LIE TYPE QUOTIENTS OF THE MAXIMAL UNIPOTENT SUBGROUP OF
KAC-MOODY GROUPS OF TYPE HB”

ROBYNN CORVELEYN

ABsTRACT. In this article, we construct infinite families (G )nen of finite simple groups G,, of Lie
type, such that the rank of G,, strictly increases as n tends to infinity, and such that each G,, is a
quotient of the maximal unipotent subgroup U™ of the (minimal) Kac—Moody group & 4(K) of
type HBgQ) over a fnite field K. Moreover, we show that the quotient maps lead to the construction
of an infinite family of bounded degree, spectral high-dimensional expanders. These provide the
first class of examples of infinite families of high-dimensional expanders constructed from Lie type
groups of unbounded rank.

1. INTRODUCTION

In this article, our aim is to construct arbitrarily large finite simple quotients of Lie type of the

(2)
2

maximal unipotent subgroup U™ := Ll;Bm (F,) of a Kac=Moody group of type HB5™ over a finite

field F,. We then show that these lead tozthe construction of infinite families of bounded degree,
spectral high-dimensional expanders.

Higher dimensional expansion is a generalisation to simplicial complexes (of dimension at least
2) of the notion of expansion in the theory of graphs. Unlike expander graphs, high-dimensional
expanders have strong local-to-global properties, providing a unified perspective on various topics
in mathematics and computer science, see [GK23|] for a survey. For example, they have been
used to unify the study of local testability of codes and that of quantum LDPC codes. Other
known applications include probabilistically testable proofs and property testing. See also the
survey [Lub18].

Not many explicit constructions of high-dimensional expanders are currently known. We con-
tribute to this study by giving, to the best of our knowledge, the first construction of infinite families
of high-dimensional expanders arising from coset complexes of Lie type groups of unbounded
rank. In [GdPVB25|, the authors show that finite quotients of Kac—Moody—Steinberg groups (or
KMS groups for short) can give rise to high-dimensional expanders. We show that the quotients
of U™ we construct in this paper can be used to apply their result.

Let A be a generalised Cartan matrix (GCM) (4;;); jer in the sense of [Kac90, Chapter 1]. A
subset J C I is called spherical if the matrix Ay := (Ajj;); jes is a Cartan matrix. Forn < |I], we say
that A is n-spherical if every subset J C I of size at most n is spherical. For any 2-spherical GCM
and any field K, one defines the KMS group %4 (K) as an amalgamated product of the unipotent
radicals iljj (K) of the standard Borel subgroups of the rank 2 Chevalley groups ® 4, (K) of type
Ay overK, forall J C I such that | J| < 2 (the precise definition is given in section|[6.I).

In this paper, we consider a GCM A of type HB(Z), as given in Figure When K = F,, with
p a prime, the KMS group of type A is given by the following presentation:
(11) gHBEQ) (Fp) = <a7 b’ c | apv bpa Cpa [av ba CL], [(I, ba b]? [Cv b’ C]a [C) ba bv b]’ [Cv b’ ba C]v

[c,a,cl,[c,a,a,al,[c,a,a,c]).
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Figure 1.1. The GCM of type HBéQ) and its corresponding Dynkin diagram.
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This group was first studied in [CCKW22]. The authors show that it is a hyperbolic group (for p
odd) with property (T) (forp > 7) ([CCKW22, Theorem 1.3]). Moreover, they explore its finite
simple quotients, and show in particular that (for p odd) the KMS group %HB(Q) (F,) has a finite

2

simple quotient containing an isomorphic copy of Alt(n), for every n > 1 ([CCKW22, Corollary
7.19]).

We extend their work in several ways. Forany field K with |K| > 4, there is a canonical surjective
group homomorphism

(K) — ut

o &),

C) ;2) : gH

K,HB B

Inspired by the quotients of & 2 (Fp) described in [CCKWZ22, Proposition 7.16], we construct
2
group homomorphisms

q)Mme,MC: U (K) — GL4H(K),

4
HBY
for any field K and any integer n > 1, parametrised by matrices Mg, My, M. € Mat,,»,(K). We
then determine the isomorphism type of these quotients explicitly, for suitable choices of matrices
Mgy, My, M. € Mat,,« (K).

For A of type HB§2) with root system A, let g 4(C) be the (derived) Kac—Moody algebra over C
(see [Kac90, Chapter 1]). By definition, g 4(C) has a triangular decomposition n™ @’ &n~, and
the subalgebra n™ is generated by elements e,, e; and e, corresponding to the positive simple roots

a,b,c € A. Let Mg, My, M. € Mat, «,(C). Then the assignment

¢E\7/l[]a,Mb,Mc: nt — 9[411(@)
ea > Ma(Erg+ Ea3), ey — My(E21 — Es4),  ec = McEys,
is a Lie algebra homomorphism (see Lemma[3.2] below). When n = 1 and M; # 0 for all i €

{a, b, ¢}, it is a surjective homomorphism

d)g\lJ]a,Mb,Mc: n — spy(C),

since for ¥ = +{a1, ag, a1 + az,2a1 + az} a root system of type Ba, the root spaces of sp,(C)
corresponding to —a, —ag and ag +ag generate sp,(C) and are respectively spanned by Eo; — F4,
E43 and E14 + Eog3.

We show in Proposition that for any n > 1 and any M, My, M. € Mat,x,(C), the Lie

algebra homomorphism ¢5\7}a 0, induces an “exponentiated” group homomorphism
@ty a0, 0 405 (C) = GL4y (C).

After passing to an arbitrary field, we obtain in particular for any field K and any matrices M, M,
and M. € Mat,, «,(K) an induced group homomorphism

(I)Ma,Mb,Mc: ﬂX(K) — GL4n(K).

When [K| > 4, the group & (K) is generated by three copies of (K,+) 2 £(K) < 4} (K),
parametrised by the isomorphisms K — 4;(K), A\ — z;(\), for i € {a,b,c} (see Lemma

below). Our first result can then be formulated more precisely as follows.



LIE TYPE QUOTIENTS OF 4, (K) 3
2

Theorem A. Let K be a field with |K| > 4 and let n > 1. Suppose My, My, M. € Maty, xn (K). Forall
A €K set

10 0 MM, 1 00 0 1 0 00
o1 am, 0 (A 100 0 o 1 000
V=19 0 17 o "= 1"0" o 1 g [N =10 0 10
00 0 1 0 00 1 0 AM. 0 1

Then the assignment
Ta(A) = Va(N),  xp(A) = Vu(A),  x(A) — Ve(N),
induces a group homomorphism

@, My, M. u;B@) (K) — SLy4y, (K).
2

Moreover, if My, My, and M, are invertible, then ® v, a1, v, is injective on the rank 2 subgroups iljJ (K)
J] =2 ole;B<2> (K).
2

For K = F), the composition of the above group homomorphism with the canonical surjective

homomorphism O yp® 1 precisely the map from [CCKW22, Proposition 7.15].
yHB,

The bulk of our paper is devoted to computing the images of the group homomorphisms given
by Theorem @ explicitly, for suitable choices of M,, My, M. € Mat,x,(K), with K = F, a fi-
nite field and n > 1. Note that, by construction, if My, M, M. € GLy(F,) = (F,)*, the image
is precisely Sp,(F,). We construct matrices Mg, My, M. € GL,(F,) with n > 1, such that the
image is isomorphic to Spy,, (F,). Surprisingly, we are also able to give constructions of matri-
ces My, My, M. € GL,(F,) such that the image of ®ps, ar, ar, is the whole of SLy, (F,;). More
precisely, our main theorem is the following.

Theorem B. Let p > 2 and k > 3 be distinct primes. Let ¢ = p™ > 3 for some v > 1. Then there exist
matrices Mo, My, M. € GLy(F,) and symmetric matrices M, M], M|, € GLy(F,) such that

¢Ma,Mb7MC: L[ (FQ) - SL4]€(FQ)

Jr
HB{?
and

(Fq) = Spyr(Fy)

gF
gy aag ot M)
2

are surjective group homomorphisms.

The proof ofTheorem as well as explicit constructions of the matrices M, My, M. € GLj(F,)
and M, My, M/, € GLy,(F,), can be found in sections [4]and [5]

Finally, we show in section [6] that the quotients in Theorem [B] satisfy the hypotheses from
[GdPVB25, Theorem 4.3], thus providing new infinite families of bounded degree, spectral high-
dimensional expanders.

Corollary C. Let p > 2 be a prime and q = p" > 3 with r > 1. For all primes k > 3 such that p # k,
there exist matrices Xy, Yy, Zy, € SLax(Fy) such that, defining

Hr, = ({ Xk, Yk, Zi} \ {Tk}) < SLax(Fq), Tk € { Xk, Yk, Zy}

the coset complex
Xy = CC (SLur(Fq), {H1, }re (4.1, 24})

-spectral high-dimensional expander of dimension 2.

V2q+2
q—2

Similarly, for all primes k > 3 such that p # k there exist matrices X}, Y}, Z}. € Spyy,(IFy) such that
the coset complex

isa

Xq/,k =CC (Sp4k(FQ)7 {HTk}Tke{X',Y,;,Z,;}>
V2q+2

isa Y5 -spectral high-dimensional expander of dimension 2. In partciular, (X, i)rep and (X, ék) keP

are infinite families of bounded degree, spectral high-dimensional expanders, where P := {k prime | p #
kand k > 3}.




