contained in M2(I2), but one contained in M2(Q(

√
−2)).

More precisely, it is contained in a spanning subgroup of M2(Q(
√
−2)) of the form Gy with

G ∈ S(M2(I2)) and y ∈ GL2(Q(
√
−2)).

Interestingly, if the third Zassenhaus conjecture were to hold, then finite subgroups H of
V (ZG) are always contained in a group basis Gy with y ∈ QG. As shown in Proposition 7.5,
if H is a cyclic subgroup, then H being contained in a group basis Γy with y ∈ QG and
Γ ≤ V (ZG) with |Γ| = |G|, implies that H is conjugated to a subgroup of the given basis
G. As explained above, this does not hold for cyclic subgroups of GL2(I2), illustrating an
interesting difference between finite subgroups of integral group rings and finite subgroups
of orders in a simple algebra.

Note that Proposition 7.12 directly implies the following.

Corollary 7.14. Let G be a finite group such that M2(Q(
√
−2)) ∼= QGe for some e ∈

PCI(QG). If H is a finite subgroup of V (ZG), then He is QGe-conjugated to a subgroup of
Ge.

Indeed, Ge ∈ S(M2(I2)) and hence Ge is isomorphic to SD16 or GL2(F3). Since H is a
finite subgroup of V (ZG), one has that He is order-admissible for Ge (see Lemma 7.17 for
details), showing that Corollary 7.14 follows from Proposition 7.12.
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Proof of Proposition 7.12. It is a fact that the maximal subgroups of GL2(F3) are SL2(F3),
SD16 and D12. Moreover, Q8 is a maximal subgroup of SL2(F3). Hence it follows by (7.5)
that any finite subgroup of GL2(I2) is isomorphic to a subgroup of GL2(F3). Next, it can
be verified that all subgroups of GL2(F3) of order a power of 2 are contained in its maximal
subgroup SD16. All this yields the statement, with “Zassenhaus property” replaced by
“subgroup isomorphism property”.

To obtain the Zassenhaus property, it is enough to prove that the copies of SD16 and
D12 in (7.5) can be conjugated over GL2(Q(

√
−2)) to a subgroup of GL2(F3), and the same

for Q8 into SD16. For this we will need to invoke the Skolem–Noether theorem.
Let H be one of the groups SD16, D12 or Q8 and consider SpanQ(

√
−2){H}. Investigating

the faithful components of their rational group algebras, one obtains that SpanQ(
√

−2){H} =
M2(Q(

√
−2)). Now denote by ψ an isomorphism between H and a subgroup K of GL2(F3).

Applying Skolem–Noether to the Q(
√
−2)-linear extension of ψ and the Q(

√
−2)-algebra

map SpanQ(
√

−2){H} ↪→ M2(Q(
√
−2)), yields the desired conjugation property. □

The case of fields and quaternion algebras
The advantage of the blockwise Zassenhaus property is that it can be approached one

type of component at a time. For instance, we now show that field and quaternion algebra
components of QG will never provide a problem for the blockwise Zassenhaus property.

Proposition 7.15. Let G be a finite group and e ∈ PCI(QG) such that QGe is some
quaternion algebra or a field. Then for any H ≤ V (ZG) the group He is conjugated over
QGe to a subgroup of Ge.

An interesting feature of the proof of Proposition 7.15 is that it can be reduced to
understanding the Zassenhaus conjectures for a small class of groups. Namely, as will be
explained in more detail in Section 7.3, the surjection QG→ QGe factors through to the
Q-linear extension Φ of G→ Ge. Using this one can prove the following:

(i) If Ge satisfies a Zassenhaus conjecture including groups isomorphic to He, then He
will be conjugated to a subgroup of Ge in QGe.

(ii) |He| divides |Ge| for every e ∈ PCI(QG) (see Lemma 7.17 below).

Proof of Proposition 7.15. First suppose that QGe is a field F . Then the ring of integers
R of F is its (up to conjugation) unique maximal order. The unit group of R is a finitely
generated abelian group described by Dirichlet’s unit theorem. In particular He and Ge are
subgroups of the torsion subgroup of U(R), which is cyclic. Hence the dividing orders yield
that He ⩽ Ge, as desired.

Next suppose that QGe is a quaternion algebra. Then Ge is one of the groups mentioned
in Lemma 7.35. Now recall that the third Zassenhaus conjecture was proven for Q4m in
[11], for SL2(F5) in [22, Theorem 4.3] and in [21, Theorem 4.7] for SU2(F3). In these cases,
using (7.7) and (7.8), the desired conjugation is inherited from V (Z[Ge]).

It remains to consider the case that Ge ∼= SL2(F3). In this case the first Zassenhaus
conjecture was obtained in [41], and SpanQ{Ge} =

(
−1,−1

Q

)
. More precisely, Ge is isomorphic

to the unit group of the Hurwitz quaternions, which is up to conjugation the unique maximal
order in

(
−1,−1

Q

)
and thus He is conjugated to a subgroup of Ge, finishing the proof. □

The case of M2(Q(
√
−1))

This example will require combining the methods from the previous examples. For
GL2(Z[

√
−1]), it is not possible to follow the exact same strategy as for GL2(Z) and

GL2(I2), since GL2(Z[
√
−1]) has Serre’s property (FA) [4, Theorem 5.1] and thus cannot be

decomposed through amalgamation. Nevertheless, in [27, Theorem 4.4.1] an amalgamated
decomposition was constructed for PSL2(Z[

√
−1]) from which one readily deduces the

following decomposition for SL2(Z[
√
−1]):

(7.6) SL2(Z[
√
−1]) ∼= (Dic3 ∗C6 SL2(F3)) ∗SL2(Z) (Dic3 ∗C4 Q8).
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Now, in general if R denotes the maximal order of the centre of a finite-dimensional
division algebra D and O an order in D, then SLn(O) = ker(Rnr: Mn(D)→ R∗). Thus if
Γ is a subgroup of SLn(O), then it fits in an exact sequence

1→ SLn(O) ∩ Γ→ Γ→ Rnr(Γ)→ 1.
Moreover, if two subgroups Γ1 and Γ2 are conjugated over Mn(D), then so are the subgroups
SLn(O) ∩ Γi and Rnr(Γ1) = Rnr(Γ2). In the case that D is a subfield of C and n = 2, then
conjugacy classes of finite subgroups in SL2(D) are a well-understood problem.

For the purpose of the subgroup isomorphism (resp. Zassenhaus) property, one wants to
understand the maximal subgroups of GL2(Z[

√
−1]). The above tells us that we need to

understand the extensions of H ∈ {Q8, Dic3,SL2(F3)} by C2 or C4. Fortunately, in those
cases, Out(H) is small. Namely, Out(Q8) ∼= S3, Out(Dic3) ∼= D12 and Out(SL2(F3)) ∼= C2.
One needs to be cautious since not all actions yield subgroups of GL2(Z[

√
−1]). As Q8 is

characteristic in SL2(F3), all extensions built on Q8 will be contained in an extension built
on SL2(F3).

Working all this out would yield two maximal subgroups: SL2(F3)⋊C4 and Dic3 ⋊C2 =
C4×S3, which respectively have SmallGroupID’s [96,67] and [24,5]. Both groups have
an irreducible Q-representation onto M2(Q(

√
−1)) and hence they are spanning subgroups

of GL2(Z[
√
−1]) (see Lemma 7.21). In summary, every finite subgroup of GL2(Z[

√
−1]) is

isomorphic to a subgroup of SL2(F3) ⋊ C4 or Dic3 ⋊ C2. This conclusion will also follow
from the more general results of Section 7.4, whose proofs are given in detail.
Proposition 7.16. Let G be a finite group such that M2(Q(

√
−1)) = QGe for some

e ∈ PCI(QG). The following hold:
(1) Every finite subgroup of GL2(Z[

√
−1]) is conjugated in M2(Q(

√
−1)) to a subgroup

of some Γ ∈ S(M2(Z[
√
−1])).

(2) If H is a finite subgroup of V (ZG), then He is QGe-conjugated to a subgroup of Ge.
Remark. One could also have obtained a classification of the (maximal) subgroups of
GL2(Z[

√
−1])) via a reduction to PGL2(Z[

√
−1]). More precisely, every finite subgroup Γ

is a central extension
1→ Z(Γ)→ Γ→ Q→ 1,

with Q a subgroup of PGL2(Z[
√
−1]). Subgroups of the latter are well-known (e.g. see [7]):

Cn with n | 4, 6, D6, D8, A4 and S4. A computation of their second group cohomology
group with coefficients in C2 or C4 would yield the same conclusion.
Proof of Proposition 7.16. If one replaces conjugation by isomorphism in (1) a proof has
been sketched before the statement of Proposition 7.16. The fact that conjugation holds,
follows from an argument as in the proof of Proposition 7.12. Alternatively, see the upcoming
Lemma 7.26 for a general statement.

Now consider a finite subgroup H ⩽ V (ZG). By (1) we know that He is M2(Q(
√
−1))-

conjugated to some Γ ∈ S(M2(Z[
√
−1])). There are two spanning subgroups which are

maximal (for the inclusion) among the members of S(M2(Z[
√
−1])): the groups SL2(F3)⋊C4

and C4 × S3.
Claim 1: The group C4 × S3 satisfies the Higman subgroup property, i.e. if H is a finite
subgroup of V (Z[C4 × S3]), then C4 × S3 contains a copy of H.

By the linear independence of finite subgroups of V (ZG), it follows that |H| divides
|C4 × S3| = 24. If |H| = 24, then H ∼= C4 × S3 as C4 × S3 is metabelian and hence satisfies
the isomorphism problem by Whitcomb’s theorem. Next let |H| | 8 or 12. Moreover, since
C4 × S3 is solvable, it follows from [38] that spec(H) ⊆ spec(C4 × S3) = {n : n | 12}. This
in particular solves the case that H is cyclic. Next recall that the subgroup isomorphism
problem is known for subgroups of the form C2 × C2 ([40]), C2 × C4 ([61]) and Cp × Cℓ

q for
p ̸= q primes ([38]). Hence for H abelian, the only remaining case to investigate is H ∼= C3

2 .
However, this is not possible since H embeds into ZGe, where the maximal rank of an
elementary abelian 2-subgroup is 2.
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It remains to consider the case H non-abelian. Since C4 × S3 contains D12 and Dic3, we
need to show that H is not isomorphic to D8, Q8 or A4. First suppose that H ∼= Q8 or D8.
Denote S3 = ⟨a, b | a3 = b2 = 1, ab = a−1⟩ and consider the epimorphism

Z[C4 × S3]→ Z[(C4 × S3)/⟨a⟩] ∼= Z[C4 × C2],

whose kernel is the relative augmentation18 ideal ω(C4 × S3, ⟨a⟩). This induces an epimor-
phism π from V (Z[C4 × S3]) to V (Z[C4 × C2]) under which finite 2-subgroups are mapped
isomorphically. In particular π(H) would be a non-abelian subgroup of the abelian group
V (Z[C4 × C2]), a contradiction. Finally suppose that H ≇ A4. As finite subgroups of the
normalised unit group are Q-linearly independent, one has that Q[H] is a subring of

Q[C4 × S3] ∼= Q4 ⊕Q(i)2 ⊕M2(Q)2 ⊕M2(Q(i)).

