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Abstract. In this article, we construct infinite families (Gn)n∈N of finite simple groups Gn of Lie
type, such that the rank of Gn strictly increases as n tends to infinity, and such that each Gn is a
quotient of the maximal unipotent subgroup U+ of the (minimal) Kac–Moody group GA(K) of
type HB

(2)
2 over a finite field K. Moreover, we show that the quotient maps lead to the construction

of an infinite family of bounded degree, spectral high-dimensional expanders. These provide the
first class of examples of infinite families of high-dimensional expanders constructed from Lie type
groups of unbounded rank.

1. Introduction

In this article, our aim is to construct arbitrarily large finite simple quotients of Lie type of the
maximal unipotent subgroup U+ := U+

HB
(2)
2

(Fq) of a Kac–Moody group of type HB(2)
2 over a finite

field Fq. We then show that these lead to the construction of infinite families of bounded degree,
spectral high-dimensional expanders.

Higher dimensional expansion is a generalisation to simplicial complexes (of dimension at least
2) of the notion of expansion in the theory of graphs. Unlike expander graphs, high-dimensional
expanders have strong local-to-global properties, providing a unified perspective on various topics
in mathematics and computer science, see [GK23] for a survey. For example, they have been
used to unify the study of local testability of codes and that of quantum LDPC codes. Other
known applications include probabilistically testable proofs and property testing. See also the
survey [Lub18].

Not many explicit constructions of high-dimensional expanders are currently known. We con-
tribute to this study by giving, to the best of our knowledge, the first construction of infinite families
of high-dimensional expanders arising from coset complexes of Lie type groups of unbounded
rank. In [GdPVB25], the authors show that finite quotients of Kac–Moody–Steinberg groups (or
KMS groups for short) can give rise to high-dimensional expanders. We show that the quotients
of U+ we construct in this paper can be used to apply their result.

Let A be a generalised Cartan matrix (GCM) (Aij)i,j∈I in the sense of [Kac90, Chapter 1]. A
subset J ⊆ I is called spherical if the matrixAJ := (Aij)i,j∈J is a Cartan matrix. For n ≤ |I|, we say
that A is n-spherical if every subset J ⊆ I of size at most n is spherical. For any 2-spherical GCM
and any field K, one defines the KMS group GA(K) as an amalgamated product of the unipotent
radicals U+

AJ
(K) of the standard Borel subgroups of the rank 2 Chevalley groups GAJ

(K) of type
AJ over K, for all J ⊆ I such that |J | ≤ 2 (the precise definition is given in section 6.1).

In this paper, we consider a GCM A of type HB
(2)
2 , as given in Figure 1.1. When K = Fp with

p a prime, the KMS group of type A is given by the following presentation:

G
HB

(2)
2

(Fp) ∼= ⟨a, b, c | ap, bp, cp, [a, b, a], [a, b, b], [c, b, c], [c, b, b, b], [c, b, b, c],(1.1)

[c, a, c], [c, a, a, a], [c, a, a, c]⟩.
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Figure 1.1. The GCM of type HB
(2)
2 and its corresponding Dynkin diagram.

A =

 2 −1 −2
−1 2 −2
−1 −1 2


a

c

b

This group was first studied in [CCKW22]. The authors show that it is a hyperbolic group (for p
odd) with property (T) (for p ≥ 7) ( [CCKW22, Theorem 1.3]). Moreover, they explore its finite
simple quotients, and show in particular that (for p odd) the KMS group G

HB
(2)
2

(Fp) has a finite

simple quotient containing an isomorphic copy of Alt(n), for every n ≥ 1 ( [CCKW22, Corollary
7.19]).

We extend their work in several ways. For any fieldKwith |K| ≥ 4, there is a canonical surjective
group homomorphism

ΘK,HB
(2)
2

: G
HB

(2)
2

(K) → U+

HB
(2)
2

(K).

Inspired by the quotients of G
HB

(2)
2

(Fp) described in [CCKW22, Proposition 7.16], we construct

group homomorphisms

ΦMa,Mb,Mc : U+

HB
(2)
2

(K) → GL4n(K),

for any field K and any integer n ≥ 1, parametrised by matrices Ma,Mb,Mc ∈ Matn×n(K). We
then determine the isomorphism type of these quotients explicitly, for suitable choices of matrices
Ma,Mb,Mc ∈ Matn×n(K).

ForA of type HB
(2)
2 with root system ∆, let gA(C) be the (derived) Kac–Moody algebra over C

(see [Kac90, Chapter 1]). By definition, gA(C) has a triangular decomposition n+⊕ h′⊕ n−, and
the subalgebra n+ is generated by elements ea, eb and ec corresponding to the positive simple roots
a, b, c ∈ ∆. Let Ma,Mb,Mc ∈ Matn×n(C). Then the assignment

ϕ
[n]
Ma,Mb,Mc

: n+ → gl4n(C)
ea 7→Ma(E14 + E23), eb 7→Mb(E21 − E34), ec 7→McE42,

is a Lie algebra homomorphism (see Lemma 3.2 below). When n = 1 and Mi ̸= 0 for all i ∈
{a, b, c}, it is a surjective homomorphism

ϕ
[1]
Ma,Mb,Mc

: n+ → sp4(C),

since for Ψ = ±{α1, α2, α1 + α2, 2α1 + α2} a root system of type B2, the root spaces of sp4(C)
corresponding to−α1, −α2 andα1+α2 generate sp4(C) and are respectively spanned byE21−E34,
E42 and E14 + E23.

We show in Proposition 3.1 that for any n ≥ 1 and any Ma,Mb,Mc ∈ Matn×n(C), the Lie
algebra homomorphism ϕ

[n]
Ma,Mb,Mc

induces an “exponentiated” group homomorphism

ΦMa,Mb,Mc : U+
A(C) → GL4n(C).

After passing to an arbitrary field, we obtain in particular for any field K and any matricesMa,Mb,
and Mc ∈ Matn×n(K) an induced group homomorphism

ΦMa,Mb,Mc : U+
A(K) → GL4n(K).

When |K| ≥ 4, the group U+
A(K) is generated by three copies of (K,+) ∼= Ui(K) ⩽ U+

A(K),
parametrised by the isomorphisms K → Ui(K), λ 7→ xi(λ), for i ∈ {a, b, c} (see Lemma 2.1
below). Our first result can then be formulated more precisely as follows.
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Theorem A. Let K be a field with |K| ≥ 4 and let n ≥ 1. Suppose Ma,Mb,Mc ∈ Matn×n(K). For all
λ ∈ K, set

Va(λ) :=


1 0 0 λMa

0 1 λMa 0
0 0 1 0
0 0 0 1

 , Vb(λ) :=


1 0 0 0

λMb 1 0 0
0 0 1 −λMb

0 0 0 1

 , Vc(λ) :=


1 0 0 0
0 1 0 0
0 0 1 0
0 λMc 0 1

 .

Then the assignment

xa(λ) 7→ Va(λ), xb(λ) 7→ Vb(λ), xc(λ) 7→ Vc(λ),

induces a group homomorphism

ΦMa,Mb,Mc : U+

HB
(2)
2

(K) → SL4n(K).

Moreover, if Ma,Mb and Mc are invertible, then ΦMa,Mb,Mc is injective on the rank 2 subgroups U+
AJ

(K)

(|J | = 2) of U+

HB
(2)
2

(K).

For K = Fp, the composition of the above group homomorphism with the canonical surjective
homomorphism ΘK,HB

(2)
2

is precisely the map from [CCKW22, Proposition 7.15].

The bulk of our paper is devoted to computing the images of the group homomorphisms given
by Theorem A explicitly, for suitable choices of Ma,Mb,Mc ∈ Matn×n(K), with K = Fq a fi-
nite field and n ≥ 1. Note that, by construction, if Ma,Mb,Mc ∈ GL1(Fq) = (Fq)×, the image
is precisely Sp4(Fq). We construct matrices Ma,Mb,Mc ∈ GLn(Fq) with n > 1, such that the
image is isomorphic to Sp4n(Fq). Surprisingly, we are also able to give constructions of matri-
ces Ma,Mb,Mc ∈ GLn(Fq) such that the image of ΦMa,Mb,Mc is the whole of SL4n(Fq). More
precisely, our main theorem is the following.

Theorem B. Let p > 2 and k > 3 be distinct primes. Let q = pr > 3 for some r ≥ 1. Then there exist
matrices Ma,Mb,Mc ∈ GLk(Fq) and symmetric matrices M ′

a,M
′
b,M

′
c ∈ GLk(Fq) such that

ΦMa,Mb,Mc : U+

HB
(2)
2

(Fq) → SL4k(Fq)

and
ΦM ′

a,M
′
b,M

′
c
: U+

HB
(2)
2

(Fq) → Sp4k(Fq)

are surjective group homomorphisms.

The proof of Theorem B, as well as explicit constructions of the matricesMa,Mb,Mc ∈ GLk(Fq)
and M ′

a,M
′
b,M

′
c ∈ GLk(Fq), can be found in sections 4 and 5.

Finally, we show in section 6 that the quotients in Theorem B satisfy the hypotheses from
[GdPVB25, Theorem 4.3], thus providing new infinite families of bounded degree, spectral high-
dimensional expanders.

Corollary C. Let p > 2 be a prime and q = pr > 3 with r ≥ 1. For all primes k > 3 such that p ̸= k,
there exist matrices Xk, Yk, Zk ∈ SL4k(Fq) such that, defining

HTk := ⟨{Xk, Yk, Zk} \ {Tk}⟩ ⩽ SL4k(Fq), Tk ∈ {Xk, Yk, Zk}
the coset complex

Xq,k := CC
(
SL4k(Fq), {HTk}Tk∈{Xk,Yk,Zk}

)
is a

√
2q+2
q−2 -spectral high-dimensional expander of dimension 2.