4 ROBYNN CORVELEYN

This article is structured as follows. In section [2} we introduce the preliminary definitions and
results we will need, and fix some notation. Section [3|is devoted to the proof of the first part of
Theorem |[Al Then in sections ? and , we construct quotients of %HB(Q) (IF,) respectively isomor-

2

phic to SLyy(F,) and Spyy,(F,), which together prove Theorem B} Finally, in section [6] we prove
the second part of Theorem[A] as well as Corollary|[C]

Acknowledgements. I am grateful to Timothée Marquis for his guidance and the many enriching
and fruitful discussions, and to Pierre-Emmanuel Caprace for his insights on his paper [CCKW22].
I also thank Francois Arnault for sharing the source code to [APV12] with me, which facilitated
preliminary calculations with Singer elements.

9. PRELIMINARIES

Notation. In this text, for any two elements g, h in some group G, we define their commutator as
[g,h] := g 'h~'gh. A nested commutator will be written as [g1, ..., gn] := [[91,- - -, Gn—1], n]-

We let E; ; denote the matrix with entries 1 at position (4, j) and 0 elsewhere. The size of E; ;
will usually be clear from the context; when ambiguity is possible, we will specify its size explicitly.
For a k x k-matrix B, the notation BE; j with i,j € {1,...,n} denotes the nk x nk block-matrix
(Cs.t)1<s,t<n, where Cg 4 is the k x k zero-matrix if (s,t) # (¢,7), and C; ; = B.

For any unital ring R, we denote by R* its subset of invertible elements. We denote by N the
set of non-negative integers.

2.1. Kac—Moody algebras. Let A = (A;;); jer be a matrix with integer coefficients. It is called a
generalised Cartan matriz (abbreviated to GCM throughout the remainder of this paper) if 4;; = 2,
Ajj <0and A;; =0 <= Aj; =0, forall i # j € I. A GCM is called spherical (equivalently, of
Jinite type) if it is a Cartan matrix.

A GCM A is said to be n-spherical if Ay := (Ajj)ijes is spherical, for all J C I with |J| < n.
The size |I] of I is called the rank of A.

To any GCM, there is an associated complex Lie algebra g4(C), with a presentation defined
by generators e;, fi, o/, with relations as given by a Serre presentation (see for example [Marl8)
Definition 8.17]). It is called the (derived) Kac—Moody algebra of type A over C. In case A is of finite
type, this is precisely the finite-dimensional complex semisimple Lie algebra of type A.

We denote by n; (C) (respectively, n; (C)) the subalgebra generated by the elements e; (respec-
tively f;). It follows from the Serre presentation that nj((C) has the presentation

2.1) 1 (C) = (e | ad(e;) i tle; =0, i#£j¢€ I>(C.

The Kac-Moody algebra g4 (C) has a triangular decomposition g4(C) := n}(C) & b’ ®@n;(C),
where b’ is the subalgebra spanned by the elements o).

Let Q := @, Za; be the free abelian group generated by symbols ;. They are called the
simple roots. Moreover let Q* := + @, ; N;. The Lie algebra g4 (C) admits a Q-gradation

04(C)= P s.00® P ga
ace@t aceQ™

obtained by defining deg(e;) := a; and deg(f;) := —a.

An element a € @ \ {0} is called a root if g, # {0}. We write A for the set of roots, and define
Ay := AN Q*. Then A decomposes as A = AL LI A_, respectively called the set of positive and
negative roots. The height of aroot v = £, njo; for n; € N, is defined as

ht(y) =+ Z ng.
el
We define a subgroup W < GL(Q), generated by the fundamental reflections

s Q= Q, Oy = O — Aijai.
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Then W is called the Weyl group of A. A root « in the W-orbit W - {a,...,a,} is called a real
root, while any 6 € A\ W - {au, ..., a} is called an imaginary root. The corresponding subsets of
A are respectively denoted by A™ and A™. We also set AT := A" N A4,

2.2. A Z-form of the universal enveloping algebra of n™. For any complex associative algebra
B, a Z-form of B is a subring By, C B such that Bz ® C = B. For any GCM A, we denote by Z/I(é'

the universal enveloping algebra of n’; (C). As shown in [Mar18} Proposition 7.4], it has a Z-form
(s)

U, given by its subring generated by the elements ¢;”, for all i € I and s € N, where for any
u € Z/I(Er ,
1

ul®) = s,
s!

For a field K, we define n} (K) := (U} Nn}(C)) ® Kand U :=US @ K.
The ring U, is graded with respect to the height of the roots, i.e. U, = D..>0 L{:Z, where each

L{JZ is the submodule generated by the products el 6(‘”), such that s1 + ...+ s; = n. The

1 C i
completion of U with respect to this gradation is given by

Z/A{Z+ = H L{;’Z.

n>0

For a field K, we then define LA{HI = [L.>0 (UZZ ® K)

2.8. Kac—Moody groups. Let A = (A;j)i jer be a GCM with associated root system A, with
simple roots {c; | 7 € I} and Weyl group W. We denote by & 4 the constructive Tits functor of type
A of simply connected type, see [Tit87] or [Marl18| Definition 7.47]. Let K be a field. Then & 4(K) is
called the minimal Kac—Moody group of type A over K. It is an amalgamated product of root subgroups
Uy (K) = (K, +), indexed by the real roots o € A™. We denote by z,: (K, +) — Uy (K) the
corresponding group isomorphism. The group & 4(K) is generated by the subgroups (1, (K)
associated to the simple roots and their opposites.

When A is of finite type, & 4(K) coincides with the (simply connected) Chevalley group of type A
over K (see [Marl8|, Exercise 7.50]).

More precisely, if A is of type A,,, with n > 1, then & 4(K) is isomorphic to SL,, 1 (K), where
the isomorphism is given by the identification

Tay(A) i=Iny1 + A1, Too;(A) = Ing1 + AEjq1, VAeK,1<i<n.
In case A is of type C,, then & 4(K) is isomorphic to Sp,,, (K), where the identification is given by

L I, + )\Ei,i+1 0 .
Ta;(A) = < 0 I, - )\EHM) , forl1<i<n-—1,
(In+ AEi 0 .
T_g; () = ( 0 I, - )\Ei7i+1> , for1<i<n-—1,
and
I, AE,. I, 0
xan()‘) = <0 In7 > s ‘/L‘_Oén(A) = <)\Enn In) ,
forall A € K.

A pair of roots a, B € A is said to be prenilpotent if there exist some elements w, w’ € W such
that w - {o, B} € A4 and w' - {a, B} € A_. For any prenilpotent pair of roots {a, 8}, the set
(Na 4+ Np) N A is finite and contained in A™. The following relations hold in & 4(K), for any
A, 1 € K and any prenilpotent pair of roots {«, 5}:

2.9) razs = [ o (Cooxiw),
y=ta+jBEA
1,J€ENso

where ij j’B are integers which may be computed explicitly, see for example [SGA70, Exp. XXIII,
§3] for the spherical rank 2 case.
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For any GCM A, we set
$5(K) = (a(K) | a € AT) < B4(K).
We record the following fact.

Lemma 2.1 ( [AM97, §1, Théoreme]). Let A be a 2-spherical GCM, with associated root system .
Suppose K is a field containing at least 4 elements. Then ilj (K) is generated by the root subgroups A, (K)
associated to the simple roots c; of A.

In the spherical case, elements of £Lf{ (K) moreover have the following normal form.

Lemma 2.2 ( [Car72, Theorem 5.3.8]). Let A be a Cartan matrix with associated root system A. Fix
a total order < on Ay. Then each element u € ilj (K) has a unique expression of the form

U= H Ta(Aa),
aEA L

where the product is taken over the roots in increasing order.

Let L[rj;aJr be the afline group scheme associated to a GCM A, as defined in [Marl8, §8.5.1-
§8.5.2]. Forany field K, the group 47}* ™ (K) can be identified with a subgroup of the multiplicative
group of invertible elements in Ug (see [Mar18, Theorem 8.51 (3)]).

Lemma 2.3 ( [Mar18|, Corollary 8.75]). Let K be a field. Then for any GCM A, there is an injective
group homomorphism
U} (K) = 03" 7 (K).
Under the above inclusion map, the elements z,,(\) € 4} (K) are mapped to the elements
exp(Ne;) = Z e,gs) @ N € LAI]I*{'
seN

2.4. Singer elements. Throughout this section, we fix an integer k¥ > 1 and a prime powerq = p".

Lemma 2.4 ([Hup67, Satz 3.10 & Satz 7.3]). The elements of maximal order in GLj,(F,) have order
k
q" — 1.

An element S € GLg(F,) which has order ¢* — 1 is called a Singer element (see [Sin38]).

Lemma 2.5. A Singer element S € GLy(FF,) acts irreducibly on F Z via multiplication. In particular, a
Singer element cannot be a block-diagonal matriz.

Proof. Let F'g =V ®...®V, be the decomposition of IF’q“ into irreducible (S)-representations
provided by Maschke’s theorem, where the action of the Singer element S € GL(F,) on IF’; is

given by matrix multiplication. Then by Lemma the order of S|y, is at most ¢% — 1, with
d; := dimp, (V7). If n > 1, then

o(S) = ¢" =1 <lem{o(S|y;) | 1 <i < n}
< H(qdi _ 1) < (qdl _ 1)(qd2 - 1)qk—d1_d2‘
i=1

But the latter inequality is equivalent to
d1+da—k d d
R A ¥
a contradiction. O
The following fact is essential to our work below.