Now Q[H] = ⊕e∈PCI(C4×S3)Q[H]e. If H ∼= A4, then Q[H] ∼= Q⊕Q(
√
−3)⊕M3(Q), which

one readily proves is not compatible with the above decomposition. This finishes the proof
of Claim 1.

Now we consider the other Γ ∈ S(M2(Z[
√
−1])), which are all subgroups of U2(F3) :=

SL2(F3) ⋊ C4 = [96,67].
Claim 2: If Γ ∈ S(M2(Z[

√
−1])) and |Γ| ≠ 48 or 96, then Γ satisfies the Higman subgroup

property.
If Γ is nilpotent, then it even satisfies the 3rd Zassenhaus conjecture [86, 87]. The only

non-nilpotent Γ ∈ S(M2(Z[
√
−1])) with |Γ| ≠ 48 or 96, is the metacyclic group C3 ⋊ C8 (as

can be seen from Table B in Appendix A). Now note that all strict subgroups of C3 ⋊C8 are
cyclic. As C3 ⋊C8 is metacyclic it satisfies the 1st Zassenhaus conjecture [39, 11]. Moreover
by Whitcomb’s theorem it also satisfies the isomorphism problem, thus altogether indeed
has the subgroup isomorphism property for all its subgroups, as claimed.

At this stage we have proven that if |Ge| ̸= 48 or 96, then statement (2) holds. If
|Ge| = 48, then Ge ∼= SL2(F3) ⋊ C2 = [48,33] and if |Ge| = 96, then Ge ∼= U2(F3).
Note that SL2(F3) ⋊ C2 is a maximal subgroup of U2(F3) which contains copies of all
subgroups which are not a spanning subgroup. Moreover, He cannot be another spanning
subgroup, as for those groups spec(He) is not contained in the spectrum of the solvable
group SL2(F3) ⋊ C2. Hence if H is QGe-conjugated to a subgroup of U2(F3) and H is
order-admissible with SL2(F3) ⋊ C2, then it is actually conjugated to a subgroup of the
latter. This reduces the problem to the largest spanning subgroup U2(F3).

Now the only finite subgroups of GL2(Z[
√
−1]) which are not isomorphic to a subgroup

of U2(F3) are D12 and Dic3. Thus by part (1), it remains to show that He ≇ D12 or Dic3.
Now if He ∼= D12, then this would imply that V (Z[Ge]), with Ge ∼= U2(F3), contains a
subgroup isomorphic to D6. However, the latter is a Frobenius group and thus by [68,
Theorem D], Ge would also contain a copy of D6, a contradiction. The dicyclic case is
treated similarly. □

7.3. Some general properties for simple algebras.

7.3.1. The setting of components of group rings. In the setting of the blockwise Zassenhaus
property, one is interested in the images of finite subgroups under

πe : A→ Ae, x 7→ xe,

for e ∈ PCI(A). In case that A = FG is a group algebra, the map πe factorises through
a meaningful (non-simple) quotient, as mentioned after Proposition 7.15. Namely, extend
R-linearly the group epimorphism φe : G→ Ge to an R-algebra homomorphism Φe : R[G]→
R[Ge]. Note then that

(7.7) ker(Φe) = ω(G, ker(φe)) and Φe(V (R[G])) ⊆ V (R[Ge]),

18I.e. the kernel of the canonical map R[Γ] → R[Γ/Λ] for any group Γ with normal subgroup Λ.
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where in general ω(Γ,Λ) denotes the relative augmentation ideal. Since πe(n− 1) = 0 for
all n ∈ ker(φe) = {g ∈ G | ge = e}, we have that ω(G, ker(φe)) ⊆ ker(πe). Therefore there
exists a unique morphism
(7.8) σe : R[Ge]→ R[G]e such that πe = σe ◦ Φe.

Lemma 7.17. Let G be a finite group and R a G-adapted integral domain with field of
fractions F . For any finite subgroup H in V (RG) and e ∈ PCI(FG), the following hold:

(i) |He| divides |Ge|,
(ii) exp(He) divides exp(Ge),

(iii) If G satisfies (SP) for R, then spec(He) ⊆ spec(Ge).

Proof. By (7.7) we have that Φe(H) is a finite subgroup of V (R[Ge]), and therefore |Φe(H)| |
|Ge|, see for example [18, Corollary 2.7]. To prove (i), we show that |He| | |Φe(H)|. For this,
note that (7.8) implies that He = πe(H) = σe(Φe(H)) is an epimorphic image of Φe(H)
and hence |He| divides |Φe(H)|, as desired. Since V (R[Ge]) has exponent exp(Ge) by (7.3),
it follows moreover that exp(Φe(H)) | exp(Ge) (since Φe(H) ⩽ V (R[Ge]) and the fact that
the exponent of a subgroup divides the exponent of the overlying group). But since He is
an epimorphic image of Φe(H), it follows that exp(He) | exp(Φe(H)), which finishes (ii).

Finally, suppose then that G satisfies (SP), i.e. spec(G) = spec(V (RG)). Then from
H ⩽ V (RG) it follows that spec(H) ⊆ spec(V (RG)), which implies that

spec(He) = spec(σe(Φe(H))) ⊆ spec(Φe(H)) ⊆ spec(Φe(V (RG)))
= spec(Φe(G)) = spec(Ge).

Here the first inclusion follows since for any group homomorphism ψ : Γ → Λ (of finite
groups), one has that spec(ψ(Γ)) ⊆ spec(Γ). □

Part (iii) of Lemma 7.17 shows that the spectrum problem implies the following weaker
version of (SP):

Conjecture 7.18 (Blockwise Spectrum Problem). Let G be a finite group. Then spec(Ge) =
spec(V (ZG)e) for every primitive central idempotent e ∈ PCI(QG).

We would also like to emphasise that Hertweck already formulated in his Habilitations-
schrift the following.

Conjecture 7.19 (Blockwise isomorphism problem). Let G be a finite group and H ≤
V (ZG) such that ZG = ZH. Then Ge ∼= He for every e ∈ PCI(QG).

Finally, in the setting of the blockwise properties there is a class of finite groups that
deserve special attention, namely those which have a faithful irreducible representation. In
particular, the following question is interesting.

Question 7.20. Let G be a finite group having a faithful irreducible representation. Does
it have the subgroup isomorphism property for any finite subgroup?

7.3.2. The setting of simple algebras. Given an order O in a simple algebra Mn(D), the
following result implies that SF (O) is non-empty if and only if Mn(D) is the simple component
of some group algebra.

Lemma 7.21. Let G be a finite subgroup of some GLn(D) with D a finite-dimensional
division F -algebra with F a field with char(F ) = 0. Then SpanF {g ∈ G} = Mn(D) if and
only if Mn(D) ∈ C(FG).

Proof. Consider the canonical representation φ : FG→ Mn(D) associated to the embedding
of G in GLn(D). If one can show that φ is irreducible, then Mn(D) ∈ C(FG) by the
correspondence between irreducible F -representations of G and the simple components of
FG. But the irreducibility follows from the spanning condition. Indeed, write Mn(D) =
EndF G(V ). Since SpanF {g ∈ G} = Mn(D), we have that SpanF {g · v | g ∈ G} = V for any
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non-zero v ∈ V . This shows that V cannot have a non-zero proper G-invariant subspace, as
claimed.

Conversely, suppose that Mn(D) ∈ C(FG). In other words, there exists an irreducible
F -representation ρ : FG→ Mn(D). It is a classical theorem by Burnside that

SpanF {ρ(g) | g ∈ G} = Mn(D). □

In practice it is easier to simply verify that a given group H is isomorphic to a subgroup
of a group Γ, than to verify conjugation in some ambient group. However, in certain cases
the Skolem–Noether theorem implies the existence of an isomorphism by conjugation:

Lemma 7.22. Let A be a simple F -algebra and H and G finite subgroups of U(A). Suppose
that SpanF {G} = A and that SpanF {H} is a simple subalgebra of A containing Z(A). If
H is isomorphic to a subgroup of G, then there exists an α ∈ U(A) such that Hα ⩽ G.
Consequently, if FG satisfies the blockwise subgroup isomorphism property relative to group
bases, then it satisfies the blockwise Zassenhaus property relative to group bases.

Proof. Denote B = SpanF {H} and φ : H → L the isomorphism with a subgroup L of G.
We have two morphisms from B to A. Namely a first from the embedding of B in A and
another through the linear extension of φ. The Skolem–Noether theorem then precisely
asserts that both images are conjugate. The consequence follows from the first statement.
Indeed, for a group basis H of FG one has that SpanF {He} = FGe and in particular
SpanF {He} contains Z(FGe). □

Note that if Z(A) = Q, then Lemma 7.22 in particular indeed reduces the problem of
showing that H is conjugate to a subgroup of G to showing that H is isomorphic to a
subgroup of G.

7.3.3. The setting of simple algebras of reduced degree 2. Let D be an arbitrary finite-
dimensional division Q-algebra. It will be useful to distinguish primitive and imprimitive
groups. Recall the following definition (see [5, section 2.1]).

Definition 7.23. Let V be the 2-dimensional D-module given by column vectors in D. Let
G ⩽ GL2(D). Then G has a natural action on V by left multiplication. The group G is said
to be imprimitive if and only if V decomposes as a direct sum

V = V1 ⊕ V2

of 1-dimensional D-modules such that for any g ∈ G, one has gVi = Vσ(i), for i ∈ {1, 2} and
σ ∈ Sym({1, 2}). A group which is not imprimitive is said to be primitive.

Note that for a primitive group G ⩽ GL2(D), the action of G on V is irreducible.
Now suppose that G ⩽ GL2(D) is primitive. Then several cases can arise for the

isomorphism type of SpanQ{G} := SpanQ{g ∈ G}. Since there is a Q-linear map QG →
SpanQ{G} induced by the identity map, SpanQ{G} in particular has the structure of a
semisimple Q-algebra. Since G ⩽ GL2(D), the possible isomorphism types of SpanQ{G}
then are:

(i) A division algebra DG;
(ii) M2(DG) for some division algebra DG.

Note that the possibility that SpanQ{G} is the direct sum of two simple algebras does not
occur, since this would contradict the assumption that G is primitive and in particular
irreducible.