Similarly, for all primes k > 3 such that p ̸= k there exist matrices X ′
k, Y

′
k, Z

′
k ∈ Sp4k(Fq) such that

the coset complex
X ′
q,k := CC

(
Sp4k(Fq), {HTk}Tk∈{X′

k,Y
′
k,Z

′
k}

)
is a

√
2q+2
q−2 -spectral high-dimensional expander of dimension 2. In partciular, (Xq,k)k∈P and (X ′

q,k)k∈P
are infinite families of bounded degree, spectral high-dimensional expanders, where P := {k prime | p ̸=
k and k > 3}.
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This article is structured as follows. In section 2, we introduce the preliminary definitions and
results we will need, and fix some notation. Section 3 is devoted to the proof of the first part of
Theorem A. Then in sections 4 and 5, we construct quotients of G

HB
(2)
2

(Fq) respectively isomor-

phic to SL4k(Fq) and Sp4k(Fq), which together prove Theorem B. Finally, in section 6 we prove
the second part of Theorem A, as well as Corollary C.

Acknowledgements. I am grateful to Timothée Marquis for his guidance and the many enriching
and fruitful discussions, and to Pierre-Emmanuel Caprace for his insights on his paper [CCKW22].
I also thank François Arnault for sharing the source code to [APV12] with me, which facilitated
preliminary calculations with Singer elements.

2. Preliminaries

Notation. In this text, for any two elements g, h in some group G, we define their commutator as
[g, h] := g−1h−1gh. A nested commutator will be written as [g1, . . . , gn] := [[g1, . . . , gn−1], gn].

We let Ei,j denote the matrix with entries 1 at position (i, j) and 0 elsewhere. The size of Ei,j
will usually be clear from the context; when ambiguity is possible, we will specify its size explicitly.
For a k× k-matrix B, the notation BEi,j with i, j ∈ {1, . . . , n} denotes the nk×nk block-matrix
(Cs,t)1≤s,t≤n, where Cs,t is the k × k zero-matrix if (s, t) ̸= (i, j), and Ci,j = B.

For any unital ring R, we denote by R× its subset of invertible elements. We denote by N the
set of non-negative integers.

2.1. Kac–Moody algebras. Let A = (Aij)i,j∈I be a matrix with integer coefficients. It is called a
generalised Cartan matrix (abbreviated to GCM throughout the remainder of this paper) if Aii = 2,
Aij ≤ 0 and Aij = 0 ⇐⇒ Aji = 0, for all i ̸= j ∈ I. A GCM is called spherical (equivalently, of
finite type) if it is a Cartan matrix.

A GCM A is said to be n-spherical if AJ := (Aij)i,j∈J is spherical, for all J ⊆ I with |J | ≤ n.
The size |I| of I is called the rank of A.

To any GCM, there is an associated complex Lie algebra gA(C), with a presentation defined
by generators ei, fi, α∨

i , with relations as given by a Serre presentation (see for example [Mar18,
Definition 3.17]). It is called the (derived) Kac–Moody algebra of type A over C. In case A is of finite
type, this is precisely the finite-dimensional complex semisimple Lie algebra of type A.

We denote by n+A(C) (respectively, n−A(C)) the subalgebra generated by the elements ei (respec-
tively fi). It follows from the Serre presentation that n+A(C) has the presentation

(2.1) n+A(C) =
〈
ei | ad(ei)−Aij+1ej = 0, i ̸= j ∈ I

〉
C .

The Kac–Moody algebra gA(C) has a triangular decomposition gA(C) := n+A(C) ⊕ h′⊕ n−A(C),
where h′ is the subalgebra spanned by the elements α∨

i .
Let Q :=

⊕
i∈I Zαi be the free abelian group generated by symbols αi. They are called the

simple roots. Moreover let Q± := ±
⊕

i∈I Nαi. The Lie algebra gA(C) admits a Q-gradation

gA(C) =
⊕
α∈Q+

gα⊕ h′⊕
⊕
α∈Q−

gα,

obtained by defining deg(ei) := αi and deg(fi) := −αi.
An element α ∈ Q \ {0} is called a root if gα ̸= {0}. We write ∆ for the set of roots, and define

∆± := ∆ ∩Q±. Then ∆ decomposes as ∆ = ∆+ ⊔∆−, respectively called the set of positive and
negative roots. The height of a root γ = ±

∑
i∈I niαi for ni ∈ N, is defined as

ht(γ) := ±
∑
i∈I

ni.

We define a subgroup W ⩽ GL(Q), generated by the fundamental reflections

si : Q→ Q, αj 7→ αj −Aijαi.
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Then W is called the Weyl group of ∆. A root α in the W -orbit W · {α1, . . . , αn} is called a real
root, while any δ ∈ ∆ \W · {α1, . . . , αn} is called an imaginary root. The corresponding subsets of
∆ are respectively denoted by ∆re and ∆im. We also set ∆re

± := ∆re ∩∆±.

2.2. A Z-form of the universal enveloping algebra of n+. For any complex associative algebra
B, a Z-form of B is a subring BZ ⊆ B such that BZ ⊗ C ∼= B. For any GCM A, we denote by U+

C
the universal enveloping algebra of n+A(C). As shown in [Mar18, Proposition 7.4], it has a Z-form

U+
Z given by its subring generated by the elements e(s)i , for all i ∈ I and s ∈ N, where for any
u ∈ U+

C ,

u(s) :=
1

s!
us.

For a field K, we define n+A(K) := (U+
Z ∩ n+A(C))⊗K and U+

K := U+
Z ⊗K.

The ring U+
Z is graded with respect to the height of the roots, i.e. U+

Z =
⊕

n≥0 U
+
n,Z, where each

U+
n,Z is the submodule generated by the products e(s1)i1

. . . e
(st)
it

, such that s1 + . . . + st = n. The
completion of U+

Z with respect to this gradation is given by

Û+
Z :=

∏
n≥0

U+
n,Z.

For a field K, we then define Û+
K :=

∏
n≥0

(
U+
n,Z ⊗K

)
.

2.3. Kac–Moody groups. Let A = (Aij)i,j∈I be a GCM with associated root system ∆, with
simple roots {αi | i ∈ I} and Weyl group W . We denote by GA the constructive Tits functor of type
A of simply connected type, see [Tit87] or [Mar18, Definition 7.47]. Let K be a field. Then GA(K) is
called the minimal Kac–Moody group of type A over K. It is an amalgamated product of root subgroups
Uα(K) ∼= (K,+), indexed by the real roots α ∈ ∆re. We denote by xα : (K,+) → Uα(K) the
corresponding group isomorphism. The group GA(K) is generated by the subgroups U±αi(K)
associated to the simple roots and their opposites.

When A is of finite type, GA(K) coincides with the (simply connected) Chevalley group of type A
over K (see [Mar18, Exercise 7.50]).

More precisely, if A is of type An, with n > 1, then GA(K) is isomorphic to SLn+1(K), where
the isomorphism is given by the identification

xαi(λ) := In+1 + λEi,i+1, x−αi(λ) := In+1 + λEi+1,i, ∀λ ∈ K, 1 ≤ i ≤ n.

In case A is of type Cn, then GA(K) is isomorphic to Sp2n(K), where the identification is given by

xαi(λ) :=

(
In + λEi,i+1 0

0 In − λEi+1,i

)
, for 1 ≤ i ≤ n− 1,

x−αi(λ) :=

(
In + λEi+1,i 0

0 In − λEi,i+1

)
, for 1 ≤ i ≤ n− 1,

and

xαn(λ) :=

(
In λEn,n
0 In

)
, x−αn(λ) :=

(
In 0

λEn,n In

)
,

for all λ ∈ K.
A pair of roots α, β ∈ ∆re is said to be prenilpotent if there exist some elements w,w′ ∈W such

that w · {α, β} ⊆ ∆+ and w′ · {α, β} ⊆ ∆−. For any prenilpotent pair of roots {α, β}, the set
(Nα+ Nβ) ∩ ∆ is finite and contained in ∆re. The following relations hold in GA(K), for any
λ, µ ∈ K and any prenilpotent pair of roots {α, β}:

(2.2) [xα(λ), xβ(µ)] =
∏

γ=iα+jβ∈∆
i,j∈N>0

xγ(C
αβ
i,j λ

iµj),

where Cαβi,j are integers which may be computed explicitly, see for example [SGA70, Exp. XXIII,
§3] for the spherical rank 2 case.
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For any GCM A, we set

U+
A(K) :=

〈
Uα(K) | α ∈ ∆re

+

〉
⩽ GA(K).

We record the following fact.

Lemma 2.1 ( [AM97, §1, Théorème]) . Let A be a 2-spherical GCM, with associated root system ∆.
Suppose K is a field containing at least 4 elements. Then U+

A(K) is generated by the root subgroups Uαi(K)
associated to the simple roots αi of ∆.

In the spherical case, elements of U+
A(K) moreover have the following normal form.

Lemma 2.2 ( [Car72, Theorem 5.3.3]) . Let A be a Cartan matrix with associated root system ∆. Fix
a total order < on ∆+. Then each element u ∈ U+

A(K) has a unique expression of the form

u =
∏
α∈∆+

xα(λα),

where the product is taken over the roots in increasing order.

Let Uma+
A be the affine group scheme associated to a GCM A, as defined in [Mar18, §8.5.1-

§8.5.2]. For any fieldK, the groupUma+
A (K) can be identified with a subgroup of the multiplicative

group of invertible elements in Û+
K (see [Mar18, Theorem 8.51 (3) ]).

Lemma 2.3 ( [Mar18, Corollary 8.75]) . Let K be a field. Then for any GCM A, there is an injective
group homomorphism

U+
A(K) ↪→Uma+

A (K).

Under the above inclusion map, the elements xαi(λ) ∈ U+
A(K) are mapped to the elements

exp(λei) :=
∑
s∈N

e
(s)
i ⊗ λs ∈ Û+

K .