Proposition 2.6 ([Hup67, 11, Satz 7.8]). For any Singer element S € GLj,(Fy), the subgroup generated
by S is its own centraliser in GLy(Fy).
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2.5. Overgroups of field extension subgroups. Let K be a field. Suppose f: V' — V is an endo-
morphism of an n-dimensional K-vector space. Let 3 be a K-basis of V. Then we denote by [f]z
the n x n-matrix of f with respect to the basis 5.

A symplectic form is a non-degenerate, alternating bilinear form

fr K" x K -5 K.
For a symplectic form f and a fixed K-basis B := {ey, ..., ea,} of K*", we define its associated
matrix Qf := (f(es, €j))1<ij<2n. The symplectic group of f is given by
Spon (K, Qy) := {X € GL2n(K) | X'Qr X = Q;}.
The standard symplectic form of rank n is given by the symplectic form defined by the 2n x 2n-

matrix
) 0o -1,
Q,, = <In 0 ) .

The associated standard symplectic group will be denoted by Sp,,,(K) := Sp,,, (K, Q). A Gram-
Schmidt process shows that for any symplectic form f, there exists a basis BB such that the associated
matrix Q¢ equals ,. In particular, for all symplectic forms f: K** x K** — K, the groups
Spa, (K, Q) are isomorphic.

If n = 1, then every symplectic form f: K? x K? — K is given by a matrix

0 —=x
Qf::<m 0),

for some z € K*. It follows that there is precisely one group Spy(K, 2¢), which coincides with
SLo(K).
Suppose L /K is a field extension of degree k. Then L is a k-dimensional vector space over K.
For any z € L, we denote by p,: L — L the K-linear map defined by p,(y) := xy forall y € L.
Let m > 1. Any subgroup G < GL,,(L) can be embedded as a subgroup of GLg,,(K) by
considering the action of g € G on the km-dimensional K-space L. Explicitly, one fixes a K-
basis B := {b1, ..., b} of L. The inclusion G < GLg,,(K) is then given by

(zig)1<ij<m = ([ ;]B)1<ij<m-

Below we will consider groups X < SLok(K), such that X contains an isomorphic copy of
SLa(L), with the embedding given by the fixed choice of basis B of L over K.

Let m > 2 be even. Denote by ¥: K* — L the vector space isomorphism given by the K-basis
B. For a symplectic form f: L™ x L™ — L and a K-linear homomorphism o: L. — K, there is
an associated symplectic form By 5, given by the commutative diagram

LmxLm — o

(2.3) \Ijxmxxyme Jo
KFm x Kem 207, K
Denote by {ey, ..., en} the standard L-basis of L™. Then

Qp;, = (Bro(biyejy, biyesy))1<iy<k,1<j,<m

is the matrix associated to the symplectic form By, defined in eq. (2.3).
In the case of finite fields, with K = F, and L = Fx (for g a prime power) and k > 1, the
K-linear homomorphisms o : I. — K have the following description:

(2.4) Homp, (Fx,Fy) = {qbz = TrIFqk/IFq opy | T € Fqk} ,

with
Trp /5, Fpp > Fg, 2> > @)
T€Gal(F x /Fy)

We can now formulate the following consequence of [Li89, Theorem 1].
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Proposition 2.7. Let p > 2 and k be primes, and let ¢ = p" for some r > 1. Let N be the image of the
embedding of SLa(F ;1) = Spo(F ik, Q1) in SLog(Fy) for a fixed choice of Fy-basis B = {b1, ..., by} of
F k. Let X < SLog(Fy) be a subgroup containing N. Then precisely one of the following holds:
(i) N<X,
(i) X = SLoy (Fq);
(itz) There exists an © € F;k such that Spoy,(Fg, Qp, , ) <X, where the symplectic form By g, is as
defined in eq. l) and f: F 2’“ X ng — F i is the standard symplectic form defined by 2y = (.

The matrix Qp, , in the above proposition is by definition given by

_ 0 (= Tr(xbibj))1<i i<k
@.5) B0, = <(Tr(l‘bibj))1<z;j<k 0

Proof of Proposition[2.7} Since k is prime by assumption, there are no intermediate fields K strictly
between Fx and Fy. Then [Li89, Theorem 1] implies that precisely one of (i) or (ii) holds, or
that there is some o € Homp, (F, Fy) such that Spy, (Fy, By ) <X, with Q; = 1. The result

then follows by eq. (2.4). O

The following is another immediate consequence of [Li89, Theorem 1].

, where Tr := TrFqk JFy -

Proposition 2.8. Let p > 2 and k be primes, and let ¢ = p" for some r > 1. Let N be the image
of the embedding of SLa(F k) in GLay(F,) for a fived choice of Fy-basis of ¥ n. Then the normaliser
NGy, (5 (V) of N in GLag(Fy) is isomorphic to GLa(F 1) 3 Gal(Fyx /Fy). Under this isomorphism,
the inclusion of N in Ngy,,, (r,)(IN) corresponds to the natural inclusion of SLa(FF v ) as a subgroup of the
first factor of the semidirect product GLa(FF 1) x Gal(F /).

Proof. It suffices to take X := Ngr,, (r,) (V) in the statement of [Li89, Theorem 1]. O

3. INTEGRATING GROUP HOMOMORPHISMS FROM n'™ 10 U (K)

Throughout this section, let A be a 2-spherical GCM. Set £ = |I| and let ey,..., ey be the

canonical generators of n™ := n’{ (C). We consider Lie algebra morphisms

¢: nt — B,

where B is a unital associative C-algebra, which is a Lie algebra for the additive commutator [z, y] =
xy — yx, for all z,;y € B. By the universal property of the universal enveloping algebra, there is
an associated morphism of unital associative C-algebras ®: Z/l(ér — B.

The following then allows to integrate certain Lie algebra morphisms on n™ to £} (K).

Proposition 8.1. Let ¢: n™ — B be a Lie algebra morphism, with associated algebra morphism ® : L{(é' —
B. Suppose that for every i € I, the element ¢(e;) € B is nilpotent. Suppose moreover that there is a 7-
Jorm By, of B such that <I>(Z/{£) C By. Let K be a field, and write P : Z/{]f{r — By ® K for the induced

K-algebra morphism. Then there is a subalgebra LN{H‘g - Z;l\]f(f containing L{g and satisfying the following
properties:

(i) Ok extends to Z/NIHJ<r .
(i) If |K| > 4, then

~ X
Ut (K) C (uﬂg) .
In particular, for any field K with |K| > 4, there is an associated group homomorphism
1 n n
Og: UH(K) = (B2 oK), za,(N) = Y —o(e)" ® A"
neN

Proof. Let ¢: nt — B be as in the statement, and consider the associated morphism of algebras
D I/{ér — B. For K a field, define

(I)K:UHI%BZ(X)K, Ziui®)\in—>zi®(ui)®)\i.
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Moreover, we define the following subset of Z;{\H—g .

Uﬁg = u:ZunEZI\H—g|unEU;Z®K, 3¢, > 0 such that ®g(uy,) =0, Ym > ¢,
n>0

Then Zjlﬂz is a subalgebra of Z:{\]fg . Indeed, it is trivially closed under sums by linearity of ®x. More-

over, products in Z/{H‘(f are given by
m
(u : U)m = E UL VUm—k;
k=0

for any u, v € UyF, where x,,, denotes the m-th homogeneous component of an element x € Z/IH‘(f.

It follows that if u,v € LN{H‘(f, with ¢, and ¢, such that ®g(uy) = 0 for k > ¢, and Pk (vg) = 0 for
k > 4,, then

m

P ((u-v)m) = Z@K(uk)q)K(vm_k) =0, forallm > £, + £,
k=0

and hence LN{]E is closed under multiplication. Now the map

Ox: U = Bz @K, Y up— Y Px(un)
n>0 n>0
is a well-defined ring homomorphism which restricts to ®x on L{]g .
Let K be a field with at least 4 elements. Then U is a subalgebra of Z:{\H‘(f containing & (K) as
a subgroup of its invertible elements. Indeed, the elements exp(Xe;) = 3, - egn) ® A" belong to

LNIHz , since by assumption ¢(e;) is nilpotent. Since A is 2-spherical, together with Lemma and
Lemma this implies that

~ X

Ut (K) = <Ze§”) @A |iel\e K> < (@)
n>0

The map P : LNI]E — By ® K then restricts to the desired group homomorphism on L(X (K). O

From the Serre presentation of njg((C), as given in eq. l) it follows that when A is of type
HBg), the Lie algebra n’; (C) has the presentation

ad(ep)3(e.) = ad(e.)?(ep) =0

ad(eq)%(ep) = ad(ep)?(eq) = O>
ad(e0)(e0) = ad(e0)2(eq) = 0/

3.1) nj((C) = <ea,eb,ec

Let R := C(X,, X, X¢) be the associative unital C-algebra freely generated by the non-commuting
variables X, X3, X.. Then Maty,4(R) is an associative unital C-algebra.