If M2(D) is exceptional, then the isomorphism types of SpanQ{G} can be described
explicitly.

Lemma 7.24. Let M2(D) be an exceptional algebra and G ⩽ GL2(D) a finite subgroup
which acts irreducibly on V . Then SpanQ{G} is either a field, a quaternion algebra, or an
exceptional matrix algebra.
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Remark 7.25. The proof of Lemma 7.24 will be more precise on the possibilities for SpanQ{G}.
For instance from the proof it follows that for any finite group G ⩽ GL2(D) which spans
a quaternion algebra

(
−a,−b

F

)
, one has that [F : Q] ≤ 2. Conversely, [F : Q] = 2 can only

occur if D is a quaternion algebra over Q.

Proof of Lemma 7.24. As explained above, B := SpanQ{G} is either a division algebra DG

or of the form M2(DG). Suppose that B ⪇ M2(D) and that B is non-commutative.
First we consider the case that Z(D) = Q. Then B is a simple Z(D)-subalgebra of

M2(D). Therefore, the double centraliser theorem [47, Theorem 2.10.1] implies that dimQ(B)
divides dimQ M2(D). The latter in turn is a divisor of 16 since M2(D) is exceptional. Now
recall that dimZ(B)(B) is a square and the reduced degree of B is less than or equal to 2 by
[5, pg 455, Lemma]. Together with the assumptions on B, and the fact that

dimQ(Z(B)) · dimZ(B)(B) = dimQ(B) | 16,

this then implies that dimZ(B) B = 4 and dimQZ(B) = 1 or 2. If dimQZ(B) = 1, then B is
either M2(Q) (if D ̸= Q) or a quaternion algebra with centre Q. If dimQZ(B) = 2, then B
is either a quaternion algebra with centre F or B = M2(F ) with F a quadratic extension of
Q. This case can only occur if dimQ M2(D) = 16 and hence D =

(
−a,−b

Q

)
for some a, b ∈ N.

Now no quadratic real extension K of Q can embed in
(

−a,−b
Q

)
as it is totally definite.

Indeed, suppose that we have a Q-algebra embedding of K into
(

−a,−b
Q

)
. Then we would

also have one of K ⊗Q R ∼= R× R into
(

−a,−b
Q

)
⊗Q R ∼=

(
−a,−b

R

)
. However

(
−a,−b

R

)
, being

a division algebra, cannot contain R × R, as the latter contains non-trivial idempotents.
In conclusion, F is an imaginary quadratic extension of Q and B is an exceptional matrix
algebra.

Next we consider the case that Z(D) ̸= Q and thus D = Q(
√
−d) for some square-free

natural number d ∈ N>0. In this case the double centraliser theorem does not apply, but
nevertheless we still have that

(7.9) dimQ(Z(B)) · dimZ(B)(B) = dimQ(B) ⪇ 8,

since B ⪇ M2(Q(
√
−d)). Since dimZ(B) B is square and B is non-commutative, (7.9) implies

that dimZ(B) B = 4 and Z(B) = Q. Therefore either B = M2(Q) or B is a quaternion
algebra with centre Q. □

In case of exceptional matrix algebras, the subgroup isomorphism property implies the
stronger Zassenhaus property.

Lemma 7.26. Let A be an exceptional matrix algebra, and G, H finite subgroups of U(O).
Suppose that SpanQ{G} = A and that H is isomorphic to a subgroup of G. Then Hα ≤ G
for some α ∈ U(A).

We prove Lemma 7.26 in section 7.4.1 below. The proof consists of applying Lemma 7.22,
and additionally requires a better understanding of imprimitive groups, which we cover in
section 7.4.1.

7.4. Finite subgroups of exceptional simple algebras. Amitsur [2] classified all finite
subgroups of a finite-dimensional division algebra. Moreover, for each of these groups, he
described an explicit division algebra containing it. From this, one can in particular deduce
the possible finite spanning subgroups of a given division algebra. In a highly technical
work, Banieqbal [5] described the primitive spanning subgroups of M2(D). However, in case
of an exceptional (simple) matrix algebra, a direct and short proof was provided in [23]
for the finite groups spanning such simple algebras. In this section we also describe the
non-spanning finite subgroups.
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From now on assume that M2(D) is an exceptional matrix algebra and O an order in D.
Recall from Section 7.3.3 that a finite subgroup H ⩽ GL2(D) satisfies at least one of the
following three criteria:

(i) H is imprimitive,
(ii) SpanQ{H} is either a field or a quaternion algebra,
(iii) SpanQ{H} is an exceptional matrix algebra.

We now describe the possible finite subgroups of GL2(O) for each of the three cases
above. As a consequence we will obtain the following application.
Theorem 7.27. Let A be an exceptional matrix algebra and O the maximal order in A.
Suppose that S(O) ̸= ∅ and H a finite subgroup of U(O) satisfying one of the following:

• H is primitive and not in Table 2,
• H is imprimitive and |H| | |G| for some G ∈ S(O).

Then H is conjugated in A to a subgroup of some Γ ∈ S(O).
If H is imprimitive, the condition that |H| | |G| for some G ∈ S(O) is always satisfied

except if A ∼= M2(Q(
√
−2)) or M2(

(
−2,−5

Q

)
), see Table 1 for more details. The exceptions in

the primitive case concern a small list of subgroups H such that SpanQ{H} ∼= M2(Q(
√
−d))

and A ∼= M2(
(

−a,−b
Q

)
) for very specific values of a, b, d ∈ N, as recorded in Table 2.

7.4.1. The imprimitive subgroups. We start by describing the imprimitive groups. For the
following statement, we follow the techniques from the proof of [5, Lemma 2.2].
Lemma 7.28. Suppose H ⩽ GL2(D) is imprimitive. Let V = V1 ⊕ V2 be the associated
decomposition into 1-dimensional D-modules. If there exists some g ∈ H such that gV1 = V2,
then

H ∼= (Γ× Γ) ⋊ C2,

where Γ ⩽ U(D) and where C2 acts by exchanging the factors. Otherwise, H ∼= Γ1 × Γ2 for
some subgroups Γ1,Γ2 ⩽ U(D).
Proof. Suppose gVi = Vi for all g ∈ H. Then up to conjugation by a base change matrix
A ∈ GL2(D), H consists of diagonal matrices. It follows that H ∼= Γ1 × Γ2 for some finite
subgroups Γ1,Γ2 ⩽ U(D).

Suppose then that there exists some g ∈ H such that gV1 = V2. Let K ⩽ H be the
subgroup of H such that kVi = Vi for all k ∈ K and i ∈ {1, 2}. Again up to conjugation of
H by a base change matrix A ∈ GL2(D), g is of the form

( 0 g1
g2 0

)
, while K consists precisely

of the diagonal matrices of H. Moreover, K has index 2 in H. Indeed, H = K ⊔ gK, since
if x :=

( 0 x1
x2 0

)
is another antidiagonal matrix in H, then

k := g−1x =
(
g−1

2 x2 0
0 g−1

1 x1

)
∈ K

is an element such that gk = x. By the fact that G is imprimitive, any x ∈ G is either
diagonal or antidiagonal and hence H = K ⊔ gK. In particular, K is a normal subgroup of
H, and the action of g on K by conjugation switches the diagonal entries. It follows that
G ∼= (Γ× Γ) ⋊ C2, for some finite subgroup Γ ⩽ U(D). □

Remark 7.29. In particular, an imprimitive subgroup H ⩽ GL2(D) which is contained in
GL2(O), is isomorphically contained in a maximal imprimitive subgroup (U(O)×U(O))⋊C2,
since H acts on a 2-dimensional D-space V by left multiplication.

Hence in particular the finite subgroups of GL2(D) of imprimitive type are easy to describe
in terms of finite subgroups of U(D). We will mainly be interested in finite subgroups of
GL2(O). By Lemma 7.21 and [23], if M2(D) is exceptional, we have that

(7.10) S(M2(O)) ̸= ∅ ⇔
{

D = Q(
√
−d) with d = 0, 1, 2, 3

D =
(

−a,−b
Q

)
with (a, b) = (−1,−1), (−1,−3), (−2,−5).
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Moreover, the above division algebras are left norm euclidean, see [4, Remarks 3.13 & 6.14],
and hence have up to conjugation a unique maximal order [12, Proposition 2.9]. The unique
maximal order of Q is Z, which has unit group C2 = {±1}. For Q(

√
−d) it is its ring of

integers, denoted Id whose unit group is as following, see [4, Section 3]:

(7.11) U(Id) =

 ⟨−1⟩ ∼= C2 if d ̸= 1, 3
⟨i⟩ ∼= C4 if d = 1
⟨−ζ3⟩ ∼= C6 if d = 3

Next, denote

H2 =
(
−1,−1

Q

)
, H3 =

(
−1,−3

Q

)
and H5 =

(
−2,−5

Q

)
.

Their (up to conjugation) unique maximal orders will respectively be denoted by O2,O3
and O5. Their unit groups are the following:
(7.12) U(O2) ∼= SL2(F3) ∼= Q8 ⋊ C3, U(O3) ∼= Q12 ∼= C3 ⋊ C4, and U(O5) ∼= C6.

Proof of Lemma 7.26. Suppose first that H is imprimitive. Suppose in particular that the
action of H on the 2-dimensional D-space V consisting of column vectors decomposes into a
direct sum of non-trivial H-invariant subspaces. Then, as in Lemma 7.28, H is conjugated
to a group

( Γ1 0
0 Γ2

)
⩽ GL2(O), with Γi ⩽ U(O) for i ∈ {1, 2}. Say z ∈ U(A) such that

Hz =
( Γ1 0

0 Γ2

)
. Since H is isomorphic to a subgroup of G, there is some subgroup K ⩽ G

such that V decomposes into two 1-dimensional K-invariant subspaces. In particular, there
is a w ∈ U(D) such that Kw =

(
Λ1 0
0 Λ2

)
, with Γi

∼= Λi for i ∈ {1, 2}.
An investigation of the conjugacy classes of finite subgroups of the groups (7.11) and

(7.12) shows that all isomorphic subgroups of U(O) with O an order in D are conjugate. In
particular, for i ∈ {1, 2}, there exist xi ∈ U(O) such that Γxi

i = Λi. In particular,(
x−1

1 0
0 x−1

2

)
Hz

(
x1 0
0 x2

)
= Kw.

Next suppose that the action of H on V does not decompose into non-trivial H-invariant
subspaces. I.e. H ∼= (Γ×Γ)⋊C2 for some Γ ⩽ U(O), or H is primitive. Then SpanQ{H} is
simple. Suppose first that A = M2(

(
−a,−b

Q

)
) or M2(Q) for some natural numbers a, b ∈ N0.