2.4. Singer elements. Throughout this section, we fix an integer k ≥ 1 and a prime power q = pr.

Lemma 2.4 ( [Hup67, Satz 3.10 & Satz 7.3]) . The elements of maximal order in GLk(Fq) have order
qk − 1.

An element S ∈ GLk(Fq) which has order qk − 1 is called a Singer element (see [Sin38]).

Lemma 2.5. A Singer element S ∈ GLk(Fq) acts irreducibly on Fkq via multiplication. In particular, a
Singer element cannot be a block-diagonal matrix.

Proof. Let Fkq ∼= V1 ⊕ . . . ⊕ Vn be the decomposition of Fkq into irreducible ⟨S⟩-representations
provided by Maschke’s theorem, where the action of the Singer element S ∈ GLk(Fq) on Fkq is
given by matrix multiplication. Then by Lemma 2.4 the order of S|Vi is at most qdi − 1, with
di := dimFq(Vi). If n > 1, then

o(S) = qk − 1 ≤ lcm {o(S|Vi) | 1 ≤ i ≤ n}

≤
n∏
i=1

(qdi − 1) ≤ (qd1 − 1)(qd2 − 1)qk−d1−d2 .

But the latter inequality is equivalent to

qd1+d2−k ≥ qd1 + qd2 − 1,

a contradiction. □

The following fact is essential to our work below.

Proposition 2.6 ( [Hup67, II, Satz 7.3]) . For any Singer elementS ∈ GLk(Fq), the subgroup generated
by S is its own centraliser in GLk(Fq).
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2.5. Overgroups of field extension subgroups. Let K be a field. Suppose f : V → V is an endo-
morphism of an n-dimensional K-vector space. Let B be a K-basis of V . Then we denote by [f ]B
the n× n-matrix of f with respect to the basis B.

A symplectic form is a non-degenerate, alternating bilinear form

f : K2n×K2n → K .

For a symplectic form f and a fixed K-basis B := {e1, . . . , e2n} of K2n, we define its associated
matrix Ωf := (f(ei, ej))1≤i,j≤2n. The symplectic group of f is given by

Sp2n(K,Ωf ) :=
{
X ∈ GL2n(K) | XtΩfX = Ωf

}
.

The standard symplectic form of rank n is given by the symplectic form defined by the 2n × 2n-
matrix

Ωn :=

(
0 −In
In 0

)
.

The associated standard symplectic group will be denoted by Sp2n(K) := Sp2n(K,Ωn). A Gram–
Schmidt process shows that for any symplectic form f , there exists a basisB such that the associated
matrix Ωf equals Ωn. In particular, for all symplectic forms f : K2n×K2n → K, the groups
Sp2n(K,Ωf ) are isomorphic.

If n = 1, then every symplectic form f : K2×K2 → K is given by a matrix

Ωf :=

(
0 −x
x 0

)
,

for some x ∈ K×. It follows that there is precisely one group Sp2(K,Ωf ), which coincides with
SL2(K).

Suppose L/K is a field extension of degree k. Then L is a k-dimensional vector space over K.
For any x ∈ L, we denote by µx : L → L the K-linear map defined by µx(y) := xy for all y ∈ L.

Let m ≥ 1. Any subgroup G ⩽ GLm(L) can be embedded as a subgroup of GLkm(K) by
considering the action of g ∈ G on the km-dimensional K-space Lm. Explicitly, one fixes a K-
basis B := {b1, . . . , bk} of L. The inclusion G ↪→GLkm(K) is then given by

(xi,j)1≤i,j≤m 7→ ([µxi,j ]B)1≤i,j≤m.

Below we will consider groups X ⩽ SL2k(K), such that X contains an isomorphic copy of
SL2(L), with the embedding given by the fixed choice of basis B of L over K.

Let m ≥ 2 be even. Denote by Ψ: Kk → L the vector space isomorphism given by the K-basis
B. For a symplectic form f : Lm × Lm → L and a K-linear homomorphism σ : L → K, there is
an associated symplectic form Bf,σ, given by the commutative diagram

(2.3)
Lm × Lm L

Kkm×Kkm K

f

σΨ×m×Ψ×m

Bf,σ

Denote by {e1, . . . , em} the standard L-basis of Lm. Then

ΩBf,σ
= (Bf,σ(bi1ej1 , bi2ej2))1≤iℓ≤k,1≤jℓ≤m

is the matrix associated to the symplectic form Bf,σ defined in eq. (2.3) .
In the case of finite fields, with K = Fq and L = Fqk (for q a prime power) and k ≥ 1, the

K-linear homomorphisms σ : L → K have the following description:

(2.4) HomFq(Fqk ,Fq) =
{
ϕx := TrF

qk
/Fq

◦µx | x ∈ Fqk
}
,

with
TrF

qk
/Fq

: Fqk → Fq, x 7→
∑

τ∈Gal(F
qk
/Fq)

τ(x).

We can now formulate the following consequence of [Li89, Theorem 1].
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Proposition 2.7. Let p > 2 and k be primes, and let q = pr for some r ≥ 1. Let N be the image of the
embedding of SL2(Fqk) = Sp2(Fqk ,Ω1) in SL2k(Fq) for a fixed choice of Fq-basis B = {b1, . . . , bk} of
Fqk . Let X ⩽ SL2k(Fq) be a subgroup containing N . Then precisely one of the following holds:

(i) N ◁X ,
(ii) X = SL2k(Fq),

(iii) There exists an x ∈ F×
qk

such that Sp2k(Fq,ΩBf,ϕx
)◁X , where the symplectic form Bf,ϕx is as

defined in eq. (2.3) and f : F2
qk ×F2

qk → Fqk is the standard symplectic form defined by Ωf = Ω1.

The matrix ΩBf,ϕx
in the above proposition is by definition given by

(2.5) ΩBf,ϕx
=

(
0 (−Tr(xbibj))1≤i,j≤k

(Tr(xbibj))1≤i,j≤k 0

)
, where Tr := TrF

qk
/Fq

.

Proof of Proposition 2.7. Since k is prime by assumption, there are no intermediate fields K strictly
between Fqk and Fq. Then [Li89, Theorem 1] implies that precisely one of (i) or (ii) holds, or
that there is some σ ∈ HomFq(Fqk ,Fq) such that Sp2k(Fq, Bf,σ))◁X , with Ωf = Ω1. The result
then follows by eq. (2.4) . □

The following is another immediate consequence of [Li89, Theorem 1].

Proposition 2.8. Let p > 2 and k be primes, and let q = pr for some r ≥ 1. Let N be the image
of the embedding of SL2(Fqk) in GL2k(Fq) for a fixed choice of Fq-basis of Fqk . Then the normaliser
NGL2k(Fq)(N) of N in GL2k(Fq) is isomorphic to GL2(Fqk) ⋊ Gal(Fqk/Fq). Under this isomorphism,
the inclusion of N in NGL2k(Fq)(N) corresponds to the natural inclusion of SL2(Fqk) as a subgroup of the
first factor of the semidirect product GL2(Fqk)⋊Gal(Fqk/Fq).

Proof. It suffices to take X := NGL2k(Fq)(N) in the statement of [Li89, Theorem 1]. □

3. Integrating group homomorphisms from n+ to U+
A(K)

Throughout this section, let A be a 2-spherical GCM. Set ℓ = |I| and let e1, . . . , eℓ be the
canonical generators of n+ := n+A(C). We consider Lie algebra morphisms

ϕ : n+ → B,

whereB is a unital associative C-algebra, which is a Lie algebra for the additive commutator [x, y] :=
xy − yx, for all x, y ∈ B. By the universal property of the universal enveloping algebra, there is
an associated morphism of unital associative C-algebras Φ: U+

C → B.
The following then allows to integrate certain Lie algebra morphisms on n+ to U+

A(K).

Proposition 3.1. Letϕ : n+ → B be a Lie algebra morphism, with associated algebra morphismΦ: U+
C →

B. Suppose that for every i ∈ I , the element ϕ(ei) ∈ B is nilpotent. Suppose moreover that there is a Z-
form BZ of B such that Φ(U+

Z ) ⊆ BZ. Let K be a field, and write ΦK : U+
K → BZ ⊗ K for the induced

K-algebra morphism. Then there is a subalgebra Ũ+
K ⊆ Û+

K containing U+
K and satisfying the following

properties:

(i) ΦK extends to Ũ+
K .

(ii) If |K| ≥ 4, then

U+
A(K) ⊆

(
Ũ+
K

)×
.

In particular, for any field K with |K| ≥ 4, there is an associated group homomorphism

ΦK : U+
A(K) → (BZ ⊗K)×, xαi(λ) 7→

∑
n∈N

1

n!
ϕ(ei)

n ⊗ λn.

Proof. Let ϕ : n+ → B be as in the statement, and consider the associated morphism of algebras
Φ: U+

C → B. For K a field, define

ΦK : U+
K → BZ ⊗K,

∑
i ui ⊗ λi 7→

∑
iΦ(ui)⊗ λi.
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Moreover, we define the following subset of Û+
K .

Ũ+
K :=

u =
∑
n≥0

un ∈ Û+
K | un ∈ U+

n,Z ⊗K, ∃ℓu ≥ 0 such that ΦK(um) = 0, ∀m ≥ ℓu

 .

Then Ũ+
K is a subalgebra of Û+

K . Indeed, it is trivially closed under sums by linearity of ΦK. More-
over, products in Û+

K are given by

(u · v)m =
m∑
k=0

ukvm−k,

for any u, v ∈ Û+
K , where xm denotes the m-th homogeneous component of an element x ∈ Û+

K .
It follows that if u, v ∈ Ũ+

K , with ℓu and ℓv such that ΦK(uk) = 0 for k ≥ ℓu and ΦK(vk) = 0 for
k ≥ ℓv, then

ΦK((u · v)m) =
m∑
k=0

ΦK(uk)ΦK(vm−k) = 0, for all m ≥ ℓu + ℓv,

and hence Ũ+
K is closed under multiplication. Now the map

Φ̃K : Ũ+
K → BZ ⊗K,

∑
n≥0

un 7→
∑
n≥0

ΦK(un)

is a well-defined ring homomorphism which restricts to ΦK on U+
K .