Lemma 8.2. Let n™ := n’(C) be of type HBgz). Then the assignment

(‘OHBém : Il+ — Mat4><4 (R)

00 0 X, 0 00 O 0 0 0 0
oo lo0oXxs o) o fXx 00 0 o0 0 00
a 00 0 0] 0 00 —X,| " 0 0 0 0]

00 0 0 0 00 O 0 X. 00

(e}

extends to a Lie algebra morphism.
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Proof. 1t suffices to verify that the relations from the presentation given by eq. (3.1) are satisfied in
the image of Cp®- For example,
2

ad (20 (00)) (g0 (€a)) = ad (i (e0)) ([XeBaz, Xa(Brs + Bag))
= [XcE12, XcXoEa3 — XoXcEr 2] = 0.
Moreover,
ad (‘PHB;% (%))2 (@HBg) (ec)) = [Xo(Era + E23), XoXcE12 — X Xo By 3)
= —2X, X XoEn 3,
which implies that

3
ad (pype(ca)) (Prpe (ee)) = [Xa(Bra + Bog), —2Xu X X By ] =0,
2 2
The remaining relations follow from similar calculations. 0
We are now able to prove the first part of Theorem [Al

Corollary 8.8. Let K be a field with |K| > 4 and let n > 1. Suppose My, My, M. € Maty,»r, (K). For
al X € K set

10 0 MM, 1 00 0 1 0 00
o1 am, 0 a1 0 0 o 1 00
V=19 0 17 o |"BV=107 0 1 g [N =10 0 10
00 0 1 0 00 1 0 AM. 0 1

Then the assignment
Ta(A) = Va(A),  ap(A) = Vp(A),  me(A) = Ve(A),
induces a group homomorphism

Cagy ity 11 U o) (K) — SLan (K).
2

Proof. Define B := Matyx4(C(X,, Xp, X.)). Let PHp® nt — Bbeasin Lemma Then for
2
i €{a,b,c},
SDHBg) (ei)z = 0

Consider the Z-form of B given by Bz := Matyx4(Z(X4, Xp, X¢)). Note that for the associated
homomorphism of associative algebras ®: Ud — B,

(P(Z/{Z_) c BZ7
since ®(e;) € By and

(2

forall i € {a,b, c}. Thus, by Proposition for any field K with at least 4 elements, there is an
associated group homomorphism

. +
Dic: oLt

(el = %@(ei)s — 0 forall s > 1,

(K) — GL4(K<XQ, Xb, Xc>)7

B

where for each i € {a, b, c}, the element x;(\) € 4;(K) is mapped to
g (zi(N) = (L4 ® 1) + (d(ei) @ A).

For any M,, My, M. € Mat,,x,(K), and any A € K, the matrices

10 0 AM, 1 00 0 1 0 00
01 MM, O AM, 10 0 0 1 00
00 1 0 ’ 0 0 1 =AM|’ 0 0 1 0f”
00 O 1 0 00 1 0 AM. 0 1
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have determinant 1, and it follows that there is a well-defined group homomorphism
meMmMc: GL4(K<X¢1, Xb; Xc>) — SL4n(K)
defined by mapping X; to M; for every i € {a,b, c}. Hence we obtain a group homomorphism

By Mg, My, M

Pty Myt U o) (K) —— GL4(K(Xq, X3, Xe)) —— SLan(K). O
2

4. QQUOTIENTS OF il;Bm (IF4) 1somorpHIC TO SL,, (IFy)
2

In this section, we construct matrices My, My, M. € GLg(F,) such that ®z, as, as. has image
SLy(Fg). We achieve this by identifying embedded copies of SLa(F ) in the image, and applying
Proposition[2.7] In the case (iii) of Proposition[2.7} it will be crucial to identify precisely the matrix
Qp, ,, which defines the copy of Spy; (F;). To this end, we cite the following result.

Lemma 4.1 ([BFL90, Proposition 5.1]). For any Galois extension IL/K of odd degree m and charac-
teristic not 2, there exists a K-basis {b1, . .., bp} of L such that

Try/x (bibj) = dij-

Such a basis is called a self-dual basis. Moreover, in the case at hand, namely extensions of finite
fields of odd degree, it is always possible to choose a self-dual basis in such a way that it is generated
by the conjugates of a single element under the Frobenius automorphism. A basis generated by a
single element in this way is called a normal basis.

Lemma 4.2 ( [LW88| Theorem 1]). Let q be a prime power (not necessarily odd). Let k be odd. Then

there exists an element b € Fqk such that

k—1

{0,767, ... b}

is an Fy-basis of ¥ i, and such that Try , /. (bqi‘HIj) = 0j j.
q
The proof of the above result is constructive, and the authors of [APV12] have implemented
the resulting algorithm in Magma, as well as other algorithms constructing bases of the same type.

The reason why self-dual bases are of particular interest for our purposes, is that they allow to
identify embeddings of SLz(F ) in the standard symplectic group Spoy (Fy, Q).

Lemma 4.3. A self-dual basis B of a field extension L /K of degree k defines an embedding of SLo(LL) in
the standard symplectic group Spoy, (K, Q).

Proof. Let
w oz Iz [MB)
7: SLo(IL) — SLogx (K), — .
R I VI (s
Since B is an orthonormal basis for the trace form Tr := Try /g, for any A € L, the matrix [115]5 is
given by (Tr(Ab;b;))1<i j<k. This matrix is symmetric. Then

w 2\ _ (s (s _ (s )l _ (s mls) _ (v 2\
T<(y z>> <[uy]6 wg) ([mi [ui’]i)(ws mi’]g)“(y ) )
But for any matrix X € SLy(IL), one has X*Q; X = Qy, which implies by the above that
7(X) (X)) = 7(X)'7(Q)7(X) = 7(X' X) = 7(Q1) = Q. O

Since all Spyy, (K, §2¢) are isomorphic, it follows in particular that every Spy, (K, €2f) contains
an isomorphic copy of SLa(L), with |L : K| = k, whenever a self-dual K-basis of L exists. In
particular this always holds for field extensions ./ K = F« /F, with k£ odd, by Lemma

Since we will be constructing subgroups of Im(® s, ar, . ) generated by matrices of order p,
the following result is essential.



12 ROBYNN CORVELEYN

Proposition 4.4. Let p > 2 and k be distinct primes, and let ¢ = p” for some r > 1. Let X < SLo(F,).
Suppose Spoy(Fq, p) <X for some symplectic form f: ng X Fik — Fy. Suppose moreover that X is
generated by elements of order a power of p. Then X = Spyy(Fq, Q).

Proof. Suppose X contains K := Spy,(Fg, Q) as a normal subgroup and X = (x1,...,2,) such
that each z; is of order p%, for £; > 1. Then K (and hence X) contains a subgroup N < K such
that N = SLQ(Fqk).

Now X acts by conjugation on K, and in particular there is a group homomorphism X —
Out(K), with kernel K - Cx (K). The group of outer automorphisms of a finite Chevalley group
Spay(Fy) is generated by a group of diagonal automorphisms and a group of field automorphisms, see
[Car72, Section 12.2 & Theorem 12.5.1]. In particular, |Out(K)| = 2k. Since 2k is coprime
to p by assumption, and X is generated by elements of order a power of p, we conclude that
X = K - Cx(K).

If an element of SLgy(IF,) centralises K, it also centralises IV, and thus

(4.1) Cx(K) < Cspy, (r,)(K) < CsLy,,(7,) (V) < CaLy,(r,) (V) < NaLy, r,) (V)

By Proposition the latter normaliser is isomorphic to GLa(F jx ) x Gal(F  /F, ), and under this
isomorphism, the inclusion of NV in Ng,,, (r,) (V) coincides with the natural inclusion of SLa (F )
in GLa(F x) x Gal(F x /Fy). It follows that Cqy,,, (r,) (V) = Z(GLa(F ), since the centraliser of
SLa(Fgr) in GLa(Fx) 3 Gal(F x /Fy) is precisely the centre of GLa(F ).

Hence by eq. , Cx (K) is isomorphic to a subgroup of the scalar matrices in GLa(FF ), a
group of order ¢ — 1. In particular, since X = K - Cx(K), it now follows that X/K is a group
of order coprime to p, and hence every generator of X has trivial image in X/K. In other words,

X = K = Spy(Fg, Qy), which concludes the proof. O
Combining Proposition [2.7| with Proposition [4.4] we deduce the following.

Lemma 4.5. Let p > 2 and k be distinct primes, and let ¢ = p" for some r > 1. Let N be the image of
the embedding of SLa(F 1) in SLay (Fy) for a fixed choice of Fy-basis B. Let X < SLoyg(Fy) be a subgroup
containing N. Suppose moreover that X is generated by elements of order a power of p. Then precisely one

of the following holds:
(i) N<aX,
(i) X = SLgy(Fy),
(ii1) There exists an x € quk such that
X = Sp2k(F(I1 QBf@ﬂc )7
where the symplectic form By ¢ is as defined in eq. 1} and f: sz X ng — Fx is the standard
symplectic form defined by Qy = Q.
We record the following useful fact which follows from the work of Dickson.

Lemma 4.6 ([Gor80, Chapter 2, Theorem 8.4]). Let S be a Singer element in GLy(Fy), with g = p”
forr > 1 an odd prime power and k > 1 an integer such that ¢* # 9. Let

m=((4 9). (b 1)) <staE)

where each entry is a k x k-block. Then H is isomorphic to SLa(IF ).
Then we obtain the following generalisation of [CCKW22, Proposition 7.18].