Then the conclusion immediately follows from Lemma 7.22.
Now suppose that A = M2(Q(

√
−d)) with d a square-free natural number. If SpanQ{H} =

A, then the conclusion follows from Lemma 7.22. Otherwise, Lemma 7.24 yields that
SpanQ{H} is either M2(Q) or a quaternion algebra with centre Q. Therefore, SpanZ(A){H}
is Z(A)-subalgebra of A containing SpanQ{H}. Since dimQ SpanQ{H} = 4 and dimQA = 8,
one has that SpanZ(A){H} = A. In particular, SpanZ(A){H} is a simple algebra and hence
Lemma 7.22 yields the desired conclusion. □

Proposition 7.30. Let H ⩽ GL2(O) be a finite imprimitive subgroup. If there exist
spanning subgroups of GL2(D) for which H is order-admissible, then there is some spanning
subgroup containing an isomorphic copy of H.

Proof of Proposition 7.30. This follows from a straightforward case-by-case analysis for each
isomorphism type of exceptional components A such that GL2(D) = U(A), combined with
the list of spanning subgroups given by [47, Corollary 12.12, Tab. 12.1 and Tab. 12.2] (see
also Table B in Appendix A). By Lemma 7.28 (see also remark 7.29), all finite imprimitive
subgroups are isomorphically contained in a largest imprimitive subgroup, which is of the
form (U(O)×U(O))⋊C2. We summarise the maximal imprimitive subgroups which appear
as a subgroup of a spanning group in Table 1 by giving the SmallGroupID of a spanning
group containing it. Lemma 7.28 then allows to deduce all other imprimitive subgroups
which are contained in a spanning group. Note that from Table 1, it follows that only
for M2(H5), there are no order-admissible spanning groups for the largest imprimitive
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Table 1. Per isomorphism type of the exceptional matrix algebra A, the isomorphism
types of the maximal finite imprimitive group H ⩽ GL2(O) which occurs as a subgroup
of some Γ ∈ S(M2(O)).

A H SmallGroupID of a Γ ∈ S(M2(O)) containing H

M2(Q) (C2 × C2) ⋊ C2 [8,3]

M2(Q(i)) (C4 × C4) ⋊ C2 [32,11]

M2(Q(
√

−2)) (C2 × C2) ⋊ C2 [16,8]

M2(Q(
√

−3)) (C6 × C6) ⋊ C2 [72,30]

M2(H2) (SL2(F3) × SL2(F3)) ⋊ C2 [1152,155468]

M2(H3) (Q12 × Q12) ⋊ C2 [288,389]

M2(H5) (C2 × C2) ⋊ C2 [240,90]

subgroup (U(O)×U(O)) ⋊C2. The largest imprimitive subgroup which is order-admissible,
is (C2 × C2) ⋊ C2, which indeed appears as a subgroup of a spanning group.

We also give, whenever it exists (i.e. in every case except for M2(Q(
√
−2)) and M2(H5)),

the SmallGroupID of a spanning subgroup isomorphic to the maximal imprimitive
subgroup under consideration. □

7.4.2. Subgroups spanning an exceptional subalgebra. Let M2(D) be an exceptional matrix
algebra, O a maximal order in D and G a finite subgroup of GL2(O). In this section, we
describe when SpanQ{G} is an exceptional matrix algebra. This problem consists of two
steps:

Step 1: Determine the sets S(M2(O)). In other words, determine the isomorphism type of
finite groups G which have a faithful irreducible representation into M2(D).

Step 2: Determine which Q-subalgebras isomorphic to an exceptional matrix algebra M2(D)
contains.

Step 1 was realised by Eisele–Kiefer–Van Gelder in [23, Table 2]. The sets S(M2(O)) can
also be read from Table B in Appendix A. We now deal with Step 2.

Firstly, any matrix algebra M2(D) contains a copy of M2(Q). Therefore, by (7.4), GL2(D)
contains D8 and D12 as subgroups. In summary, for G a finite subgroup of GL2(Id), one
has that

(7.13) SpanQ{G} is an exceptional matrix algebra ⇐⇒ G ⩽ D8, D12 or G ∈ S(M2(Id)).

Next, suppose that D =
(

−a,−b
Q

)
. Then it could be that SpanQ{G} ∼= M2(Q(

√
−d)) for

some square-free d ∈ N. Recall (7.10) saying that (a, b) ∈ {(1, 1), (1, 3), (2, 5)} if S(O) ̸= ∅.
Using the Albert–Brauer–Hasse–Noether embedding theorem, one can compute the following.

Lemma 7.31. The quaternion algebra
(

−a,−b
Q

)
with (a, b) ∈ {(1, 1), (1, 3), (2, 5)} contains

the following subfields of the form Q(
√
−d) with d ∈ {1, 2, 3}:

(7.14)
(1, 1) : d = 1, 2, 3
(1, 3) : d = 1, 3
(2, 5) : d = 2, 3

Moreover, in these cases Id embeds in the maximal order Oa,b of
(

−a,−b
Q

)
. Consequently,

GL2(
(

−a,−b
Q

)
) contains all finite subgroups of GL2(Q(

√
−d)) for those values of d.

Although M2(Id) embeds in M2(Oa,b), this does not mean that every spanning subgroup
of M2(Id) is isomorphic to a subgroup of a spanning subgroup of M2(Oa,b). However, they
usually are, which can be verified by hand using the tables in Appendix A.
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Proposition 7.32. Let A be an exceptional matrix algebra and O a maximal order such that
S(O) is non-empty. Let H be a finite subgroup of U(O) such that SpanQ{H} ∼= M2(Q(

√
−d))

for d ∈ N. Then H is conjugated in U(A) to a subgroup of some Γ ∈ S(O), with exception
of the cases in Table 2.

Table 2. Cases of triples (d, A, H) such that Proposition 7.32 is not satisfied.

d A H

1 M2(
( −1,−3

Q

)
) [48,33] or [96,67]

3 M2(
( −2,−5

Q

)
) S(M2(I3)) \ {SL2(F3), C3 ⋊ D8 = [24,8]}.

7.4.3. Possible subgroups which are Frobenius complements. Recall that a finite subgroup
H of a finite-dimensional division algebra D is a Frobenius complement, which have been
classified by Amitsur. Moreover, by Lemma 7.24 if SpanQ{H} = D is contained in an
exceptional matrix algebra, then D is a field or a quaternion algebra. It turns out that this
restricts H strongly, which we make precise in the following proposition.

Proposition 7.33. Let A be an exceptional matrix algebra and O an order in A. Suppose
that S(O) is non-empty and let H be a finite subgroup of U(O) such that SpanQ{H} is a
division algebra. Then the following hold:

(1) If H is not cyclic, then H is primitive or conjugated to {( u 0
0 1 ) | u ∈ N} with N a

non-cyclic subgroup of U(O).
(2) If SpanQ{H} is a field, H ∼= Cn, with n a divisor of 8, 10 or 12.
(3) If SpanQ{H} non-commutative, H is isomorphic to SL2(F3),SU2(F3),SL2(F5) or

Q4m, with m a divisor of 4, 5 or 6, and all of these cases occur for some A.
(4) There exists a Γ ∈ S(O) containing an isomorphic copy of H.

Moreover, whether O actually contains such an H is recorded in Table 3.

Table 3. Per isomorphism type of the exceptional matrix algebra A, the isomorphism
types of all finite groups H which span a division algebra that occur as a subgroup of a
Γ ∈ S(O).

A H

M2(Q) Cn, for n | 6

M2(Q(i))
Cn, for n | 8 or 12

Q8, Q12, SL2(F3)

M2(Q(
√

−2))
Cn, for n | 8

Q8, SL2(F3)

M2(Q(
√

−3))
Cn, for n | 12

Q8, Q12, SL2(F3)

M2(H2), M2(H3) and M2(H5)
Cn, for n | 8, 10 or 12

Q8, Q12, Q16, Q20, Q24, SL2(F3), SU2(F3), SL2(F5)

Example 7.34. The groups SL2(F3),SU2(F3) and SL2(F5) have a faithful irreducible Q-
representation into a unique quaternion algebra, but also into an exceptional matrix algebra.
For example using the Wedderga package19, one verifies that these groups have the following

19Recall that the groups have SmallGroupID’s respectively [24,3], [48,28] and [120,5].
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faithful irreducible representations.

SL2(F3)⇝
(

−1,−1
Q

)
and M2(Q(

√
−3)),

SU2(F3)⇝
(

−1,−1
Q(ζ8+ζ−1

8 )

)
and M2(H3),

SL2(F5)⇝
(

−1,−1
Q(ζ5+ζ−1

5 )

)
and M2(H3).

The isomorphism types in Proposition 7.33 arise thanks to the following description of
finite subgroups of a quaternion algebra, which follows from [85, Prop. 32.4.1, Lemma 32.6.1
& Prop. 32.7.1].

Lemma 7.35 ([85]). Let O be an order in D =
(

a,b
F

)
with F a number field. If H ⩽ U(O)

is a finite subgroup such that SpanQ{H} ∼= D, then H is isomorphic to one of the following:
• Q4m = ⟨x, y | x2m = 1, y2 = xm, yx = x−1y⟩, a generalised quaternion group,
• SL2(F3), SU2(F3) or SL2(F5).

Another important ingredient for Proposition 7.33 are the following restrictions on the
possible order of elements in an exceptional matrix algebra obtained in [23] (see also [47,
Proposition 12.1.1] for the version below).

Theorem 7.36 ([23]). Let A = M2(D) be an exceptional matrix algebra and O an order in
A such that S(O) is non-empty. Consider h ∈ O. If D = Q(

√
−d), then the following hold:

• For h ∈ H, the order o(h) divides 8 or 12.
• If o(h) = 8, then D = Q(

√
−1) or Q(

√
−2).

• If o(h) = 12, then D = Q(
√
−1) or Q(

√
−3).

If D =
(

−a,−b
Q

)
, then o(h) divides 8, 10 or 12.

We can now proceed to the proof.

Proof of Proposition 7.33. Suppose that H is not cyclic. Suppose H is imprimitive, and
hence of the form given by Lemma 7.28, i.e. H ∼= (Γ× Γ) ⋊ C2 or H ∼= Γ1 × Γ2, for finite
Γ,Γ1,Γ2 ⩽ U(O). Since H spans a division algebra by assumption, it must be a Frobenius
complement. Recall that a Frobenius complement does not have a subgroup of the form
Cp × Cp for p prime, see [69, Theorem 18.1]. Thus if H is a Frobenius complement, it must
be of the form Γ1 × Γ2 with the orders |Γi| for i = 1, 2 relatively prime and Γi ⩽ U(O). In
that case Γ1 × Γ2 is indeed a Frobenius complement by [47, Exercise 11.4.3]. Now recall
(7.10) which asserts in terms of A when S(O) is non-empty. For these values the unit groups
are recorded in (7.11) and (7.12). From these it follows immediately that the only way for
H to be non-cyclic and of the form Γ1 × Γ2, is that some Γi is trivial, which finishes the
proof of statement (1).