Let K be a field with at least 4 elements. Then Ũ+
K is a subalgebra of Û+

K containing U+
A(K) as

a subgroup of its invertible elements. Indeed, the elements exp(λei) =
∑

n≥0 e
(n)
i ⊗ λn belong to

Ũ+
K , since by assumption ϕ(ei) is nilpotent. Since A is 2-spherical, together with Lemma 2.1 and

Lemma 2.3 this implies that

U+
A(K) ∼=

〈∑
n≥0

e
(n)
i ⊗ λn | i ∈ I, λ ∈ K

〉
⩽

(
Ũ+
K

)×
.

The map ΦK : Ũ+
K → BZ ⊗K then restricts to the desired group homomorphism on U+

A(K). □

From the Serre presentation of n+A(C), as given in eq. (2.1) , it follows that when A is of type

HB
(2)
2 , the Lie algebra n+A(C) has the presentation

(3.1) n+A(C) :=

〈
ea, eb, ec

∣∣∣∣∣ ad(ea)
2(eb) = ad(eb)

2(ea) = 0
ad(eb)

3(ec) = ad(ec)
2(eb) = 0

ad(ea)
3(ec) = ad(ec)

2(ea) = 0

〉
.

LetR := C⟨Xa, Xb, Xc⟩ be the associative unitalC-algebra freely generated by the non-commuting
variables Xa, Xb, Xc. Then Mat4×4(R) is an associative unital C-algebra.

Lemma 3.2. Let n+ := n+A(C) be of type HB(2)
2 . Then the assignment

φ
HB

(2)
2

: n+ → Mat4×4 (R)

ea 7→


0 0 0 Xa

0 0 Xa 0
0 0 0 0
0 0 0 0

 , eb 7→


0 0 0 0
Xb 0 0 0
0 0 0 −Xb

0 0 0 0

 , ec 7→


0 0 0 0
0 0 0 0
0 0 0 0
0 Xc 0 0

 ,

extends to a Lie algebra morphism.
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Proof. It suffices to verify that the relations from the presentation given by eq. (3.1) are satisfied in
the image of φ

HB
(2)
2

. For example,

ad
(
φ
HB

(2)
2

(ec)
)2 (

φ
HB

(2)
2

(ea)
)
= ad

(
φ
HB

(2)
2

(ec)
)
([XcE4,2, Xa(E1,4 + E2,3)])

= [XcE4,2, XcXaE4,3 −XaXcE1,2] = 0.

Moreover,

ad
(
φ
HB

(2)
2

(ea)
)2 (

φ
HB

(2)
2

(ec)
)
= [Xa(E1,4 + E2,3), XaXcE1,2 −XcXaE4,3]

= −2XaXcXaE1,3,

which implies that

ad
(
φ
HB

(2)
2

(ea)
)3 (

φ
HB

(2)
2

(ec)
)
= [Xa(E1,4 + E2,3),−2XaXcXaE1,3] = 0.

The remaining relations follow from similar calculations. □

We are now able to prove the first part of Theorem A.

Corollary 3.3. Let K be a field with |K| ≥ 4 and let n ≥ 1. Suppose Ma,Mb,Mc ∈ Matn×n(K). For
all λ ∈ K, set

Va(λ) :=


1 0 0 λMa

0 1 λMa 0
0 0 1 0
0 0 0 1

 , Vb(λ) :=


1 0 0 0

λMb 1 0 0
0 0 1 −λMb

0 0 0 1

 , Vc(λ) :=


1 0 0 0
0 1 0 0
0 0 1 0
0 λMc 0 1

 .

Then the assignment

xa(λ) 7→ Va(λ), xb(λ) 7→ Vb(λ), xc(λ) 7→ Vc(λ),

induces a group homomorphism

ΦMa,Mb,Mc : U+

HB
(2)
2

(K) → SL4n(K).

Proof. Define B := Mat4×4(C⟨Xa, Xb, Xc⟩). Let φ
HB

(2)
2

: n+ → B be as in Lemma 3.2. Then for

i ∈ {a, b, c},
φ
HB

(2)
2

(ei)
2 = 0.

Consider the Z-form of B given by BZ := Mat4×4(Z⟨Xa, Xb, Xc⟩). Note that for the associated
homomorphism of associative algebras Φ: U+

C → B,

Φ(U+
Z ) ⊆ BZ,

since Φ(ei) ∈ BZ and

Φ(e
(s)
i ) =

1

s!
Φ(ei)

s = 0 for all s > 1,

for all i ∈ {a, b, c}. Thus, by Proposition 3.1, for any field K with at least 4 elements, there is an
associated group homomorphism

ΦK : U+

HB
(2)
2

(K) → GL4(K⟨Xa, Xb, Xc⟩),

where for each i ∈ {a, b, c}, the element xi(λ) ∈ Ui(K) is mapped to

ΦK(xi(λ)) = (I4 ⊗ 1) + (ϕ(ei)⊗ λ).

For any Ma,Mb,Mc ∈ Matn×n(K), and any λ ∈ K, the matrices
1 0 0 λMa

0 1 λMa 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0

λMb 1 0 0
0 0 1 −λMb

0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 0 1 0
0 λMc 0 1

 ,
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have determinant 1, and it follows that there is a well-defined group homomorphism

ψMa,Mb,Mc : GL4(K⟨Xa, Xb, Xc⟩) → SL4n(K)

defined by mapping Xi to Mi for every i ∈ {a, b, c}. Hence we obtain a group homomorphism

ΦMa,Mb,Mc : U+

HB
(2)
2

(K) GL4(K⟨Xa, Xb, Xc⟩) SL4n(K).
ΦK

ψMa,Mb,Mc

□

4. Quotients of U+

HB
(2)
2

(Fq) isomorphic to SLn(Fq)

In this section, we construct matrices Ma,Mb,Mc ∈ GLk(Fq) such that ΦMa,Mb,Mc has image
SL4k(Fq). We achieve this by identifying embedded copies of SL2(Fqk) in the image, and applying
Proposition 2.7. In the case (iii) of Proposition 2.7, it will be crucial to identify precisely the matrix
ΩBf,ϕx

which defines the copy of Sp2k(Fq). To this end, we cite the following result.

Lemma 4.1 ( [BFL90, Proposition 5.1]) . For any Galois extension L/K of odd degree m and charac-
teristic not 2, there exists a K-basis {b1, . . . , bm} of L such that

TrL/K(bibj) = δi,j .

Such a basis is called a self-dual basis. Moreover, in the case at hand, namely extensions of finite
fields of odd degree, it is always possible to choose a self-dual basis in such a way that it is generated
by the conjugates of a single element under the Frobenius automorphism. A basis generated by a
single element in this way is called a normal basis.

Lemma 4.2 ( [LW88, Theorem 1]) . Let q be a prime power (not necessarily odd). Let k be odd. Then
there exists an element b ∈ Fqk such that

{b, bq, bq2 , . . . , bqk−1}

is an Fq-basis of Fqk , and such that TrF
qk
/Fq

(bq
i+qj ) = δi,j .

The proof of the above result is constructive, and the authors of [APV12] have implemented
the resulting algorithm in Magma, as well as other algorithms constructing bases of the same type.

The reason why self-dual bases are of particular interest for our purposes, is that they allow to
identify embeddings of SL2(Fqk) in the standard symplectic group Sp2k(Fq,Ωk).

Lemma 4.3. A self-dual basis B of a field extension L/K of degree k defines an embedding of SL2(L) in
the standard symplectic group Sp2k(K,Ωk).

Proof. Let

τ : SL2(L) → SL2k(K),

(
w x
y z

)
7→

(
[µw]B [µx]B
[µy]B [µz]B

)
.

Since B is an orthonormal basis for the trace form Tr := TrL/K, for any λ ∈ L, the matrix [µλ]B is
given by (Tr(λbibj))1≤i,j≤k. This matrix is symmetric. Then

τ(

(
w x
y z

)
)t =

(
[µw]B [µx]B
[µy]B [µz]B

)t
=

(
[µw]

t
B [µy]

t
B

[µx]
t
B [µz]

t
B

)
=

(
[µw]B [µy]B
[µx]B [µz]B

)
= τ(

(
w x
y z

)t
).

But for any matrix X ∈ SL2(L), one has XtΩ1X = Ω1, which implies by the above that

τ(X)tΩkτ(X) = τ(X)tτ(Ω1)τ(X) = τ(XtΩ1X) = τ(Ω1) = Ωk. □

Since all Sp2k(K,Ωf ) are isomorphic, it follows in particular that every Sp2k(K,Ωf ) contains
an isomorphic copy of SL2(L), with |L : K| = k, whenever a self-dual K-basis of L exists. In
particular this always holds for field extensions L/K = Fqk/Fq with k odd, by Lemma 4.2.

Since we will be constructing subgroups of Im(ΦMa,Mb,Mc) generated by matrices of order p,
the following result is essential.
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Proposition 4.4. Let p > 2 and k be distinct primes, and let q = pr for some r ≥ 1. LetX ⩽ SL2k(Fq).
Suppose Sp2k(Fq,Ωf )◁X for some symplectic form f : F2k

q ×F2k
q → Fq . Suppose moreover that X is

generated by elements of order a power of p. Then X = Sp2k(Fq,Ωf ).

Proof. Suppose X contains K := Sp2k(Fq,Ωf ) as a normal subgroup and X = ⟨x1, . . . , xn⟩ such
that each xi is of order pℓi , for ℓi ≥ 1. Then K (and hence X) contains a subgroup N ⩽ K such
that N ∼= SL2(Fqk).