Proposition 4.7. Let p > 2 and k be distinct primes, and let ¢ = p" for some v > 1 be such that ¢ # 9.
Suppose My, Mo, Mz € Maty i (Fy). Then the following hold:

(i) If M1 My is a Singer element in GLy(F,), then the subgroup

<<(1) Afl) ’ (J\}Q (1)>> < SLay(F)

is isomorphic to SLa(IF ).
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(i) If MMy is a Singer element in GL(Fy) and My MoMs # MsMo My, then

<<(1) Afl) ! (J\Z ?) : ((1) ]\f3>> < SLok(F,)

is either isomorphic to Spoy,(Fy), or it is the whole of SLay (IFy).
Proof. Let My, My € GLg(FF,) be such that M; M, is a Singer element. Then Lemmaimplies

that
10 (1 N\ o
G'_<<M1M2 1)’(0 1>>:SL2(Fqk)-

Write d := diag(1, M) € GLgy(F,;). Then

/(1 M 1 0
aoa=((o ) (an, 1))
The first claim follows.

Suppose we have My, My, M3 € Maty(F,) satisfying the conditions from ). If we can show
that ( 1 M; ) does not normalise d~1Gd, the result follows from Lemma Indeed, setting

01
-1 /(1 M 1 0 1 Ms
N:=d Gng._<(O 1>,<M2 1>’<o 1>><SL2k(Fq),

if X does not normalise N, Lemma[d.5]implies that either X 2 Spy (Fy) or X 2 SLoy(Fy).

We show that )
o 1 M3\ -1 (1 MsM;
el )=

does not normalise G, and the conclusion follows. Let H := Ng,, (r,)(G). Proposition
implies that H = GLa(Fx) x Gal(F /F;). Since SLa(F ) = ker (det: GLo(F ) — F;k>, we
obtain that

GLy(F
’ !

SLs (]Fqk)
and in particular, [H : G] = k(¢* — 1). Since k is coprime to p by assumption, it follows that
every Sylow p-subgroup of G is a Sylow p-subgroup of H, and since G is normal in H, all Sylow
p-subgroups of H are contained in G.

Let a € Fx be a primitive element. The group SLa(F ) is isomorphic to G, and the isomor-

phism is given by
(2~ (0 50)

w: ]Fqk —)Fq[MlMQ], OU—)MlMQ.

Here Fy[Mj Ms] denotes the Fy-algebra generated by M Ma, which is isomorphic to Fx via w
since My M> is a Singer element. Hence G contains in particular the subgroup

S = {(é 1;) IT e Fq[MlMg]}.

Note that § is a Sylow p-subgroup of G, since it is of order ¢" and |G| = [SLy(F ¢ )| = ¢*(¢** - 1).
Hence all Sylow p-subgroups of G' and thus H are conjugate by an element of GLg(F,) to S.
Now,

where

Y € Nap,,v,)(G) <= MsMi ' € Fo[ My My).

Indeed, since Y is of order p, it is contained in H if and only if it is contained in some Sylow
p-subgroup of H, if and only if it is contained in some Sylow p-subgroup of G. Note that Y
centralises S, and since Y is of order p, this implies that (S,Y") is a p-group. Thus Y is contained
in a Sylow p-subgroup of G if and only if Y € S, i.e. if and only if Mz M, ' € F [M;Ms].
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The F,-algebra F,[M; M>] is commutative. Since My MoMs # Mz MoMy,
(My My) (MM ) # MMy = (MM ) (M Ms).
Hence, Mngl & Fy[My Ms], or in other words, Y does not normalise G, as desired. O
We are now able to prove our first key result.

Proposition 4.8. Let p > 2 and k > 3 be distinct primes, and let ¢ = p" > 3 for some v > 1. Let
M., My, M. € GL(F,) satisfy the following conditions:
(@) S = (MuMy + MyMy)M. = [u]s, for some primitive element \ € F i, and some self-dual
Fy-basis B = {by, ... by} of F . such that Tr(Ab3) # 0,

(i)
z 0 0
M MMM b= (0 27t 0 |,
0 0 I

Jor x € T such that v ¢ {£1}.
Let @y, vy 0, - il;Bg) (Fq) — SLuy(IFq) be the group homomorphism provided by Corollary Then

the image of ® nr, a1, M. contains an isomorphic copy of SLay(IF,), embedded as matrices of the form

1 0 0O
0 « 0 %
0 01O
0 » 0

Proof. Let My, My, M. € GLi(F,), x € IE‘qX and \ € quk be as in the statement. There is an

obvious embedding of SLoy () in SLy(F), given by

1 0 0O
w T 0 w 0 «x
42 (y z) 1o o1 o0f
0y 0 =z
so it suffices to show that the image of ® s, as, a7, contains elements of the form
1 00 0 1 0 00
01 0 X 01 00
001 o0}’ 0 01 0]}
0 0 0 1 0Y 01

oyl

for some X, Y € Matyx(F,), such that the associated 2k x 2k matrices

1 X d 1 0
0 1) \y 1
generate SLoy (Fy).

Let B := {b1,...,br} be a self-dual Fy-basis of F, as provided by Lemma Let S :=
(ta]B € GLE(Fy). Then since B is an orthonormal basis for the trace form,
S = (Tr(Abibj))1<i,j<k-

In particular, S is a symmetric Singer element of GLj(Fy).
We will write

4.3) VIi=V,(1), V) :=V01), VI :=V.(1),
with
1 0 0 &M, 1 00 0 1 0 00
o1 ¢em, 0 |eéM, 100 0 0 1 00
Va(f) T 0 0 1 0 7‘/17(§> T O O 1 _éMb 7‘/;:(5) - 0 O 1 0 )
00 O 1 0 00 1 0 &M, 0 1
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forall £ € F,.
A direct calculation shows that in the image of @z, as, 0.,

1 0 0 0

ron |01 0 —M,M,— MM,
[Vav ‘/b] - 0 O 1 0
0 00 1

The condition on
X == M M,M; M,

implies that I, + X is invertible, and in particular M, M, + MM, is invertible. Setting M, =
(Mo My, + MyM,)~1S, it follows by Proposition (i) that the image of ®z, as, 01., under the
identification (4.2)), contains the subgroup

. 1 0 1 —M,My, — MyM,\\
v (L ) (5 7)) s,

We now show that one can construct sufficiently many elements in the image of ® s, a7, 1. so that
together with the generators of SLa(F ) above, they generate an overgroup of SLy(F ) which is
isomorphic to SLo (Fy).

It is a direct calculation to show that

1 00 0
/ / / ! n 010 _4MbMaMcMaMb
[chvva?vmvl-)?‘/b]_ 0 0 1 0 ’
00 0 1
and
1 00 0
/ / / ! n _ 010 _4MaMchMbMa
[chﬂv;)?‘/;)?vwva]_ 00 1 0
000 1
Additionally,

Z =T+ X) ' XS + X) ' = (L + X H LS+ X)7!
= (Iy + My M M, "M (MM, + MyM,)Me(Iy + MMM, M, )™
4WMHMMMTMWﬂMM+MMWM%%+%MMWWW1
= My My M MyM, (MM, + MyM,)".

Since X and S are symmetric,

Z'= (L + X)7USX (I + X) ™ = (I + X) 1S (I + X5
= MMy (Mg M, + MyM,) (Mg My + MyMy) M MyMq (Mg My + MyM,) ™!
= My MM My M, (M, My + MyM,)™ L.

Let £ > 1 be such that —4¢ =1 mod p. Then

a’r’a

1 M,M,M.M,M,

0 1

(1%%%%%
0 1

>M%%%VVde

) s VLV VL VLV

a’ Var
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under the identification (4.2). Moreover, conjugation by the matrix diag(1, M, M, + M,M,) in-
duces the following identifications:

1 0 10 1 MM, + MyM, 11
M, 1) 7 \s 1) \o 1 —~\o 1)

1 M MMMM (12 1 MM, MMMy (1 2
0 1 o 1) \o 1 0o 1)

In particular, the composition of the inverse of the embedding (4.2) and conjugation by
diag(1, M, M, + MyM,) induces an isomorphism which sends

- <Vc/7 [Valv VZ]? [Vclv VZ? va Vo, Va ] [‘/::/7 Va/7 Valv VZ? Vb/]€>

~ 1 0 1 MMy + MyM, 1 M, MyM.MyM, + MM, MM, M,
B M., 1)7\0 1 "\0 1

to

o= (50205 257),

Note that Z + Z" is symmetric. We claim that Z + Z* ¢ (S) = Cqr,,)(S), where the latter
equality holds by Proposition Writingy = (14+x) tand z = (14+27 1) 7! (note that z & {£1}),
we obtain

2+ 70 = (14 X)7 (XS4 SX)(T + %)

z Yy Yy z
27 s 27 s 27 s 27 s
4yzS1 1 2 (y2 + 22) Si2 | (y+2)S13 ... (y+2)Sik
2 (y2 + 22) ;9271 4@/25’2,2 (y + Z)SQ73 ... (y + Z)SQJC

= 2_1 (y + 2)5371 (y + 2)53’2

[Si5]3<i,j<k

(y+2)Sk1 (y+2)Ske

If Z + Z' were to commute with S, then so would S — 2(Z + Z'). Moreover, since (S) =
Cary(r,)(S), it would follow that S — 2(Z + Z') € F,[S]. But by the above, this element is

equal to

(1 —4yz)Sia (I-2(*+22)S12 |Q1-y—2)%3 ... (1—-y—2)Si
(1 —2(y +Z2) 52,1 (1 —4yz)5272 (1 —y—z)5273 (1 *y*Z)SQ’]C

(1-y—2)S31 (1—y—2)S32

(1—y—2)Ska1 (1—y—2)Sko

Since k > 5, this matrix is non-invertible, and since the only non-invertible matrix in [F4[S] is
the zero matrix, it follows that S — 2(Z + Z') = 0. This implies that (1 — 4yz)S;1 = 0. Since
dyz =1 <= 2+ x + 2~ = 4, which holds if and only if z = 1, we obtain that S11 =0. This is
a contradiction since by assumption, Sy 1 = Tr(A\b?) # 0.