We now consider statements (2) and (3). By Lemma 7.24, SpanQ{H} must be a field or
a quaternion algebra. In the former case, since H is a subgroup of a field, it must be cyclic,
say H ∼= Cn. In the latter case, H is isomorphic to one of the groups in Lemma 7.35, i.e.
H ∼= Q4m if it is a generalised quaternion group, or H ∼= SL2(F3), SU2(F3) or SL2(F5). In
both cases, using Theorem 7.36 we obtain that both m and n must be a divisor of 8, 10 or
12. In particular, we obtain part (2). We now show that in the non-commutative case, m is
in fact at most a divisor of 4, 5 or 6.

In [47, Example 3.5.7], the strong Shoda pairs (Γ,K) are computed for a generalised
quaternion group Q4n. Recall that in Theorem 3.7, we show for which e = e(Q4n,Γ,K),
the associated representation ψ : Q4n → QQ4ne is faithful, namely when⋂

g∈Q4n

Kg = 1.

But from [47, Example 3.5.7] it is then immediate that the only SSP for Q4n = ⟨x, y | x2n =
1, xn = y2, yx = x−1y⟩ which yields a faithful representation, is (Γ,K2n), with Γ = ⟨x⟩,
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and K2n = ⟨x2n⟩ = {1}. Moreover in the authors in loc. cit.20, show that the associated
component QQ4ne is given by

(
α2

2n−4,−1
Q(α2n)

)
, where α2n = ζ2n + ζ−1

2n .
So suppose that for m ∈ {8, 10, 12}, Q4m ⩽ GL2(O). Then in particular, there exists a

faithful representation
ψ : Q4m → GL2(O) ⊆ M2(D).

By the previous paragraph, the image of ψ is isomorphic to
(

−1,−1
Q(ζ2m+ζ−1

2m)

)
. Moreover,

dimQ(Q(ζ2m + ζ−1
2m)) = ϕ(2m)

2 = 4, for all m ∈ {8, 10, 12}.

However, since we assume SpanQ{Q4m} ⩽ GL2(D), remark 7.25 implies that the degree
over Q of the centre of SpanQ{Q4m} is at most 2, a contradiction. We conclude that m is a
divisor of 4, 5 or 6, which finishes the first part of (3).

For the second part of (3), as well as (4), we use the tables of finite spanning subgroups
of exceptional matrix algebras provided by [47, Corollary 12.12, Tab. 12.1 and Tab. 12.2].
In particular, in Table 3 we give, for each exceptional matrix algebra, which groups from the
statement occur as a subgroup of some finite spanning subgroup. In Table A in Appendix A
we listed per spanning subgroup the groups from the statement which are isomorphically
contained in it, and the content of Table 3 is then obtained by combining the information in
Table A and Table B.

We now moreover prove for every possible isomorphism type of H that whenever it does
not occur as a subgroup of some finite spanning subgroup, then in fact H cannot occur as a
finite subgroup of U(O) at all, which concludes the proof.

From Table 3, we remark that the groups Q4m for m ∈ {4, 5, 6} do not occur as a subgroup
of a spanning subgroup of M2(Q(

√
−d)) for d ∈ {0, 1, 2, 3}. From the same reasoning as

above, if these were subgroups of GL2(Id), then this would mean that Q4m has a faithful
representation into

(
−1,−1

Q(ζ2m+ζ−1
2m)

)
. In particular the Q-linear span of H = Q4m is isomorphic

to the latter quaternion algebra. But

dimQ(Q(ζ2m + ζ−1
2m)) = ϕ(2m)

2 = 2, for all m ∈ {4, 5, 6}.

It now follows from Remark 7.25 that this is only possible in case H is a subgroup of GL2(D)
with D a quaternion algebra over Q, a contradiction since we assumed H ⩽ GL2(Id).

We now show moreover that Q12 cannot occur as a subgroup of GL2(Z(
√
−2)). Recall

from above that the unique faithful irreducible Q-representation of Q12 is
(

−3,−1
Q

)
. It is

well-known that the latter division algebra splits over Q(
√
−3) and Q(i). Now consider a

square-free integer d ∈ N. If Q12 were a subgroup of GL2(Q(
√
−d)) such that SpanQ{Q12}

is a division Q-subalgebra, then by the aforementioned faithful irreducible Q-representation,

SpanQ{Q12} ∼=
(
−3,−1

Q

)
.

This would imply that

dimQ SpanQ(
√

−d){Q12} = dimQ Q(
√
−d) · dimQ

(
−3,−1

Q

)
= 8.

Hence SpanQ(
√

−d){Q12} = M2(Q(
√
−d)). But then

(
−3,−1

Q

)
would have to split over

Q(
√
−d). However,

(
−3,−1

Q

)
does not split over Q(

√
−2) (but does over Q(i) and Q(

√
−3)),

a contradiction. In conclusion, Q12 is not a subgroup of GL2(I2), as stated. If SL2(F3) were
a finite subgroup of GL2(Q) spanning a non-commutative division algebra, then this division

20Note that there is a small typo, Ad should read
(

α2
d

−4,−1
Q(αd)

)
rather than

(
α2

d
−4,−1
Q

)
, as seen in

eq. (3.5.1) right below it.
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algebra must be a quaternion algebra by Lemma 7.24. But such a quaternion algebra is of
Q-dimension at least 4, a contradiction since in this case, SpanQ(SL2(F3)) ⊆ M2(Q), which
is of dimension 4 over Q.

Finally, we prove that SU2(F3) and SL2(F5) cannot occur as a subgroup of GL2(Z[
√
−d]),

for d ∈ {0, 1, 2, 3}, which finishes the proof. Note that when SpanQ{G} is a division algebra,
the latter must occur as a component of the Wedderburn–Artin decomposition of QG.
Calculating the Wedderburn–Artin decompositions of Q[SU2(F3)] and Q[SL2(F5)] via the
Wedderga package in GAP, one sees (see also Example 7.34) that the only non-commutative
division algebras occurring are respectively

(
−1,−1

Q(ζ8+ζ−1
8 )

)
and

(
−1,−1

Q(ζ5+ζ−1
5 )

)
. But again as in

the paragraph before last, the centres of these quaternion algebras have degree 2 over Q,
meaning that from Remark 7.25 it follows that SL2(F5) and SU2(F3) cannot occur as finite
subgroups of GL2(Z[

√
−d]) for d ∈ {0, 1, 2, 3}. □

7.4.4. Some applications of the classification of finite subgroups. To start we point out that
all the results obtained can be packaged to obtain Theorem 7.27.

Proof of Theorem 7.27. Let H be a finite subgroup of U(O). In case that H is imprimitive
the desired statement was obtained in Proposition 7.30.

Suppose that H is primitive. Then by Lemma 7.24, either SpanQ{H} is a division algebra
or SpanQ{H} is an exceptional matrix subalgebra of A. In the former case the statement
was obtained in Proposition 7.33. In the latter case it holds by Proposition 7.32. □

Next, we explain how one can deduce an amalgamation for GL2(I2).

Remark 7.37. In [34] it was proven that there is an isomorphism
PGL2(Z[

√
−2]) ∼= (S4 ∗C4 D8) ∗(C3∗C2) (D6 ∗C2 (C2 × C2)),

where the amalgamating subgroup C3 ∗ C2 ∼= PSL2(Z). It is a classical fact that for the
canonical epimorphism π : GL2(Z[

√
−2])→ PGL2(Z[

√
−2]), one has that

GL2(Z[
√
−2]) ∼= π−1(S4 ∗C4 D8) ∗π−1(C3∗C2) π

−1(D6 ∗C2 (C2 × C2)).
We describe the inverse image π−1 of each of the finite subgroups appearing in the decom-
position. Firstly note that |π−1(H)| = 2 · |H| for each of those subgroups. In particular for
H = S4, we have that |π−1(H)| = 48. Inspecting the obtained list of finite subgroups of
GL2(Z[

√
−2]), we see that 48 is the largest order of a finite subgroup. Moreover, GL2(F3)

is the only one of that order. Hence π−1(S4) = GL2(F3). Similarly, one deduces that
π−1(D8) = SD16, and the amalgamating C4 is pulled back to a cyclic group C8.

For the other part of the amalgam we use that the centre of the subalgebra M2(Z) equals
the centre of M2(Z[

√
−2]). Hence, having in mind that the main amalgamation is over

PSL2(Z), we see that the inverse image π−1 of the amalgamating C2 is isomorphic C4.
Therefore, looking again at the list of possible subgroups of GL2(Z[

√
−2]), π−1(D6) =

D12 and π−1(C2 × C2) = Q8. In conclusion,
GL2(I2) ∼= (GL2(F3) ∗C8 SD16) ∗SL2(Z) (D12 ∗C2×C2 Q8).
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Appendix A. Tables of groups with a faithful exceptional 2× 2 embedding

In this appendix we reproduce21 [23, Table 2], listing those finite groups G that have
a faithful exceptional matrix component (see Definition 1.1) in the Wedderburn–Artin
decomposition of the rational group algebra QG. In particular, these groups appear as a
spanning subgroup of an exceptional M2(D). For all these groups, we list properties relevant
for Proposition 7.33 in the first table.

Table A. Content of the first table in this appendix.

SmallGroupID: The identifier of the group G in the SmallGroup library

Spectrum The spectrum of the group, i.e. the set of orders of elements in G.

Quaternion subgroups: The generalised quaternion subgroups Q4n isomorphically appearing as a
subgroup of G.

Linear subgroups: The groups SL2(F3), SU2(F3) and SL2(F5) isomorphically appearing as
a subgroup of G. (Recall that they have SmallGroupID’s respectively
[24,3], [48,28] and [120,5]).

Dihedral subgroups: The dihedral groups Dn isomorphically appearing as a subgroup of G.

Subgroups from list: Isomorphism types of strict subgroups of G which themselves have an
exceptional matrix component, given in terms of their SmallGroupID.

In the second table, we list properties relevant to property (Mexc). In particular we give
the exceptional matrix algebras these groups span.

Table B. Content of the second table in this appendix.

SmallGroupID: The identifier of the group G in the SmallGroup library

(Mexc): Indicates whether the group satisfies (Mexc).

cl: The nilpotency class of the group; ∞ indicates that the group is not nilpotent
(omitted for non-solvable groups)

dℓ: Derived length of the group; ∞ for non-solvable groups

[G : F (G)]: The index of the Fitting subgroup of G in G (omitted when G itself is
nilpotent).

cl(F (G)): The nilpotency class of the Fitting subgroup F (G).