Now X acts by conjugation on K, and in particular there is a group homomorphism X →
Out(K), with kernel K · CX(K). The group of outer automorphisms of a finite Chevalley group
Sp2k(Fq) is generated by a group of diagonal automorphisms and a group of field automorphisms, see
[Car72, Section 12.2 & Theorem 12.5.1]. In particular, |Out(K)| = 2k. Since 2k is coprime
to p by assumption, and X is generated by elements of order a power of p, we conclude that
X = K · CX(K).

If an element of SL2k(Fq) centralises K, it also centralises N , and thus

(4.1) CX(K) ⩽ CSL2k(Fq)(K) ⩽ CSL2k(Fq)(N) ⩽ CGL2k(Fq)(N) ⩽ NGL2k(Fq)(N).

By Proposition 2.8, the latter normaliser is isomorphic to GL2(Fqk)⋊Gal(Fqk/Fq), and under this
isomorphism, the inclusion ofN inNGL2k(Fq)(N) coincides with the natural inclusion of SL2(Fqk)
in GL2(Fqk)⋊Gal(Fqk/Fq). It follows that CGL2k(Fq)(N) ∼= Z(GL2(Fqk)), since the centraliser of
SL2(Fqk) in GL2(Fqk)⋊Gal(Fqk/Fq) is precisely the centre of GL2(Fqk).

Hence by eq. (4.1) , CX(K) is isomorphic to a subgroup of the scalar matrices in GL2(Fqk), a
group of order qk − 1. In particular, since X = K · CX(K), it now follows that X/K is a group
of order coprime to p, and hence every generator of X has trivial image in X/K. In other words,
X = K = Sp2k(Fq,Ωf ), which concludes the proof. □

Combining Proposition 2.7 with Proposition 4.4, we deduce the following.

Lemma 4.5. Let p > 2 and k be distinct primes, and let q = pr for some r ≥ 1. Let N be the image of
the embedding of SL2(Fqk) in SL2k(Fq) for a fixed choice of Fq-basis B. LetX ⩽ SL2k(Fq) be a subgroup
containing N . Suppose moreover that X is generated by elements of order a power of p. Then precisely one
of the following holds:

(i) N ◁X ,
(ii) X = SL2k(Fq),

(iii) There exists an x ∈ F×
qk

such that

X = Sp2k(Fq,ΩBf,ϕx
),

where the symplectic form Bf,ϕx is as defined in eq. (2.3) and f : F2
qk ×F2

qk → Fqk is the standard
symplectic form defined by Ωf = Ω1.

We record the following useful fact which follows from the work of Dickson.

Lemma 4.6 ( [Gor80, Chapter 2, Theorem 8.4]) . Let S be a Singer element inGLk(Fq), with q = pr

for r ≥ 1 an odd prime power and k ≥ 1 an integer such that qk ̸= 9. Let

H :=

〈(
1 0
S 1

)
,

(
1 1
0 1

)〉
⩽ SL2k(Fq),

where each entry is a k × k-block. Then H is isomorphic to SL2(Fqk).

Then we obtain the following generalisation of [CCKW22, Proposition 7.18].

Proposition 4.7. Let p > 2 and k be distinct primes, and let q = pr for some r ≥ 1 be such that qk ̸= 9.
Suppose M1,M2,M3 ∈ Matk×k(Fq). Then the following hold:

(i) If M1M2 is a Singer element in GLk(Fq), then the subgroup〈(
1 M1

0 1

)
,

(
1 0
M2 1

)〉
⩽ SL2k(Fq)

is isomorphic to SL2(Fqk).
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(ii) If M1M2 is a Singer element in GLk(Fq) and M1M2M3 ̸=M3M2M1, then〈(
1 M1

0 1

)
,

(
1 0
M2 1

)
,

(
1 M3

0 1

)〉
⩽ SL2k(Fq)

is either isomorphic to Sp2k(Fq), or it is the whole of SL2k(Fq).

Proof. Let M1,M2 ∈ GLk(Fq) be such that M1M2 is a Singer element. Then Lemma 4.6 implies
that

G :=

〈(
1 0

M1M2 1

)
,

(
1 1
0 1

)〉
∼= SL2(Fqk).

Write d := diag(1,M1) ∈ GL2k(Fq). Then

d−1Gd =

〈(
1 M1

0 1

)
,

(
1 0
M2 1

)〉
.

The first claim follows.
Suppose we have M1,M2,M3 ∈ Matk×k(Fq) satisfying the conditions from (ii). If we can show

that
(
1 M3
0 1

)
does not normalise d−1Gd, the result follows from Lemma 4.5. Indeed, setting

N := d−1Gd ⩽ X :=

〈(
1 M1

0 1

)
,

(
1 0
M2 1

)
,

(
1 M3

0 1

)〉
⩽ SL2k(Fq),

if X does not normalise N , Lemma 4.5 implies that either X ∼= Sp2k(Fq) or X ∼= SL2k(Fq).
We show that

Y := d

(
1 M3

0 1

)
d−1 =

(
1 M3M

−1
1

0 1

)
does not normalise G, and the conclusion follows. Let H := NGL2k(Fq)(G). Proposition 2.8

implies that H ∼= GL2(Fqk) ⋊ Gal(Fqk/Fq). Since SL2(Fqk) = ker
(
det : GL2(Fqk) → F×

qk

)
, we

obtain that ∣∣∣∣GL2(Fqk)
SL2(Fqk)

∣∣∣∣ = qk − 1,

and in particular, [H : G] = k(qk − 1). Since k is coprime to p by assumption, it follows that
every Sylow p-subgroup of G is a Sylow p-subgroup of H , and since G is normal in H , all Sylow
p-subgroups of H are contained in G.

Let α ∈ Fqk be a primitive element. The group SL2(Fqk) is isomorphic to G, and the isomor-
phism is given by (

w x
y z

)
7→

(
ω(w) ω(x)
ω(y) ω(z)

)
,

where
ω : Fqk → Fq[M1M2], α 7→M1M2.

Here Fq[M1M2] denotes the Fq-algebra generated by M1M2, which is isomorphic to Fqk via ω
since M1M2 is a Singer element. Hence G contains in particular the subgroup

S :=

{(
1 T
0 1

)
| T ∈ Fq[M1M2]

}
.

Note that S is a Sylow p-subgroup ofG, since it is of order qk and |G| = |SL2(Fqk)| = qk(q2k−1).
Hence all Sylow p-subgroups of G and thus H are conjugate by an element of GL2k(Fq) to S.
Now,

Y ∈ NGL2k(Fq)(G) ⇐⇒ M3M
−1
1 ∈ Fq[M1M2].

Indeed, since Y is of order p, it is contained in H if and only if it is contained in some Sylow
p-subgroup of H , if and only if it is contained in some Sylow p-subgroup of G. Note that Y
centralises S , and since Y is of order p, this implies that ⟨S, Y ⟩ is a p-group. Thus Y is contained
in a Sylow p-subgroup of G if and only if Y ∈ S , i.e. if and only if M3M

−1
1 ∈ Fq[M1M2].
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The Fq-algebra Fq[M1M2] is commutative. Since M1M2M3 ̸=M3M2M1,

(M1M2)(M3M
−1
1 ) ̸=M3M2 = (M3M

−1
1 )(M1M2).

Hence, M3M
−1
1 ̸∈ Fq[M1M2], or in other words, Y does not normalise G, as desired. □

We are now able to prove our first key result.

Proposition 4.8. Let p > 2 and k > 3 be distinct primes, and let q = pr > 3 for some r ≥ 1. Let
Ma,Mb,Mc ∈ GLk(Fq) satisfy the following conditions:

(i) S := (MaMb + MbMa)Mc = [µλ]B, for some primitive element λ ∈ Fqk , and some self-dual
Fq-basis B = {b1, . . . , bk} of Fqk such that Tr(λb21) ̸= 0,

(ii)

MaMbM
−1
a M−1

b =

x 0 0
0 x−1 0
0 0 Ik−2

 ,

for x ∈ F×
q such that x ̸∈ {±1}.

Let ΦMa,Mb,Mc : U+

HB
(2)
2

(Fq) → SL4k(Fq) be the group homomorphism provided by Corollary 3.3. Then

the image of ΦMa,Mb,Mc contains an isomorphic copy of SL2k(Fq), embedded as matrices of the form
1 0 0 0
0 ⋆ 0 ⋆
0 0 1 0
0 ⋆ 0 ⋆

 .

Proof. Let Ma,Mb,Mc ∈ GLk(Fq), x ∈ F×
q and λ ∈ F×

qk
be as in the statement. There is an

obvious embedding of SL2k(Fq) in SL4k(Fq), given by

(4.2)
(
w x
y z

)
7→


1 0 0 0
0 w 0 x
0 0 1 0
0 y 0 z

 ,

so it suffices to show that the image of ΦMa,Mb,Mc contains elements of the form
1 0 0 0
0 1 0 X
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 0 1 0
0 Y 0 1

 ,

for some X,Y ∈ Matk×k(Fq), such that the associated 2k × 2k matrices(
1 X
0 1

)
and

(
1 0
Y 1

)
generate SL2k(Fq).

Let B := {b1, . . . , bk} be a self-dual Fq-basis of Fqk , as provided by Lemma 4.1. Let S :=
[µλ]B ∈ GLk(Fq). Then since B is an orthonormal basis for the trace form,

S = (Tr(λbibj))1≤i,j≤k.