It follows that Z + Zt ¢ CaL,(r,)(S), and in particular, by Proposition , G = Spy(Fy) or
G = SLgi(F,). In the latter case, there is nothing left to prove, since it implies that H = SLoy(F,),
as desired. So suppose G = Spo(F,). Then, since every generator of G is contained in the
standard symplectic group Spoy, (Fy, ), it follows that

G = Spyy(Fg, ).
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Note that X does not commute with S. Indeed, if XS = SX, then

-1
xSl,l JISLQ xSLg xSLk 1135171 T 5172 5173 Sl,k
—1 -1 -1 -1 -1
7 S21 x S22 x7S23 ... T Sy xS21 x S22 Saz ... Sai
-1
5371 5372 5'373 537]4 — :E5371 X 3372 83,3 Sg)k ,
-1
Sk71 Sk72 Sk,g Sk,k (L‘Sk’l xT Sk72 Sk’g S]“k
and hence since x # +1,
S11 0 0
S=1 0 Sz 0 ;

0 0 [Sijls<ij<k
which is a contradiction to Lemma([2.5] In particular,

T+X)IXST+ X))V 4T +X)1SX(T+X)7,
and it follows that Z = (I + X)~'XS(I + X)~! is non-symmetric. Hence,

(6 1) #sputenn.

Write d := diag(1, My My + MyM,,). Then

SLQ(Fqk) ~d71Nd < G = Spgp(Fy, Q) < <G, <(1) f)> .

The group G does not normalise d~! Nd, since it is simple modulo its centre. Hence it follows by

Lemma [4.5] that
1 2\ _
(6,05 2)) =

But under conjugation by diag(1, M, M, + MyM,) and the embedding given by eq. (4.2), the
group above is isomorphic to
<Vc/7 [Va/7 VZ]? [Vc/7 Vb,v Vb/7 Va,v Va/]£7 [Vc/7 Va/ﬂ Va/7 ‘/b,v Vb/]z> < Im<¢Ma7Mb7Mc)‘ U

We also record the following result.

Lemma 4.9 ( [LS87, Theorem 1]). For every prime power q > 1 and every integer m, there exists a
normal IF4-basis of F ym, i.e. a basis of the form

{b,b9,69 ... 7" Y,
such that b (and hence every be' ) is primitive.
In particular, we obtain the following.

Lemma 4.10. Let ¢ > 1 be a prime power and k > 2. Suppose b € F i satisfies Tr(b) = 1. Then there
exists a primitive element \ € i such that Tr(A\b) # 0.

Proof. Suppose that for all primitive elements A € Fx, Tr(A\b) = 0. By Lemma there exist

primitive elements A; € Fox and scalars ; € F, such that
A

But then 1 = Tr(b) = >, z; Tr(\;b) = 0, a contradiction. O

Proposition 4.11. There exist matrices M, My, M. € GL(F,) satisfying the conditions of Proposi-
tion
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Proof. The commutator subgroup [GLg(F,), GLg(F,)] of GL(F,) is given by SLy(F,). It follows
that there exist M,, M}, € GL(F,) with

x
M MMM = z1 ,
Iyp—2
for any x € F, \{£1}. Such an z always exists, since by assumption ¢ > 3. By Lemma ,
for any self-dual basis B = {b1,...,b} of Fx over Fy, there exists a primitive element A € I«

such that Trp , /5, (Ab?) # 0. The matrix I, + ]\4,1]\&,]\/[(1_1]\417_1 is invertible by the condition on x.
q

Setting M. := (Mg My, + MyM,) 7 [Tr(Ab;b;)]; j, the matrices M,, My, and M, satisfy the desired

conditions. O

We now show that the subgroups of 2k x 2k matrices we constructed in the image of ® s, ar, .
give rise to the desired quotients.

Theorem 4.12. For q, k, M, My, and M, as in Proposition the associated homomorphism

@i, My, M, : i’[;B(Q) (Fq) - SL4k(Fq)
2

as provided by Corollary[3.8)is a surjective group homomorphism.
Proof. Let M,, My and M, be as in Proposition The image of ®z, a7, a7, contains an iso-
(4.2)

morphic copy of SLgy(FF,), embedded as in eq. . In particular, for any matrices X,Y €
Maty . (Fy), the image of @y, a7, . contains the elements

1 0 00 1 0 0 O
0 1 00 01 0Y

V_a2 (X) = 00 1 0 = I4k—|-XE4,2 and Va2 (Y) = 001 0 = I4k—|-YE2’4,
0 X 01 0 0 0 1

and more generally, the subgroup
He = (Voo (X), Vo (V) | X, Y € Matyx(Fy)) = SLog(Fy).

We set, as before,

10 0 M, 1 00 0
r_ |01 M, O ;| My, 1.0 O
Varmlo 0 1 o and - Vo= 170" o 1 g

00 0 1 0 00 1

For any X € Matyx(IF;), one calculates that
Vi, Veao(X), V3] = [Lag, — MyE3 2 — XMyEyy — MyX MyE31, V)| = Lig — 2MyX MyEs3 ;.
Writing X := _2_1Mb_1YMb_1 for Y € Maty(Fy), we deduce that

0 0
0 01 ¢ (@ forall Y € Maty(F
10 S m( Ma7Mb7Mc)7 ora S athk( q)-
0 1

OO = O

1
0
Y
0
Similarly, for X € Matyx(F,),

[Vaf, V,OQ (X) V/] = [I4k + MaXEl’Q — XMaE4’3 + MaXMaELg, Va] = I4k + 2MaXMaE173.

Y a

Writing X := 27 M, 'Y M ! with Y € Matgyx(F,), we conclude that there is a second embed-
ded copy of SLox(Fy) < Im(®az, ar, 01, ), embedded as matrices of the form

0 0
4.4)

S X O X
O *x O *

1
0
0

= o O
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Together with H, it follows that Im(®ay, ar, a7.) contains in particular the generators z_q, (\) =
Lij + AEiy1, and zo, (X) = Ly + AE; i1 of the root subgroups of SLy (F,), for

ie{1,... 4k — 1} \ {k, 2k, 3k}

and A € T, (see section [2.3). It remains to show that Im(® s, as,,01.) contains z4a, (X), Taay, (A)
and Ziqg, (A) for A € Fy. Since Im(®ay, ar,,0,) contains a copy of SLog(F,) embedded as in
eq. (4.4), and a copy of SLo(IF,) embedded as in eq. (4.2) it contains in particular the matrices

X

and

VX,Y € SLy(F,).

O = OO
— o o O
O = O O

0
0
0
Y

OO~ O
SO O
OO = O

0
0
0

Conjugating V}/ by the product of the above elements, one obtains

X1 o0 o0 1 00 O X 00 0
0 10 0 M,, 10 0 0 1.0 0
0O 01 0 01 —M, 0 01 0
0 00 Y 00 1 0 00Y
1 00 0
MyX 1 0 0
=170 0 1 _apy | = WECY) em(®aganan), VXY € SLy(F).
0 00 1

In particular,

1 000
2MyX 1 0 0
Vo (X IVe(X, ~Ie) = | T 5 1 o | € m(®asa0n), and
0 001
1 00 0
010 0
Vb(Ikv )Vb( I, ) 00 1 —2MY Elm((I)Ma,Mb,Mc)’ VX7Y€SL/€(FQ)‘
0 0 0 1

Let Z := diag(1,det(Mp),1,...,1) € GLi(F,). Define X := M, '(Z + Ey) € SLi(F,) and
X'":= M;'Z € SLi(F,). Then

1 000 1 00 0 1 000
IMX 1 0 0f|—2MX 1 0 0] (2B 1 0 0
0 010 0 o10] | o o010
0 00 1 0 00 1 0 00 1

We conclude that x_,, (2X) € Im(®ar, a1,,0.), forall A € Fy. But ¢ is odd and hence z_,, (X) €
Im((I)MthMC), forall A € Fq.
Setting now Y := M, '(Z + Ej.1) and Y’ := M, ' Z in the products Vy(Ix, Y)Vj(—1Ix,Y) and
Vo(Ir, Y ) Vi(—1Ik, Y'), a similar calculation shows that x4, (A) € Im(®az, a1,,0.) forall A € .
Moreover, one calculates that

1 MY 0 0

’ 10 1 0 0
[Vaﬂ V_a, (Y)] ~ 1o 0 1 0 = Im(q)Mme,Mc)ﬂ VY € MathkaFQ)'

0 0 -YM, 1
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Now for any X, Z € SLy(F,) and writing Y := M !, one has the elements

X 00 0 1 MY 0 o\ /X' 00 o0
0 1 0 0 0 1 0 0 0 10 0
0 01 0 0 0 1 0 0 01 0
o oo zZz/\o 0o -YM, 1 0 0 0 Z1
1 X 0 0
01 0 O
=lo o 1 ol €m@manar), VX, Z € SLy(F,).
0 0 —Z 1

An argument similar to that of the previous paragraph now implies that z, (A) and z_q,, () €
Im(® s, a, 0.), forall X € Fy.