Faithful exceptional compo-
nents:

The exceptional matrix components (with multiplicity) of the Wedderburn–
Artin decomposition of G which are a faithful representation of G. In
particular G is a spanning subgroup of these.

1 × 1 components: The division-algebra components appearing in the Wedderburn–Artin de-
composition of QG (with multiplicity); omitted for groups without (Mexc).

Recall that we use the following shorthands for the appearing quaternion algebras:

H2 =
(
−1,−1

Q

)
, and H3 =

(
−1,−3

Q

)
, and H5 =

(
−2,−5

Q

)
,

and that ζk represents a complex, primitive k-root of unity.

21Including the group with SmallGroupID [24, 1], which was accidentally omitted in the original
table.
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SmallGroupID Spectrum Quaternion subgroups Linear subgroups Dihedral subgroups Subgroups from list

[6, 1] {1, 2, 3}
[8, 3] {1, 2, 4}
[12, 4] {1, 2, 3, 6} D6 [6, 1]
[16, 6] {1, 2, 4, 8}
[16, 8] {1, 2, 4, 8} Q8 D8 [8, 3]
[16, 13] {1, 2, 4} Q8 D8 [8, 3]
[18, 3] {1, 2, 3, 6} D6 [6, 1]
[24, 1] {1, 2, 3, 4, 6, 8, 12}
[24, 3] {1, 2, 3, 4, 6} Q8
[24, 5] {1, 2, 3, 4, 6, 12} Q12 D6, D12 [12, 4]
[24, 8] {1, 2, 3, 4, 6} Q12 D6, D8, D12 [8, 3], [12, 4]
[24, 10] {1, 2, 3, 4, 6, 12} D8 [8, 3]
[24, 11] {1, 2, 3, 4, 6, 12} Q8
[32, 8] {1, 2, 4, 8} Q8 [16, 6]
[32, 11] {1, 2, 4, 8} Q8 D8 [16, 6], [16, 13]
[32, 44] {1, 2, 4, 8} Q8, Q16 D8 [16, 6], [16, 8], [16, 13]
[32, 50] {1, 2, 4} Q8 D8 [16, 13]
[36, 6] {1, 2, 3, 4, 6, 12} Q12
[36, 12] {1, 2, 3, 6} D6, D12 [12, 4], [18, 3]
[40, 3] {1, 2, 4, 5, 8, 10} Q20
[48, 16] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q24 D8 [16, 8], [24, 1], [24, 10]
[48, 18] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q16, Q24 [24, 1], [24, 11]
[48, 28] {1, 2, 3, 4, 6, 8} Q8, Q12, Q16 SL2(F3) [24, 3]
[48, 29] {1, 2, 3, 4, 6, 8} Q8 SL2(F3) D6, D8, D12 [12, 4], [16, 8], [24, 3]
[48, 33] {1, 2, 3, 4, 6, 12} Q8 SL2(F3) D8 [16, 13], [24, 3]
[48, 39] {1, 2, 3, 4, 6, 12} Q8, Q12, Q24 D6, D8, D12 [16, 13], [24, 5], [24, 8], [24, 10]
[48, 40] {1, 2, 3, 4, 6, 12} Q8, Q12, Q24 D6, D12 [24, 5], [24, 11]
[64, 37] {1, 2, 4, 8} Q8 [32, 8]
[64, 137] {1, 2, 4, 8} Q8, Q16 D8 [32, 8], [32, 11], [32, 44], [32, 50]
[72, 19] {1, 2, 3, 4, 6, 8} Q12
[72, 20] {1, 2, 3, 4, 6, 12} Q12 D6, D12 [24, 5], [36, 6], [36, 12]
[72, 22] {1, 2, 3, 4, 6} Q12 D6, D8, D12 [24, 8], [36, 12]
[72, 24] {1, 2, 3, 4, 6, 12} Q8, Q12, Q24 [36, 6]
[72, 25] {1, 2, 3, 4, 6, 12} Q8 SL2(F3) [24, 3], [24, 11]
[72, 30] {1, 2, 3, 4, 6, 12} Q12 D6, D8, D12 [24, 8], [24, 10], [36, 6], [36, 12]
[96, 67] {1, 2, 3, 4, 6, 8, 12} Q8 SL2(F3) D8 [24, 1], [32, 11], [48, 33]
[96, 190] {1, 2, 3, 4, 6, 8} Q8, Q12, Q16 SL2(F3), SU2(F3) D6, D8, D12 [24, 8], [32, 44], [48, 28], [48, 29]
[96, 191] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q16, Q24 SL2(F3), SU2(F3) D8 [32, 44], [48, 28], [48, 33]
[96, 202] {1, 2, 3, 4, 6, 12} Q8 SL2(F3) D8 [24, 10], [32, 50], [48, 33]
[120, 5] {1, 2, 3, 4, 5, 6, 10} Q8, Q12, Q20 SL2(F3) [24, 3]
[128, 937] {1, 2, 4, 8} Q8, Q16 D8 [64, 37], [64, 137]
[144, 124] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q16, Q24 SL2(F3), SU2(F3) [48, 18], [48, 28], [72, 25]
[144, 128] {1, 2, 3, 4, 6, 12} Q8, Q12, Q24 SL2(F3) D6, D12 [36, 12], [48, 40], [72, 25]
[144, 135] {1, 2, 3, 4, 6, 8} Q12 [16, 6], [72, 19]
[144, 148] {1, 2, 3, 4, 6, 12} Q8, Q12, Q24 D6, D8, D12 [48, 39], [72, 20], [72, 22], [72, 24], [72, 30]
[160, 199] {1, 2, 4, 5, 10} Q8 D8 [32, 50]
[192, 989] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q16, Q24 SL2(F3), SU2(F3) D8 [48, 16], [64, 137], [96, 67], [96, 191], [96, 202]
[240, 89] {1, 2, 3, 4, 5, 6, 8, 10, 12} Q8, Q12, Q16, Q20, Q24 SL2(F3), SU2(F3), SL2(F5) [40, 3], [48, 28], [120, 5]
[240, 90] {1, 2, 3, 4, 5, 6, 8, 10} Q8, Q12, Q20 SL2(F3), SL2(F5) D6, D8, D12 [24, 8], [40, 3], [48, 29], [120, 5]
[288, 389] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q24 D6, D8, D12 [32, 11], [144, 135], [144, 148]
[320, 1581] {1, 2, 4, 5, 8, 10} Q8, Q16, Q20 D8 [64, 137], [160, 199]
[384, 618] {1, 2, 3, 4, 6, 8, 12} Q8, Q16 SL2(F3) D8 [96, 202], [128, 937]
[384, 18130] {1, 2, 3, 4, 6, 8} Q8, Q12, Q16 SL2(F3), SU2(F3) D6, D8, D12 [96, 190], [128, 937]
[720, 409] {1, 2, 3, 4, 5, 6, 8, 10} Q8, Q12, Q16, Q20 SL2(F3), SU2(F3), SL2(F5) [48, 28], [72, 19], [120, 5]
[1152, 155468] {1, 2, 3, 4, 6, 8, 12} Q8, Q12, Q16 SL2(F3), SU2(F3) D6, D8, D12 [72, 25], [72, 30], [384, 618], [384, 18130]
[1920, 241003] {1, 2, 3, 4, 5, 6, 8, 10, 12} Q8, Q12, Q16, Q20, Q24 SL2(F3), SU2(F3), SL2(F5) D8 [120, 5], [192, 989], [320, 1581], [384, 618]
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SmallGroupID (Mexc) cl dℓ [G : F (G)] cl(F (G)) Faithful exceptional components 1 × 1 components

[6, 1] ✓ ∞ 2 2 1 1 × M2(Q) 2×Q,
[8, 3] ✓ 2 2 1 × M2(Q) 4×Q,
[12, 4] ✓ ∞ 2 2 1 1 × M2(Q) 4×Q,
[16, 6] ✓ 2 2 1 × M2(Q(i)) 4×Q, 2×Q(i),
[16, 8] ✓ 3 2 1 × M2(Q(

√
−2)) 4×Q,

[16, 13] ✓ 2 2 1 × M2(Q(i)) 8×Q,
[18, 3] ✓ ∞ 2 2 1 1 × M2(Q(

√
−3)) 2×Q, 2×Q(

√
−3) = Q(ζ3),

[24, 1] ✓ ∞ 2 2 1 1 × M2(Q(i)) 2×Q, 1×Q(i), 1×Q(ζ8), 1×H3,
[24, 3] × ∞ 3 3 2 1 × M2(Q(

√
−3))

[24, 5] ✓ ∞ 2 2 1 1 × M2(Q(i)) 4×Q, 2×Q(i),
[24, 8] ✓ ∞ 2 2 1 1 × M2(Q(

√
−3)) 4×Q,

[24, 10] ✓ 2 2 1 × M2(Q(
√

−3)) 4×Q, 4×Q(
√

−3) = Q(ζ3),
[24, 11] ✓ 2 2 1 × M2(Q(

√
−3)) 4×Q, 4×Q(

√
−3) = Q(ζ3), 1×H2,

[32, 8] ✓ 3 2 1 × M2(H2) 4×Q, 2×Q(i),
[32, 11] ✓ 3 2 2 × M2(Q(i)) 4×Q, 2×Q(i),
[32, 44] ✓ 3 2 1 × M2(H2) 8×Q,
[32, 50] ✓ 2 2 1 × M2(H2) 16×Q,
[36, 6] ✓ ∞ 2 2 1 1 × M2(Q(

√
−3)) 2×Q, 1×Q(i), 2×Q(

√
−3) = Q(ζ3), 1×Q(ζ12), 1×H3,

[36, 12] ✓ ∞ 2 2 1 1 × M2(Q(
√

−3)) 4×Q, 4×Q(
√

−3) = Q(ζ3),
[40, 3] × ∞ 2 4 1 1 × M2(H5)
[48, 16] ✓ ∞ 2 2 2 1 × M2(H2) 4×Q,
[48, 18] ✓ ∞ 2 2 2 1 × M2(H3) 4×Q, 1×

(
−1,−1
Q(

√
2)

)
,

[48, 28] × ∞ 4 6 2 1 × M2(H3)
[48, 29] × ∞ 4 6 2 1 × M2(Q(

√
−2))

[48, 33] × ∞ 3 3 2 1 × M2(Q(i))
[48, 39] ✓ ∞ 2 2 2 1 × M2(H3) 8×Q,
[48, 40] ✓ ∞ 2 2 2 1 × M2(H2) 8×Q, 2×H2,
[64, 37] × 4 2 2 × M2(H2)
[64, 137] ✓ 3 2 2 × M2(H2) 8×Q,
[72, 19] × ∞ 2 4 1 2 × M2(H3)
[72, 20] × ∞ 2 4 1 1 × M2(H3)
[72, 22] × ∞ 2 4 1 1 × M2(H3)
[72, 24] × ∞ 2 4 1 1 × M2(H3)
[72, 25] × ∞ 3 3 2 3 × M2(Q(