In particular, S is a symmetric Singer element of GLk(Fq).
We will write

(4.3) V ′
a := Va(1), V ′

b := Vb(1), V ′
c := Vc(1),

with

Va(ξ) :=


1 0 0 ξMa

0 1 ξMa 0
0 0 1 0
0 0 0 1

 , Vb(ξ) :=


1 0 0 0

ξMb 1 0 0
0 0 1 −ξMb

0 0 0 1

 , Vc(ξ) :=


1 0 0 0
0 1 0 0
0 0 1 0
0 ξMc 0 1

 ,
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for all ξ ∈ Fq.
A direct calculation shows that in the image of ΦMa,Mb,Mc ,

[V ′
a, V

′
b ] =


1 0 0 0
0 1 0 −MaMb −MbMa

0 0 1 0
0 0 0 1

 .

The condition on

X :=MaMbM
−1
a M−1

b

implies that Ik + X is invertible, and in particular MaMb +MbMa is invertible. Setting Mc =
(MaMb +MbMa)

−1S, it follows by Proposition 4.7 (i) that the image of ΦMa,Mb,Mc , under the
identification (4.2), contains the subgroup

N :=

〈(
1 0
Mc 1

)
,

(
1 −MaMb −MbMa

0 1

)〉
∼= SL2(Fqk).

We now show that one can construct sufficiently many elements in the image of ΦMa,Mb,Mc so that
together with the generators of SL2(Fqk) above, they generate an overgroup of SL2(Fqk) which is
isomorphic to SL2k(Fq).

It is a direct calculation to show that

[V ′
c , V

′
a, V

′
a, V

′
b , V

′
b ] =


1 0 0 0
0 1 0 −4MbMaMcMaMb

0 0 1 0
0 0 0 1

 ,

and

[V ′
c , V

′
b , V

′
b , V

′
a, V

′
a] =


1 0 0 0
0 1 0 −4MaMbMcMbMa

0 0 1 0
0 0 0 1

 .

Additionally,

Z := (Ik +X)−1XS(Ik +X)−1 = (Ik +X−1)−1S(Ik +X)−1

= (Ik +MbMaM
−1
b M−1

a )−1(MaMb +MbMa)Mc(Ik +MaMbM
−1
a M−1

b )−1

=
(
(MaMb +MbMa)M

−1
b M−1

a

)−1
(MaMb +MbMa)Mc((MbMa +MaMb)M

−1
a M−1

b )−1

=MaMbMcMbMa(MaMb +MbMa)
−1.

Since X and S are symmetric,

Zt = (Ik +X)−1SX(Ik +X)−1 = (Ik +X)−1S(Ik +X−1)−1

=MbMa(MaMb +MbMa)
−1(MaMb +MbMa)McMbMa(MaMb +MbMa)

−1

=MbMaMcMbMa(MaMb +MbMa)
−1.

Let ℓ ≥ 1 be such that −4ℓ = 1 mod p. Then(
1 MaMbMcMbMa

0 1

)
7→ [V ′

c , V
′
b , V

′
b , V

′
a, V

′
a]
ℓ and(

1 MbMaMcMaMb

0 1

)
7→ [V ′

c , V
′
a, V

′
a, V

′
b , V

′
b ]
ℓ
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under the identification (4.2). Moreover, conjugation by the matrix diag(1,MaMb +MbMa) in-
duces the following identifications:(

1 0
Mc 1

)
7→

(
1 0
S 1

)
,

(
1 MaMb +MbMa

0 1

)
7→

(
1 1
0 1

)
,(

1 MaMbMcMbMa

0 1

)
7→

(
1 Z
0 1

)
,

(
1 MbMaMcMaMb

0 1

)
7→

(
1 Zt

0 1

)
.

In particular, the composition of the inverse of the embedding (4.2) and conjugation by
diag(1,MaMb +MbMa) induces an isomorphism which sends

H :=
〈
V ′
c , [V

′
a, V

′
b ], [V

′
c , V

′
b , V

′
b , V

′
a, V

′
a]
ℓ[V ′

c , V
′
a, V

′
a, V

′
b , V

′
b ]
ℓ
〉

∼=

〈(
1 0
Mc 1

)
,

(
1 MaMb +MbMa

0 1

)
,

(
1 MaMbMcMbMa +MbMaMcMaMb

0 1

)〉
to

G :=

〈(
1 0
S 1

)
,

(
1 1
0 1

)
,

(
1 Z + Zt

0 1

)〉
.

Note that Z + Zt is symmetric. We claim that Z + Zt ̸∈ ⟨S⟩ = CGLk(Fq)(S), where the latter
equality holds by Proposition 2.6. Writing y = (1+x)−1 and z = (1+x−1)−1 (note that x ̸∈ {±1}),
we obtain

Z + Zt = (I +X)−1(XS + SX)(I +X)−1

=

z y
2−1Ik−2

S

y z
2−1Ik−2

+

y z
2−1Ik−2

S

z y
2−1Ik−2



= 2−1


4yzS1,1 2

(
y2 + z2

)
S1,2

2
(
y2 + z2

)
S2,1 4yzS2,2

(y + z)S1,3 . . . (y + z)S1,k
(y + z)S2,3 . . . (y + z)S2,k

(y + z)S3,1 (y + z)S3,2
...

...
(y + z)Sk,1 (y + z)Sk,2

[Si,j ]3≤i,j≤k

 .

If Z + Zt were to commute with S, then so would S − 2(Z + Zt). Moreover, since ⟨S⟩ =
CGLk(Fq)(S), it would follow that S − 2(Z + Zt) ∈ Fq[S]. But by the above, this element is
equal to

(1− 4yz)S1,1 (1− 2
(
y2 + z2

)
)S1,2

(1− 2
(
y2 + z2

)
)S2,1 (1− 4yz)S2,2

(1− y − z)S1,3 . . . (1− y − z)S1,k
(1− y − z)S2,3 . . . (1− y − z)S2,k

(1− y − z)S3,1 (1− y − z)S3,2
...

...
(1− y − z)Sk,1 (1− y − z)Sk,2

0

 .

Since k ≥ 5, this matrix is non-invertible, and since the only non-invertible matrix in Fq[S] is
the zero matrix, it follows that S − 2(Z + Zt) = 0. This implies that (1 − 4yz)S1,1 = 0. Since
4yz = 1 ⇐⇒ 2 + x+ x−1 = 4, which holds if and only if x = 1, we obtain that S1,1 = 0. This is
a contradiction since by assumption, S1,1 = Tr(λb21) ̸= 0.

It follows that Z + Zt ̸∈ CGLk(Fq)(S), and in particular, by Proposition 4.7, G ∼= Sp2k(Fq) or
G ∼= SL2k(Fq). In the latter case, there is nothing left to prove, since it implies thatH ∼= SL2k(Fq),
as desired. So suppose G ∼= Sp2k(Fq). Then, since every generator of G is contained in the
standard symplectic group Sp2k(Fq,Ωk), it follows that

G = Sp2k(Fq,Ωk).
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Note that X does not commute with S. Indeed, if XS = SX , then
xS1,1 xS1,2 xS1,3 . . . xS1,k
x−1S2,1 x−1S2,2 x−1S2,3 . . . x−1S2,k
S3,1 S3,2 S3,3 . . . S3,k
...

...
...

. . .
...

Sk,1 Sk,2 Sk,3 . . . Sk,k

 =


xS1,1 x−1S1,2 S1,3 . . . S1,k
xS2,1 x−1S2,2 S2,3 . . . S2,k
xS3,1 x−1S3,2 S3,3 . . . S3,k
...

...
...

. . .
...

xSk,1 x−1Sk,2 Sk,3 . . . Sk,k

 ,

and hence since x ̸= ±1,

S =

S1,1 0 0
0 S2,2 0
0 0 [Si,j ]3≤i,j≤k

 ,

which is a contradiction to Lemma 2.5. In particular,

(I +X)−1XS(I +X)−1 ̸= (I +X)−1SX(I +X)−1,

and it follows that Z = (I +X)−1XS(I +X)−1 is non-symmetric. Hence,(
1 Z
0 1

)
̸∈ Sp2k(Fq,Ωk).

Write d := diag(1,MaMb +MbMa). Then

SL2(Fqk) ∼= d−1Nd ⪇ G = Sp2k(Fq,Ωk) ⪇
〈
G,

(
1 Z
0 1

)〉
.

The group G does not normalise d−1Nd, since it is simple modulo its centre. Hence it follows by
Lemma 4.5 that 〈

G,

(
1 Z
0 1

)〉
∼= SL2k(Fq).

But under conjugation by diag(1,MaMb + MbMa) and the embedding given by eq. (4.2) , the
group above is isomorphic to

⟨V ′
c , [V

′
a, V

′
b ], [V

′
c , V

′
b , V

′
b , V

′
a, V

′
a]
ℓ, [V ′

c , V
′
a, V

′
a, V

′
b , V

′
b ]
ℓ⟩ ⩽ Im(ΦMa,Mb,Mc). □

We also record the following result.

Lemma 4.9 ( [LS87, Theorem 1]) . For every prime power q > 1 and every integer m, there exists a
normal Fq-basis of Fqm , i.e. a basis of the form

{b, bq, bq2 , . . . , bqm−1},

such that b (and hence every bq
i
) is primitive.

In particular, we obtain the following.

Lemma 4.10. Let q > 1 be a prime power and k ≥ 2. Suppose b ∈ Fqk satisfies Tr(b) = 1. Then there
exists a primitive element λ ∈ Fqk such that Tr(λb) ̸= 0.

Proof. Suppose that for all primitive elements λ ∈ Fqk , Tr(λb) = 0. By Lemma 4.9, there exist
primitive elements λi ∈ Fqk and scalars xi ∈ Fq such that

1 =
∑
i

xiλi.