Finally, by the embedding eq. of SLok (Fy) in the image of @z, a1, 1., and by the previous
paragraph, Im(® s, a7, M) contains the elements

1 0 0 O 1Y 0O

0 1 0 O 0 1 0 O

xo01 0| ]g o1 of YEYEMatpg()
0 0 0 1 00 0 1

Taking their commutator, it follows that

1 0 00

0 1 00

0 2xy 1 ol €M™ (®aampn), VXY € Matg(Iy).
0 0 0 1

Hence z_q,, () € Im(®n, ar,, 01, ), for all X € Fy. Since the transpose of the above elements is
contained in the image as well (again by the embedding of H, and the previous calculations), we
obtain that z,, (A) € Im(®as, ar,.0.), forall X € Fy.

We conclude that Im(®az, as,,0.) contains all of the root subgroups associated to the simple
roots and their opposites. Hence Im(®ps, ar,,0.) = SLag(Fy) and it follows that @z, ag, ar, is
surjective. (|

5. QQUOTIENTS OF il; (IF4) 1SOMORPHIC TO Spy,, (Fy)

B

We now proceed in a manner similar to that of the previous section to construct quotients of

+ .
uHBé” (F,) of symplectic type.
Proposition 5.1. Let p > 2 and k > 3 be distinct primes and let ¢ = p" > 3 for some r > 1. Let
M,, My, € GL;(Fy) be symmetric matrices, and let S € GLy(IF,) be a symmetric Singer element. Suppose
the following conditions are satisfied:

(1) M, My, + MyM, is a (non-zero) scalar matriz,

(i) Mo MySMyM, & (S).
Then, defining M. := (MyM, + MyM,)~1S, the image of the homomorphism ®yy, My, M, given by
Corollary|3.8|is contained in Sp 4y, (IFq, Qar,), and it contains a copy of Spoy,(Fq, Q), with the embedding
given by eq. (4.2).
Proof. Since M,, My and M, are symmetric matrices by assumption, the associated elements V/,

V/ and V/, as given by eq. (4.3)), are contained in Sp,y, (Fq, Qo).
As in the proof of Proposition[4.8] we consider the elements

1 00 0
01 0 —M,M,— MM,
[Vlv%/]:
a 00 1 0
000 1
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and
1 0 0 0
/ / / / n 010 _4MaMchMbMa
[chv‘/l-w‘/bavcuva]_ 0 0 1 0
000 1.

The matrix M, My M. MM, is symmetric, and thus

10\ (1 —M,M,— MM,\ (1 —AM,M,M,M,M,
<<MC 1) ) <O 1 ) 0 1 g Ska‘(FCDQk)

We embed the above subgroup in Im(®ay, a1,,az,) via eq. (4.2)). In light of Proposition the

statement then follows if
(Mo My + MyMeo) Me (Mo MyMMyMy) # (Mo My MMy M) Mc(My My + MyM,).
But since M, M, + MyM, is a scalar matrix by assumption, the above inequality is equivalent to
SMyMySMyM, # My MySMyM,S.

By Proposition the centraliser of S in GL(F,) is given by (S). The statement now follows
by condition (i). O

We give explicit matrices satisfying the conditions from Proposition

Proposition 5.2. Let p > 2 and k > 3 be distinct primes. Let ¢ = p" > 3, for some r > 1. Define

-1 0 1 -1
M,:=] 0 1 and My := [ —1 —1
0 | —Ips 0 | I—2

0

Then for any symmetric Singer element S € GLy(F), the matrices M, and M, satisfy the conditions from
Proposition[5.1]

Proof. The products M, M, and MM, are given by
-1 1 -1 -1
0
My M, = -1 -~ , MyM, = I -1
0 g 0 | — T2

and it follows that M My + MyM, = —2I;. Let S = [S; j]i<ij<k € GLi(F,) be a symmetric
Singer element. Then M, M,SM,M, is given by

S11— 2512+ S22 S11 — 52,2 S13—523 ... Stk — Sk
S11— S22 S11+2512+ S22 | S13+S523 ... Sikp+ Sk

S31— 532 531+ 532

[Sijl3<ii<k

Sk — Sk2  Sk1+ Sk

Suppose this matrix commutes with S. Then in particular by Proposition it belongs to (S),
and hence the matrix M, M SM,M, — S belongs to F,[S]. However,

—2512+ S22  S11—522—S512 | =53 ... =Sk
S11— S22 — 51,2 S11+ 2512 S13 .. Suk
M MySMyM, — S = —S32 531 ,
: : 0
—Sk2 Ski
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which is a singular matrix, since £ > 5. Since the only singular matrix in [, [S] is the zero matrix,
we conclude that

S171 5172 0O ... 0
Sio S22 |0 ... 0
S = 0 0
Lo [Sijls<ij<k
0 0
But since S is a Singer element, this is a contradiction by Lemma (2.5 O

We now show that matrices as in Proposition produce quotients of Ll; (F,) isomorphic

to Spyy (Fy).
Theorem 5.3. For q, k, M,, My, and M, as in Proposition the associated homomorphism
(Fy) — SLyx(Fy)

BY

.o+
(I)Ma,Mb,Mc' MHBQQ)
as defined in Corollary has image Spyy. (Fq, Qag).

Proof. Let M,, My and M, be as in Proposition Then Im(®ar, ar, 01.) < Spar(Fg, Q2), and

the statement implies that
He = (Vo0 (X), Vo (Y) | X, Y € Matyxi(Fp), X' = X, Y" =Y) = Spyy(Fy, Q)
where the isomorphism is given by the inclusion as in eq. (4.2), and where

1 0 00 1000
01 00 010V
V-ealX)i=1g g 1 o Ve()=1g ¢ 1 0
0 X 01 000 1

As in the proof of Theorem for any symmetric matrix X € Matjx(F,), one has
Vi, Ve (X), Vil = Ly, — 2Mp X MyEs3 1 € Im(® s, a1y, 01,)-
Similarly, for a symmetric matrix X € Matj;(F,),
Vo, Vo, (X), Vo] = Iy 4+ 2M, X Mo Ey 3 € Im(® s, 0, 01, )-

Setting respectively X := 27 'M; 'Y M ! and X := —271 M, 'Y M, " in the above equalities, for
Y € Maty,(F,;) symmetric, we obtain that Im(®y, as, as,) contains the elements

1 0 0 0 1 0Y O

0 1 0 O 01 0 O .
v o1 0 and 00 1 0 forall Y € Matyxx(F,) symmetric.
0 0 0 1 0 0 0 1

We find that Im(® 7, a7, a1.) contains a second copy of Spyy, (Fy, 1), embedded as matrices of the

form (@.4).

In particular, Im(® s, as,.07.) contains the generators (see section [2.3)

_ (Lp+MEiin 0 (D 4+ AEita, 0
7o (A) = ( 0 Loy = AEiy1) - (N) = 0 Ioy = AEjiv1)

for A € Fy,andi € {1,...k — 1} U{k+1,...,2k — 1}, where each block is a 2k x 2k-matrix.
Moreover, Im(®y, as, a1.) contains

I A\E I 0
Ty, (N) = ( (2)k 1221;,216) y Ty (A) = <)\E2211:2k 12k> , VAel,.
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It remains to show that Im(®y, ar, a7, ) contains the elements

Iy AEga 0 0 I. 0 0 0

o 1 0 0 B o0 0
xak(A) == 0 0 Ik 0 ) T —qy, ()\) = 0 0 Ik —)\Ehl s Ve Fq .

0 0 —ABEyx Ik 0 0 0 I

Since Im(® s, a1,,01.) contains a copy of Spyy,(Fg, Q) embedded as matrices of the form (.4,
it contains in particular the elements X Fq 1 + (X_l)tEg,g, for all X € GLg(F,). Letting X :=
MY for some Y € GLy(F,), we obtain that Im(® s, a1,,a1,) contains

X1 0 0 0 1 00 O X 0 0 0 1 00 O
0 1 0 O0|l(M, 1 0 o0 o1 o0 o] [Y 10 0
0 0 Xt 0 0 0 1 —M, 00 (X Hto 0 01 -Yt|°
0 0 0 1 0 00 1 00 0 1 000 1

forall Y € GLy(F,). Letting Y := I}, + AE} j, for A € Fy, and Y’ := —I},, we obtain that

100 0 1 00 0 1 00 0

Y 10 0 ||Y 10 0 | _|ABix 10 0 e
0001 —vt|lo o1 —)|=| 0 01 —amy | S P
000 1 000 1 0 00 1

Similarly to the proof of Theorem 4.12] Im(® s, 1,0, ) contains the elements
1 MY 0 0

VI Voo (Y)] = 8 (1) (1) 8 , VY € Maty(Fq) symmetric.
0 0 -YM, 1
Additionally, for any X € GLx(IF,), the image of ®as, ar, a7, contains
X710 0 o0 X0 0 0 1 XM,Y 0 0
0 1 0 0 / 0 1 0 (U8 I 1 0 0
0o o xt ofVaVe(MIfy g (X-Ht o] (o 0 1 0
0 0 0 1 0 0 0 1 0 0 -YM, Xt 1
SettingY := M, !and X := Iy+AEy 1 with X € Fy, and X' := —Ij,, we obtain that Im(® 7, g, ,01..)
contains
1 X 0 0 1 X’ 0 0 1 AEjq 0 0
0 1 0 0 0 1 0 o] |0 1 0 0
0 0 1 0 0 0 1 0 0 O 1 0
0 0 —X* 1/ \0 0 —(X")' 1 0 0 —=AEy; 1
Hence Im(<I>M$’Mé,Mé) contains all the generators of Sp;, (Fq, Q2) associated to the simple roots

and their opposites as given in section and we conclude that
Im(@ s, 01, M) = SPa(Fy, Qo). O
6. SPECTRAL HIGH-DIMENSIONAL EXPANDERS FROM LIE TYPE GROUPS

In this section, we prove that our quotients lead to the construction of high-dimensional ex-
panders. First, we introduce some terminology surrounding Kac-Moody-Steinberg groups.