√
−3))

[72, 30] ✓ ∞ 2 2 1 2 × M2(Q(
√

−3)) 4×Q, 4×Q(
√

−3) = Q(ζ3),
[96, 67] × ∞ 4 6 2 2 × M2(Q(i))
[96, 190] × ∞ 4 6 2 1 × M2(H2)
[96, 191] × ∞ 4 6 2 1 × M2(H2)
[96, 202] × ∞ 3 3 2 1 × M2(H2)
[120, 5] × ∞ 60 1 1 × M2(H3)
[128, 937] × 4 3 4 × M2(H2)
[144, 124] × ∞ 4 6 2 3 × M2(H3)
[144, 128] × ∞ 3 6 2 1 × M2(H2)
[144, 135] × ∞ 2 4 1 4 × M2(H3)
[144, 148] × ∞ 2 4 1 2 × M2(H3)
[160, 199] × ∞ 3 5 2 1 × M2(H2)
[192, 989] × ∞ 4 6 2 2 × M2(H2)
[240, 89] × ∞ 120 1 1 × M2(H5)
[240, 90] × ∞ 120 1 1 × M2(H5)
[288, 389] × ∞ 3 8 1 2 × M2(H3)
[320, 1581] × ∞ 4 10 2 2 × M2(H2)
[384, 618] × ∞ 3 3 4 1 × M2(H2)
[384, 18130] × ∞ 4 6 2 1 × M2(H2)
[720, 409] × ∞ 360 1 2 × M2(H3)
[1152, 155468] × ∞ 4 18 2 1 × M2(H2)
[1920, 241003] × ∞ 60 2 1 × M2(H2)



REPRESENTING IN LOW RANK I: CONJUGACY, TOPOLOGICAL & HOMOLOGICAL ASPECTS 55

References
[1] Lars V. Ahlfors. Möbius transformations and Clifford numbers. In Differential geometry and complex

analysis, pages 65–73. Springer, Berlin, 1985. 27
[2] S. A. Amitsur. Finite subgroups of division rings. Trans. Amer. Math. Soc., 80:361–386, 1955. 14, 44
[3] Andreas Bächle, Geoffrey Janssens, Eric Jespers, Ann Kiefer, and Doryan Temmerman. A dichotomy

for integral group rings via higher modular groups as amalgamated products. J. Algebra, 604:185–223,
2022. 6

[4] Andreas Bächle, Geoffrey Janssens, Eric Jespers, Ann Kiefer, and Doryan Temmerman. Abelianization
and fixed point properties of units in integral group rings. Math. Nachr., 296(1):8–56, 2023. 3, 13, 14,
25, 26, 39, 46

[5] Behnam Banieqbal. Classification of finite subgroups of 2 × 2 matrices over a division algebra of
characteristic zero. J. Algebra, 119(2):449–512, 1988. 43, 44, 45

[6] H. Bass, J. Milnor, and J.-P. Serre. Solution of the congruence subgroup problem for SLn (n ≥ 3) and
Sp2n (n ≥ 2). Inst. Hautes Études Sci. Publ. Math., (33):59–137, 1967. 25

[7] Arnaud Beauville. Finite subgroups of PGL2(K). In Vector bundles and complex geometry, volume 522
of Contemp. Math., pages 23–29. Amer. Math. Soc., Providence, RI, 2010. 40

[8] Nicolas Bergeron, Frédéric Haglund, and Daniel T. Wise. Hyperplane sections in arithmetic hyperbolic
manifolds. J. Lond. Math. Soc., II. Ser., 83(2):431–448, 2011. 25

[9] Mauricio Caicedo and Ángel del Río. On the congruence subgroup problem for integral group rings. J.
Algebra, 405:1–34, 2014. 6, 34

[10] Mauricio Caicedo and Ángel del Río. Corrigendum to “On the congruence subgroup problem for integral
group rings”. J. Algebra, 435:339–340, 2015. 6, 34

[11] Mauricio Caicedo, Leo Margolis, and Ángel del Río. Zassenhaus conjecture for cyclic-by-abelian groups.
J. Lond. Math. Soc. (2), 88(1):65–78, 2013. 39, 41

[12] Jean-Paul Cerri, Jérôme Chaubert, and Pierre Lezowski. Euclidean totally definite quaternion fields
over the rational field and over quadratic number fields. Int. J. Number Theory, 9(3):653–673, 2013. 46

[13] Sheila Chagas, Ángel del Rio, and Pavel A. Zalesskii. Aritmethic lattices of SO(1, n) and units of group
rings. J. Pure Appl. Algebra, 227(11):Paper No. 107405, 17, 2023. 4, 6, 7, 12, 25, 34

[14] James A. Cohn and Donald Livingstone. On the structure of group algebras. I. Canadian J. Math.,
17:583–593, 1965. 36

[15] Robynn Corveleyn, Geoffrey Janssens, and Doryan Temmerman. Representing in Low Rank II: Virtual
structure and the isomorphism problem, 2026. 8, 11, 24, 25

[16] Everett C. Dade. Deux groupes finis distincts ayant la même algèbre de groupe sur tout corps. Math.
Z., 119:345–348, 1971. 2, 8

[17] A. A. Davydov. Galois algebras and monoidal functors between categories of representations of finite
groups. J. Algebra, 244(1):273–301, 2001. 2

[18] Ángel del Río. Finite groups in integral group rings. Lecture notes, arXiv:1805.06996v9, 2022. 42
[19] P. Deligne. Catégories tensorielles. volume 2, pages 227–248. 2002. Dedicated to Yuri I. Manin on the

occasion of his 65th birthday. 2
[20] Pierre Deligne, James S. Milne, Arthur Ogus, and Kuang-yen Shih. Hodge cycles, motives, and Shimura

varieties, volume 900 of Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York, 1982. 2
[21] Michael A. Dokuchaev and Stanley O. Juriaans. Finite subgroups in integral group rings. Canad. J.

Math., 48(6):1170–1179, 1996. 39
[22] Michael A. Dokuchaev, Stanley O. Juriaans, and César Polcino Milies. Integral group rings of Frobenius

groups and the conjectures of H. J. Zassenhaus. Comm. Algebra, 25(7):2311–2325, 1997. 39
[23] Florian Eisele, Ann Kiefer, and Inneke Van Gelder. Describing units of integral group rings up to

commensurability. J. Pure Appl. Algebra, 219(7):2901–2916, 2015. 12, 14, 44, 45, 47, 49, 52
[24] Florian Eisele and Leo Margolis. A counterexample to the first Zassenhaus conjecture. Adv. Math.,

339:599–641, 2018. 7, 35, 36
[25] J. Elstrodt, F. Grunewald, and J. Mennicke. Vahlen’s group of Clifford matrices and spin-groups. Math.

Z., 196(3):369–390, 1987. 27
[26] Pavel Etingof and Shlomo Gelaki. Isocategorical groups. Internat. Math. Res. Notices, (2):59–76, 2001.

2
[27] Benjamin Fine. Algebraic theory of the Bianchi groups, volume 129 of Monographs and Textbooks in

Pure and Applied Mathematics. Marcel Dekker, Inc., New York, 1989. 39
[28] César Galindo. Isocategorical groups and their Weil representations. Trans. Amer. Math. Soc.,

369(11):7935–7960, 2017. 2
[29] Àngel García-Blázquez and Ángel del Río. The isomorphism problem for rational group algebras of

finite metacyclic nilpotent groups. Quaest. Math., 47(9):1863–1885, 2024. 8
[30] Àngel García-Blázquez and Ángel del Río. The isomorphism problem for rational group algebras of

finite metacyclic groups. J. Pure Appl. Algebra, 229(6):36, 2025. Id/No 107951. 8
[31] F. Grunewald, A. Jaikin-Zapirain, and P. A. Zalesskii. Cohomological goodness and the profinite

completion of Bianchi groups. Duke Math. J., 144(1):53–72, 2008. 25, 26

https://arxiv.org/abs/1805.06996


56 ROBYNN CORVELEYN, GEOFFREY JANSSENS, AND DORYAN TEMMERMAN

[32] Fritz J. Grunewald and Joachim Schwermer. Free non-Abelian quotients of SL2 over orders of imaginary
quadratic numberfields. J. Algebra, 69:298–304, 1981. 5, 26, 33

[33] Robert M. Guralnick and Martin Lorenz. Orders of finite groups of matrices. In Groups, rings and
algebras, volume 420 of Contemp. Math., pages 141–161. Amer. Math. Soc., Providence, RI, 2006. 29

[34] Allen Edward Hatcher. Bianchi Orbifolds of Small Discriminant. Preprint, arXiv:math/9906067
[math.GT] (1999), 1999. 38, 51

[35] Sumana Hatui, Gurleen Kaur, and Sahanawaj Sabnam. On the twisted group ring isomorphism problem
for a class of groups. J. Algebra, 664:223–250, 2025. 7, 35

[36] Allen Herman and Gurmail Singh. Revisiting the Zassenhaus conjecture on torsion units for the integral
group rings of small groups. Proc. Indian Acad. Sci., Math. Sci., 125(2):167–172, 2015. 35

[37] Martin Hertweck. A counterexample to the isomorphism problem for integral group rings. Ann. of
Math. (2), 154(1):115–138, 2001. 2

[38] Martin Hertweck. The orders of torsion units in integral group rings of finite solvable groups. Comm.
Algebra, 36(10):3585–3588, 2008. 36, 40

[39] Martin Hertweck. Torsion units in integral group rings of certain metabelian groups. Proc. Edinb. Math.
Soc., II. Ser., 51(2):363–385, 2008. 41

[40] Martin Hertweck. Unit groups of integral finite group rings with no noncyclic Abelian finite p-subgroups.
Commun. Algebra, 36(9):3224–3229, 2008. 40

[41] Christian Höfert and Wolfgang Kimmerle. On torsion units of integral group rings of groups of small
order. In Groups, rings and group rings, volume 248 of Lect. Notes Pure Appl. Math., pages 243–252.
Chapman & Hall/CRC, Boca Raton, FL, 2006. 39

[42] Geoffrey Janssens. A unit theorem for products of groups with several ends and applications, 2025. 8,
10, 37

[43] Geoffrey Janssens, Eric Jespers, and Ofir Schnabel. Units of twisted group rings and their correlations
to classical group rings. Adv. Math., 458:81, 2024. Id/No 109983. 3

[44] Geoffrey Janssens, Eric Jespers, and Doryan Temmerman. Free products in the unit group of the
integral group ring of a finite group. Proc. Amer. Math. Soc., 145(7):2771–2783, 2017. 10