But then 1 = Tr(b) =
∑

i xiTr(λib) = 0, a contradiction. □

Proposition 4.11. There exist matrices Ma,Mb,Mc ∈ GLk(Fq) satisfying the conditions of Proposi-
tion 4.8.
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Proof. The commutator subgroup [GLk(Fq),GLk(Fq)] of GLk(Fq) is given by SLk(Fq). It follows
that there exist Ma,Mb ∈ GLk(Fq) with

MaMbM
−1
a M−1

b =

x x−1

Ik−2

 ,

for any x ∈ F×
q \{±1}. Such an x always exists, since by assumption q > 3. By Lemma 4.10,

for any self-dual basis B = {b1, . . . , bk} of Fqk over Fq, there exists a primitive element λ ∈ Fqk
such that TrF

qk
/Fq

(λb21) ̸= 0. The matrix Ik+MaMbM
−1
a M−1

b is invertible by the condition on x.

Setting Mc := (MaMb +MbMa)
−1[Tr(λbibj)]i,j , the matrices Ma, Mb and Mc satisfy the desired

conditions. □

We now show that the subgroups of 2k×2k matrices we constructed in the image of ΦMa,Mb,Mc

give rise to the desired quotients.

Theorem 4.12. For q, k, Ma,Mb and Mc as in Proposition 4.8, the associated homomorphism

ΦMa,Mb,Mc : U+

HB
(2)
2

(Fq) → SL4k(Fq)

as provided by Corollary 3.3 is a surjective group homomorphism.

Proof. Let Ma,Mb and Mc be as in Proposition 4.8. The image of ΦMa,Mb,Mc contains an iso-
morphic copy of SL2k(Fq), embedded as in eq. (4.2) . In particular, for any matrices X,Y ∈
Matk×k(Fq), the image of ΦMa,Mb,Mc contains the elements

V−α2(X) :=


1 0 0 0
0 1 0 0
0 0 1 0
0 X 0 1

 = I4k+XE4,2 and Vα2(Y ) :=


1 0 0 0
0 1 0 Y
0 0 1 0
0 0 0 1

 = I4k+Y E2,4,

and more generally, the subgroup

Hc := ⟨V−α2(X), Vα2(Y ) | X,Y ∈ Matk×k(Fq)⟩ ∼= SL2k(Fq).
We set, as before,

V ′
a :=


1 0 0 Ma

0 1 Ma 0
0 0 1 0
0 0 0 1

 and V ′
b :=


1 0 0 0
Mb 1 0 0
0 0 1 −Mb

0 0 0 1

 .

For any X ∈ Matk×k(Fq), one calculates that

[V ′
b , V−α2(X), V ′

b ] =
[
I4k −MbE3,2 −XMbE4,1 −MbXMbE3,1, V

′
b

]
= I4k − 2MbXMbE3,1.

Writing X := −2−1M−1
b YM−1

b for Y ∈ Matk×k(Fq), we deduce that
1 0 0 0
0 1 0 0
Y 0 1 0
0 0 0 1

 ∈ Im(ΦMa,Mb,Mc), for all Y ∈ Matk×k(Fq).

Similarly, for X ∈ Matk×k(Fq),
[V ′
a, V−α2(X), V ′

a] = [I4k +MaXE1,2 −XMaE4,3 +MaXMaE1,3, Va] = I4k + 2MaXMaE1,3.

Writing X := 2−1M−1
a YM−1

a with Y ∈ Matk×k(Fq), we conclude that there is a second embed-
ded copy of SL2k(Fq) ⩽ Im(ΦMa,Mb,Mc), embedded as matrices of the form

(4.4)


⋆ 0 ⋆ 0
0 1 0 0
⋆ 0 ⋆ 0
0 0 0 1

 .
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Together with Hc, it follows that Im(ΦMa,Mb,Mc) contains in particular the generators x−αi(λ) =
I4k + λEi+1,i and xαi(λ) = I4k + λEi,i+1 of the root subgroups of SL4k(Fq), for

i ∈ {1, . . . , 4k − 1} \ {k, 2k, 3k}

and λ ∈ Fq (see section 2.3). It remains to show that Im(ΦMa,Mb,Mc) contains x±αk
(λ), x±α2k

(λ)
and x±α3k

(λ) for λ ∈ Fq. Since Im(ΦMa,Mb,Mc) contains a copy of SL2k(Fq) embedded as in
eq. (4.4) , and a copy of SL2k(Fq) embedded as in eq. (4.2) it contains in particular the matrices

X 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 and


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 Y

 ∀X,Y ∈ SLk(Fq).

Conjugating V ′
b by the product of the above elements, one obtains

X−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 Y −1




1 0 0 0
Mb 1 0 0
0 0 1 −Mb

0 0 0 1



X 0 0 0
0 1 0 0
0 0 1 0
0 0 0 Y



=


1 0 0 0

MbX 1 0 0
0 0 1 −MbY
0 0 0 1

 =: Vb(X,Y ) ∈ Im(ΦMa,Mb,Mc), ∀X,Y ∈ SLk(Fq).

In particular,

Vb(X, Ik)Vb(X,−Ik) =


1 0 0 0

2MbX 1 0 0
0 0 1 0
0 0 0 1

 ∈ Im(ΦMa,Mb,Mc), and

Vb(Ik, Y )Vb(−Ik, Y ) =


1 0 0 0
0 1 0 0
0 0 1 −2MbY
0 0 0 1

 ∈ Im(ΦMa,Mb,Mc), ∀X,Y ∈ SLk(Fq).

Let Z := diag(1,det(Mb), 1, . . . , 1) ∈ GLk(Fq). Define X := M−1
b (Z + E1,k) ∈ SLk(Fq) and

X ′ :=M−1
b Z ∈ SLk(Fq). Then

1 0 0 0
2MbX 1 0 0

0 0 1 0
0 0 0 1




1 0 0 0
−2MbX

′ 1 0 0
0 0 1 0
0 0 0 1

 =


1 0 0 0

2E1,k 1 0 0
0 0 1 0
0 0 0 1

 .

We conclude that x−αk
(2λ) ∈ Im(ΦMa,Mb,Mc), for all λ ∈ Fq. But q is odd and hence x−αk

(λ) ∈
Im(ΦMa,Mb,Mc), for all λ ∈ Fq.

Setting now Y := M−1
b (Z + Ek,1) and Y ′ := M−1

b Z in the products Vb(Ik, Y )Vb(−Ik, Y ) and
Vb(Ik, Y

′)Vb(−Ik, Y ′), a similar calculation shows that xα3k
(λ) ∈ Im(ΦMa,Mb,Mc) for all λ ∈ Fq.

Moreover, one calculates that

[V ′
a, V−α2(Y )] =


1 MaY 0 0
0 1 0 0
0 0 1 0
0 0 −YMa 1

 ∈ Im(ΦMa,Mb,Mc), ∀Y ∈ Matk×k(Fq).
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Now for any X,Z ∈ SLk(Fq) and writing Y :=M−1
a , one has the elements

X 0 0 0
0 1 0 0
0 0 1 0
0 0 0 Z



1 MaY 0 0
0 1 0 0
0 0 1 0
0 0 −YMa 1



X−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 Z−1



=


1 X 0 0
0 1 0 0
0 0 1 0
0 0 −Z 1

 ∈ Im(ΦMa,Mb,Mc), ∀X,Z ∈ SLk(Fq).

An argument similar to that of the previous paragraph now implies that xαk
(λ) and x−α3k

(λ) ∈
Im(ΦMa,Mb,Mc), for all λ ∈ Fq.

Finally, by the embedding eq. (4.4) of SL2k(Fq) in the image of ΦMa,Mb,Mc , and by the previous
paragraph, Im(ΦMa,Mb,Mc) contains the elements

1 0 0 0
0 1 0 0
X 0 1 0
0 0 0 1

 and


1 Y 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , ∀X,Y ∈ Matk×k(Fq).

Taking their commutator, it follows that
1 0 0 0
0 1 0 0
0 2XY 1 0
0 0 0 1

 ∈ Im(ΦMa,Mb,Mc), ∀X,Y ∈ Matk×k(Fq).

Hence x−α2k
(λ) ∈ Im(ΦMa,Mb,Mc), for all λ ∈ Fq. Since the transpose of the above elements is

contained in the image as well (again by the embedding of Hc and the previous calculations), we
obtain that xα2k

(λ) ∈ Im(ΦMa,Mb,Mc), for all λ ∈ Fq.
We conclude that Im(ΦMa,Mb,Mc) contains all of the root subgroups associated to the simple

roots and their opposites. Hence Im(ΦMa,Mb,Mc) = SL4k(Fq) and it follows that ΦMa,Mb,Mc is
surjective. □

5. Quotients of U+

HB
(2)
2

(Fq) isomorphic to Sp2n(Fq)

We now proceed in a manner similar to that of the previous section to construct quotients of
U+

HB
(2)
2

(Fq) of symplectic type.

Proposition 5.1. Let p > 2 and k > 3 be distinct primes and let q = pr > 3 for some r ≥ 1. Let
Ma,Mb ∈ GLk(Fq) be symmetric matrices, and let S ∈ GLk(Fq) be a symmetric Singer element. Suppose
the following conditions are satisfied:

(i) MaMb +MbMa is a (non-zero) scalar matrix,
(ii) MaMbSMbMa ̸∈ ⟨S⟩.

Then, defining Mc := (MaMb + MbMa)
−1S, the image of the homomorphism ΦMa,Mb,Mc given by

Corollary 3.3 is contained in Sp4k(Fq,Ω2k), and it contains a copy of Sp2k(Fq,Ωk), with the embedding
given by eq. (4.2) .

Proof. Since Ma, Mb and Mc are symmetric matrices by assumption, the associated elements V ′
a,

V ′
b and V ′

c , as given by eq. (4.3) , are contained in Sp4k(Fq,Ω2k).
As in the proof of Proposition 4.8, we consider the elements

[V ′
a, V

′
b ] =


1 0 0 0
0 1 0 −MaMb −MbMa

0 0 1 0
0 0 0 1


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and

[V ′
c , V

′
b , V

′
b , V

′
a, V

′
a] =


1 0 0 0
0 1 0 −4MaMbMcMbMa

0 0 1 0
0 0 0 1.