6.1. Kac—Moody—Steinberg groups. Throughout this section, let A = (A;;); jer be a 2-spherical
GCM with associated root system A. Let K be a field. We denote by U™ the group £} (K), and
Ui := Uq, (K) forall i € I. Additionally, we set forall i # j € I,

Ul"j = <5.LY(K) ’ yeAN (Nai + Naj)> < UT.

Since A is of 2-spherical type, each U; ; is the unipotent radical of the standard Borel subgroup of
a Chevalley group of type A; x Ay, Aa, By or G2, depending on whether 4;;4;; = 0,1,2 or 3.



24 ROBYNN CORVELEYN

Definition 6.1. The Kac—Moody—Steinberg group (or KMS group) 44(K) of type A over K is the

direct limit of the system {U;, U, ; | i # j € I} with respect to the canonical inclusions U; — U, ;
foralli # j € I.

For each J C T spherical, we call the subgroup U; := (U; | i € J) < 94(K) a local group.

Example 6.2. Let A be the GCM of the root system A of type HB§2), with simple roots {a, b, c}
(see fig. [I.T). In other words,

2 -1 =2
(6.1) A=[-1 2 =2
-1 -1 2
Fora € Ay, let 7, : (K, +) — U} (K) be as in section Then
gHB;2) (K):= lm {UU; [1<i<j <3},
Ui,Uj%Ui’j

where
Uy :=Up = (xq(N\) | AN€K), Up:=Us= (xp(N\) | A €K), and U, :=Us = (z.(\) | A € K)
and the groups U; ; are as follows (cf. Lemma :

Uap = Uz = {za(M)2p(A2)Tarp(A3) | A1, Ao, Az € K} = UF (K) < SL3(K),
Upe := Uz z = {xp(M1)2e(A2) T4 c(A3)Top e (A1) | A1, A2, A3, A\ € K} Uuf (K)
)

Une = U3 = {2a(M)Zc(A2)Tate(A3) 201 c (A1) | A1, A2, A3, As € K} = 4L (K

p4(K),
p4(K).

By Lemma [2.1} 4% (K) is generated by the subgroups l,, (K) for i € I when [K| > 4. In
particular, when |K| > 4, the canonical morphism

(6.2) Ox,a: Ya(K) — Uf(K)
where each U; with i € I is mapped to l,, (K) < 0} (K), is surjective.

<S
<S

6.2. High-dimensional expanders from ¢, (2)( ¢)- In this section, we prove the second part of

Theorem [A] In particular, our constructions sdtlsfy the hypotheses of [GAPVB25, Theorem 4.3],
and thus yield infinite families of bounded degree, spectral high-dimensional expanders.

Theorem 6.3. Let ® s, ar, . beasin Corollary with My, My, and M, invertible. Then ® nr, a1, 1.
is a group homomorphism which is injective on the rank 2 subgroups of MIEBQ (K). Write
U= @K,HB(;) o ®r, My, M. -

Then U satisfies the intersection property

V(U;NUk)=9Uy) NV (Uk)
Jor all spherical subsets J, K C I.
Proof. Let My, My, M. € GL,(K). Since @K’HB(QQ)
and |J| = 2 onto the rank 2 subgroup iljgj (K), it suffices to show that W is injective on the rank 2

isomorphically maps each Uy with J C {a, b, ¢}

local groups of &2 (K).
2

The images of the rank 2 local groups Ugyp, Uy and U, . under ¥ are respectively given by
(Va(N), V(N | A € K), (Vp(N), Ve(N) | A € K) and (V,(A), V() | A € K). By definition,

Ua b = uXQ( ))
and each element u € U, can be uniquely written as a product
u = .’L’a()\l)l'b()\g)l'aer()\g), /\1, )\2, /\3 cK.

Using the relation
[£a(x); 26(1)] = Tass(xp), forall x,p €K,
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(see eq. (2.2)) to calculate the image of z444(A3), it follows that the image of Uy 4 is given by
U(Uap) = {V (wa(M)7(A2)Tarb(X3)) | Ai € K}

1 0 0 )\lMa
) ey 1 MM, MMMy + Mo A3 M, M, }
(6.8) = oo 4 Y |\ eK
0 0 0 1

Since M, and M, are invertible matrices and thus in particular M,, M, and M, M, are different
from zero, it follows that, for u € U, ,
Uu)=1 <<= M=X=N=0 <= u=1.

Hence W is injective on U,

Similarly, U, . is isomorphic to UEQ (K). Using the commutation relations given by eq. 1i ,
one has that

[zc(A1), za(A2)] = xa+6()\1)‘2)$2a+6()\1)‘%):

and

[Za(A1)s Zate(A2)] = T2a+c(A1A2),
forall A1, Ay € K. It is then a direct computation to conclude that

Y(Uae) = {¥ (za(A)Tc(A2)Tare(A3)T2atc(Aa)) [ Ai € K}

1 (Ao + M) MM, (A — MAs)Ma MM, M\ M,
o 1 MM, 0 |
64 =30 . . 0 |ianex
0 Aa M, —A3sM:M, 1

Since none of the entries M,, M., MqM., M MM, are zero, one has again that for v € U,_,
U(u) =1lifand onlyif \; = 0 foralli € {1,...,4}. Hence V is injective on Uy .
A similar calculation now shows that W(Uy ) is of the form

U (Up,e) = {V (@p(A1)Te(A2)Tp4c(A3)T2p1c(Aa)) [ Ai € K}

1 0 0 0
B A\ M, 1 0 0 ,
(©:) =Y | u = A MMM, (<Aude 4 A MM, 1 A | A EE
)\3M0Mb )\QMC 0 1

Again thanks to the fact that M;, and M, are invertible, ¥ is injective on U, ., and we conclude that
U is injective on the local groups.

The intersection property trivially follows from eqs. (6.3)), (6.4)) and (6.5). O

The coset complex CC(G,H) (see [GAPVB25, Definition 2.4]) associated to a group G and a
collection of subgroups H := {Hj, ..., Hy}, is the simplicial complex with vertex set | |1 ; G/H;,
and with (k — 1)-simplices the size k subsets

k
{91 H;,,...,9kH;,}, such that ﬂ giHi; # 0.
j=1

Corollary 6.4. Let p > 2 and k > 3 be distinct primes. Let ¢ = p" > 3 with r > 1. Suppose
M, My, M. € GLi(F,) are as in Proposition Then for the associated matrices V,,V;, V! as defined
ineq. (4.3), defining

Hy == ({Vy, Vg, VI\A{T}) < SLa(Fy), T €{V,, Wy, Vi}
the coset complex

Xy :=CC <SL4k(Fq)a {HT}Te{V(;Vb’,VC’})

-spectral high-dimensional expander of dimension 2.

V2q+2

sa¥
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Corollary 6.5. Let p > 2 and k > 3 be distinct primes. Let ¢ = p" > 3 with r > 1. Suppose
M,, My, M. € GLy(F,) are as in Proposition Then for the associated matrices V,,V}, V! as defined

in eq. (4.3)), the coset complex
X, =CC (Sp4k<FQ)7 {HT}TG{V(;,Vg,\/g}>

V2412 -spectral high-dimensional expander of dimension 2.

sa x5

In particular, setting P, := {k prime | p # kand k > 3}, we obtain new infinite families
(X k) kep, and (Xé’k)kepp of bounded degree, spectral high-dimensional expanders, for all p > 2
and all ¢ = p" > 3 (with r > 1).

Proof of Corollaries and Let @z, a1, 1. be as in Theorem or Theorem In partic-

ular K = F, has size at least 4. Since HB22 is 2-spherical, it follows that the canonical map

+
e Grapg (K) = 47 ()

KHB? * “HB®

is surjective. Then the quotients of ilIJ_rIB(Q) (K) from Theorems |4.12| and are quotients of
2
g

HB® (K) as well. It follows from Theorem W that ¥ := GK,HB

the local groups and satisfies the intersection property. Then [GAPVB25, Theorem 4.3] implies
that the coset complexes arising from ¥ yield infinite families of bounded degree, spectral high-
dimensional expanders. d

2 © P, My, M, 1S injective on
2
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