[45] E. Jespers and W. Sun. Nilpotent decomposition in integral group rings. J. Algebra, 575:127–158, 2021.
15

[46] Eric Jespers and Ángel del Río. A structure theorem for the unit group of the integral group ring of
some finite groups. J. Reine Angew. Math., 521:99–117, 2000. 8

[47] Eric Jespers and Ángel del Río. Group ring groups. Vol. 1. Orders and generic constructions of units.
De Gruyter Graduate. De Gruyter, Berlin, 2016. 9, 10, 11, 13, 14, 15, 16, 26, 33, 44, 46, 49, 50

[48] Eric Jespers, Guilherme Leal, and Ángel del Río. Products of free groups in the unit group of integral
group rings. J. Algebra, 180(1):22–40, 1996. 8

[49] Eric Jespers, Gabriela Olteanu, Ángel del Río, and Inneke Van Gelder. Central units of integral group
rings. Proc. Amer. Math. Soc., 142(7):2193–2209, 2014. 3

[50] Eric Jespers, Antonio Pita, Ángel del Río, Manuel Ruiz, and Pavel Zalesskii. Groups of units of integral
group rings commensurable with direct products of free-by-free groups. Adv. Math., 212(2):692–722,
2007. 4, 5, 8, 10, 13, 19, 21, 23, 24, 32

[51] Gurleen Kaur, Surinder Kaur, and Pooja Singla. On twisted group ring isomorphism problem for
p-groups. Glasg. Math. J., 66(2):368–381, 2024. 7, 35

[52] Ann Kiefer. On units in orders in 2-by-2 matrices over quaternion algebras with rational center. Groups
Geom. Dyn., 14(1):213–242, 2020. 5, 26, 27, 28

[53] W. Kimmerle and Klaus W. Roggenkamp. Projective limits of group rings. J. Pure Appl. Algebra,
88(1-3):119–142, 1993. 2

[54] E. Kleinert. Two theorems on units of orders. Abh. Math. Sem. Univ. Hamburg, 70:355–358, 2000. 10,
33

[55] E. Kleinert and Á. del Río. On the indecomposability of unit groups. Abh. Math. Sem. Univ. Hamburg,
71:291–295, 2001. 9, 10, 11, 33

[56] Ernst Kleinert. Units of classical orders: a survey. Enseign. Math. (2), 40(3-4):205–248, 1994. 4, 8
[57] Reginald Koo. A Classification of Matrices of Finite Order over C, R and Q. Math. Mag., 76(2):143–148,

2003. 21, 22
[58] Alexander Lubotzky. Free quotients and the congruence kernel of SL2. J. Algebra, 77:411–418, 1982. 6,

7, 26, 31, 34
[59] Alexander Lubotzky. Free quotients and the first Betti number of some hyperbolic manifolds. Transform.

Groups, 1(1-2):71–82, 1996. 5, 26, 29, 33
[60] Leo Margolis. Subgroup isomorphism problem for units of integral group rings. J. Group Theory,

20(2):289–307, 2017. 7, 35
[61] Leo Margolis. Subgroup isomorphism problem for units of integral group rings. J. Group Theory,

20(2):289–307, 2017. 40
[62] Leo Margolis and Geoffrey Janssens. On integral decomposition of unipotent elements in integral group

rings. Proc. Roy. Soc. Edinb., section A., page 1–61, 2025. 13, 16



REPRESENTING IN LOW RANK I: CONJUGACY, TOPOLOGICAL & HOMOLOGICAL ASPECTS 57

[63] Leo Margolis and Ofir Schnabel. Twisted group ring isomorphism problem. Q. J. Math., 69(4):1195–1219,
2018. 7, 35

[64] Leo Margolis and Ofir Schnabel. The twisted group ring isomorphism problem over fields. Isr. J. Math.,
238(1):209–242, 2020. 7, 35

[65] Leo Margolis and Ofir Schnabel. Twisted group ring isomorphism problem and infinite cohomology
groups. J. Pure Appl. Algebra, 227(4):31, 2023. Id/No 107258. 7, 35

[66] G. A. Margulis. Discrete subgroups of semisimple Lie groups, volume 17 of Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin,
1991. 33

[67] A. Olivieri, Á. del Río, and J. J. Simón. On monomial characters and central idempotents of rational
group algebras. Commun. Algebra, 32(4):1531–1550, 2004. 13

[68] Emanuele Pacifici, Ángel del Rio, and Marco Vergani. The n-prime graph and the subgroup isomorphism
problem, 2025. 7, 35, 41

[69] Donald Passman. Permutation groups. W. A. Benjamin, Inc., New York-Amsterdam, 1968. 49
[70] Sam Perlis and Gordon L. Walker. Abelian group algebras of finite order. Trans. Am. Math. Soc.,

68:420–426, 1950. 2, 8
[71] Antonio Pita, Ángel Del Río, and Manuel Ruiz. Groups of units of integral group rings of Kleinian type.

Trans. Amer. Math. Soc., 357(8):3215–3237, 2005. 8
[72] Vladimir Platonov and Andrei Rapinchuk. Algebraic groups and number theory, volume 139 of Pure

and Applied Mathematics. Academic Press, Inc., Boston, MA, 1994. Translated from the 1991 Russian
original by Rachel Rowen. 23

[73] I. Reiner. Maximal orders. Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers],
London-New York, 1975. London Mathematical Society Monographs, No. 5. 30, 31

[74] Klaus W. Roggenkamp. Observations on a conjecture of Hans Zassenhaus. Groups, Vol. 2, Proc. Int.
Conf., St. Andrews/UK 1989, Lond. Math. Soc. Lect. Note Ser. 160, 427-444 (1991)., 1991. 7, 35

[75] Klaus W. Roggenkamp and Martin J. Taylor. Group rings and class groups, volume 18 of DMV Seminar.
Birkhäuser Verlag, Basel, 1992. 36

[76] Pierre Samuel. Algebraic theory of numbers. (Translated from the French by Allan J. Silberger). Boston,
Mass.: Houghton Mifflin Co., 109 pp. $ 7.95 (1970)., 1970. 29

[77] Leonard L. Scott. Recent progress on the isomorphism problem. Representations of finite groups, Proc.
Conf., Arcata/Calif. 1986, Pt. 1, Proc. Symp. Pure Math. 47, 259-273 (1987)., 1987. 7, 35

[78] S. K. Sehgal. Units in integral group rings, volume 69 of Pitman Monographs and Surveys in Pure and
Applied Mathematics. Longman Scientific & Technical, Harlow; copublished in the United States with
John Wiley & Sons, Inc., New York, 1993. With an appendix by Al Weiss. 36

[79] Sudarshan K. Sehgal. Nilpotent elements in group rings. Manuscripta Math., 15:65–80, 1975. 11, 17
[80] Sudarshan K. Sehgal. Torsion units in group rings. Methods in ring theory, Proc. NATO Adv. Study

Inst., Antwerp/Belg. 1983, NATO ASI Ser., Ser. C 129, 497-503 (1984)., 1984. 7, 34
[81] Jean-Pierre Serre. Le problème des groupes de congruence pour SL2. Ann. of Math. (2), 92:489–527,

1970. 25
[82] Jean-Pierre Serre. Trees. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2003. Translated

from the French original by John Stillwell, Corrected 2nd printing of the 1980 English translation. 37
[83] M. Shirvani and B. A. F. Wehrfritz. Skew linear groups, volume 118 of London Mathematical Society

Lecture Note Series. Cambridge University Press, Cambridge, 1986. 14, 16
[84] K. Th. Vahlen. Ueber Bewegungen und complexe Zahlen. Math. Ann., 55(4):585–593, 1902. 6
[85] John Voight. Quaternion algebras, v.0.9.13. June 10, 2018. https://math.dartmouth.edu/~jvoight/

quat/quat-book-v0.9.13.pdf. 49
[86] Alfred Weiss. Rigidity of p-adic p-torsion. Ann. of Math. (2), 127(2):317–332, 1988. 41
[87] Alfred Weiss. Torsion units in integral group rings. J. Reine Angew. Math., 415:175–187, 1991. 41
[88] Hans Zassenhaus. On the torsion units of finite group rings. Math. Stud. zu Ehren von A. Almeida

Costa, 119-126 (1974)., 1974. 7, 34

(Robynn Corveleyn)
Institut de Recherche en Mathématique et Physique, UCLouvain, Chemin du Cyclotron 2, 1348
Louvain-la-Neuve, Belgium
Email address: robynn.corveleyn@uclouvain.be

(Geoffrey Janssens)
Institut de Recherche en Mathématique et Physique, UCLouvain, Chemin du Cyclotron 2, 1348
Louvain-la-Neuve, Belgium and
Department of Mathematics and Data Science, Vrije Universiteit Brussel, Pleinlaan 2, 1050
Elsene, Belgium
Email address: geoffrey.janssens@uclouvain.be

https://math.dartmouth.edu/~jvoight/ quat/quat-book-v0.9.13.pdf
https://math.dartmouth.edu/~jvoight/ quat/quat-book-v0.9.13.pdf


58 ROBYNN CORVELEYN, GEOFFREY JANSSENS, AND DORYAN TEMMERMAN

(Doryan Temmerman)
AI Lab, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Elsene, Belgium
Email address: doryan.temmerman@vub.be


	1. Introduction
	1.1. Topological and homological characterisation of exceptional components and applications
	1.2. Virtually free quotients and congruence kernels for higher modular groups
	1.3. Applications to the unit group of a group ring
	1.4. The blockwise subgroup isomorphism and Zassenhaus property
	1.5. The Virtual structure problem and rational isomorphism problem for exceptional components

	2. The block Virtual Structure Problem
	3. Finite groups with only exceptional higher simple components
	3.1. The role of the coefficient field
	3.2. Division algebra factors in case of property (Mexc)

	4. Homological and topological characterisation of exceptional components
	4.1. Groups of virtual cohomological dimension 4
	4.2. Higher Kleinian groups: discrete subgroups of SL4(C) 
	4.3. The good property

	5. Congruence subgroups of rank 1 have virtually free quotient
	5.1. Background on SL2 over quaternionic orders
	5.2. Virtually free quotients of congruence subgroups
	5.3. Congruence kernel of higher modular groups

	6. Applications: Mexc through vQL and congruence kernel unit group
	6.1. Characterisation of Mexc via largeness of (higher) modular groups
	6.2. Congruence kernel of group rings

	7. The blockwise Zassenhaus and subgroup isomorphism property
	7.1. The Zassenhaus property for semisimple algebras
	7.2. Somme illustrative examples
	7.3. Some general properties for simple algebras
	7.4. Finite subgroups of exceptional simple algebras

	Appendix A. Tables of groups with a faithful exceptional 2 by 2 embedding
	References