 .

The matrix MaMbMcMbMa is symmetric, and thus〈(
1 0
Mc 1

)
,

(
1 −MaMb −MbMa

0 1

)
,

(
1 −4MaMbMcMbMa

0 1

)〉
⩽ Sp2k(Fq,Ωk).

We embed the above subgroup in Im(ΦMa,Mb,Mc) via eq. (4.2) . In light of Proposition 4.7, the
statement then follows if

(MaMb +MbMa)Mc(MaMbMcMbMa) ̸= (MaMbMcMbMa)Mc(MaMb +MbMa).

But since MaMb +MbMa is a scalar matrix by assumption, the above inequality is equivalent to

SMaMbSMbMa ̸=MaMbSMbMaS.

By Proposition 2.6, the centraliser of S in GLk(Fq) is given by ⟨S⟩. The statement now follows
by condition (ii). □

We give explicit matrices satisfying the conditions from Proposition 5.1.

Proposition 5.2. Let p > 2 and k > 3 be distinct primes. Let q = pr > 3, for some r ≥ 1. Define

Ma :=

−1 0
0 1

0

0 −Ik−2

 and Mb :=

 1 −1
−1 −1

0

0 Ik−2

 .

Then for any symmetric Singer element S ∈ GLk(Fq), the matrices Ma andMb satisfy the conditions from
Proposition 5.1.

Proof. The products MaMb and MbMa are given by

MaMb =

−1 1
−1 −1

0

0 −Ik−2

 , MbMa =

−1 −1
1 −1

0

0 −Ik−2


and it follows that MaMb +MbMa = −2Ik. Let S = [Si,j ]1≤i,j≤k ∈ GLk(Fq) be a symmetric
Singer element. Then MaMbSMbMa is given by

S1,1 − 2S1,2 + S2,2 S1,1 − S2,2
S1,1 − S2,2 S1,1 + 2S1,2 + S2,2

S1,3 − S2,3 . . . S1,k − S2,k
S1,3 + S2,3 . . . S1,k + S2,k

S3,1 − S3,2 S3,1 + S3,2
...

...
Sk,1 − Sk,2 Sk,1 + Sk,2

[Si,j ]3≤i,j≤k

 .

Suppose this matrix commutes with S. Then in particular by Proposition 2.6 it belongs to ⟨S⟩,
and hence the matrix MaMbSMbMa − S belongs to Fq[S]. However,

MaMbSMbMa − S =


−2S1,2 + S2,2 S1,1 − S2,2 − S1,2

S1,1 − S2,2 − S1,2 S1,1 + 2S1,2

−S2,3 . . . −S2,k
S1,3 . . . S1,k

−S3,2 S3,1
...

...
−Sk,2 Sk,1

0

 ,
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which is a singular matrix, since k ≥ 5. Since the only singular matrix in Fq[S] is the zero matrix,
we conclude that

S =


S1,1 S1,2
S1,2 S2,2

0 . . . 0
0 . . . 0

0 0
...

...
0 0

[Si,j ]3≤i,j≤k

 .

But since S is a Singer element, this is a contradiction by Lemma 2.5. □

We now show that matrices as in Proposition 5.1 produce quotients of U+

HB
(2)
2

(Fq) isomorphic

to Sp4k(Fq).

Theorem 5.3. For q, k, Ma, Mb and Mc as in Proposition 5.1, the associated homomorphism

ΦMa,Mb,Mc : U+

HB
(2)
2

(Fq) → SL4k(Fq)

as defined in Corollary 3.3 has image Sp4k(Fq,Ω2k).

Proof. Let Ma, Mb and Mc be as in Proposition 5.1. Then Im(ΦMa,Mb,Mc) ⩽ Sp4k(Fq,Ω2k), and
the statement implies that

Hc := ⟨V−α2(X), Vα2(Y ) | X,Y ∈ Matk×k(Fp), Xt = X,Y t = Y ⟩ ∼= Sp2k(Fq,Ωk)

where the isomorphism is given by the inclusion as in eq. (4.2) , and where

V−α2(X) :=


1 0 0 0
0 1 0 0
0 0 1 0
0 X 0 1

 , Vα2(Y ) :=


1 0 0 0
0 1 0 Y
0 0 1 0
0 0 0 1

 .

As in the proof of Theorem 4.12, for any symmetric matrix X ∈ Matk×k(Fq), one has

[V ′
b , V−α2(X), V ′

b ] = I4k − 2MbXMbE3,1 ∈ Im(ΦMa,Mb,Mc).

Similarly, for a symmetric matrix X ∈ Matk×k(Fq),

[V ′
a, V−α2(X), V ′

a] = I4k + 2MaXMaE1,3 ∈ Im(ΦMa,Mb,Mc).

Setting respectivelyX := 2−1M−1
a YM−1

a and X := −2−1M−1
b YM−1

b in the above equalities, for
Y ∈ Matk×k(Fq) symmetric, we obtain that Im(ΦMa,Mb,Mc) contains the elements

1 0 0 0
0 1 0 0
Y 0 1 0
0 0 0 1

 and


1 0 Y 0
0 1 0 0
0 0 1 0
0 0 0 1

 for all Y ∈ Matk×k(Fq) symmetric.

We find that Im(ΦMa,Mb,Mc) contains a second copy of Sp2k(Fq,Ωk), embedded as matrices of the
form (4.4).

In particular, Im(ΦMa,Mb,Mc) contains the generators (see section 2.3)

xαi(λ) =

(
I2k + λEi,i+1 0

0 I2k − λEi+1,i

)
, x−αi(λ) =

(
I2k + λEi+1,i 0

0 I2k − λEi,i+1

)
,

for λ ∈ Fq, and i ∈ {1, . . . k − 1} ∪ {k + 1, . . . , 2k − 1}, where each block is a 2k × 2k-matrix.
Moreover, Im(ΦMa,Mb,Mc) contains

xα2k
(λ) =

(
I2k λE2k,2k

0 I2k

)
, x−α2k

(λ) =

(
I2k 0

λE2k,2k I2k

)
, ∀λ ∈ Fq .
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It remains to show that Im(ΦMa,Mb,Mc) contains the elements

xαk
(λ) =


Ik λEk,1 0 0
0 Ik 0 0
0 0 Ik 0
0 0 −λE1,k Ik

 , x−αk
(λ) =


Ik 0 0 0

λE1,k Ik 0 0
0 0 Ik −λEk,1
0 0 0 Ik

 , ∀λ ∈ Fq .

Since Im(ΦMa,Mb,Mc) contains a copy of Sp2k(Fq,Ωk) embedded as matrices of the form (4.4),
it contains in particular the elements XE1,1 + (X−1)tE3,3, for all X ∈ GLk(Fq). Letting X :=

M−1
b Y for some Y ∈ GLk(Fq), we obtain that Im(ΦMa,Mb,Mc) contains

X−1 0 0 0
0 1 0 0
0 0 Xt 0
0 0 0 1




1 0 0 0
Mb 1 0 0
0 0 1 −Mb

0 0 0 1



X 0 0 0
0 1 0 0
0 0 (X−1)t 0
0 0 0 1

 =


1 0 0 0
Y 1 0 0
0 0 1 −Y t

0 0 0 1

 ,

for all Y ∈ GLk(Fq). Letting Y := Ik + λE1,k for λ ∈ Fq, and Y ′ := −Ik, we obtain that
1 0 0 0
Y 1 0 0
0 0 1 −Y t

0 0 0 1




1 0 0 0
Y ′ 1 0 0
0 0 1 −(Y ′)t

0 0 0 1

 =


1 0 0 0

λE1,k 1 0 0
0 0 1 −λEk,1
0 0 0 1

 ∈ Im(ΦMa,Mb,Mc).

Similarly to the proof of Theorem 4.12, Im(ΦMa,Mb,Mc) contains the elements

[V ′
a, V−α2(Y )] =


1 MaY 0 0
0 1 0 0
0 0 1 0
0 0 −YMa 1

 , ∀Y ∈ Matk×k(Fq) symmetric.

Additionally, for any X ∈ GLk(Fq), the image of ΦMa,Mb,Mc contains
X−1 0 0 0
0 1 0 0
0 0 Xt 0
0 0 0 1

 [V ′
a, V−α2(Y )]


X 0 0 0
0 1 0 0
0 0 (X−1)t 0
0 0 0 1

 =


1 XMaY 0 0
0 1 0 0
0 0 1 0
0 0 −YMaX

t 1

 .

SettingY :=M−1
a andX := Ik+λEk,1 with λ ∈ Fq, andX ′ := −Ik, we obtain that Im(ΦMa,Mb,Mc)

contains 
1 X 0 0
0 1 0 0
0 0 1 0
0 0 −Xt 1



1 X ′ 0 0
0 1 0 0
0 0 1 0
0 0 −(X ′)t 1

 =


1 λEk,1 0 0
0 1 0 0
0 0 1 0
0 0 −λE1,k 1

 .

Hence Im(ΦM ′
a,M

′
b,M

′
c
) contains all the generators of Sp4k(Fq,Ω2k) associated to the simple roots

and their opposites as given in section 2.3, and we conclude that

Im(ΦMa,Mb,Mc) = Sp4k(Fq,Ω2k). □

6. Spectral high-dimensional expanders from Lie type groups

In this section, we prove that our quotients lead to the construction of high-dimensional ex-
panders. First, we introduce some terminology surrounding Kac–Moody–Steinberg groups.

6.1. Kac–Moody–Steinberg groups. Throughout this section, letA = (Aij)i,j∈I be a 2-spherical
GCM with associated root system ∆. Let K be a field. We denote by U+ the group U+

A(K), and
Ui := Uαi(K) for all i ∈ I. Additionally, we set for all i ̸= j ∈ I ,

Ui,j := ⟨Uγ(K) | γ ∈ ∆ ∩ (Nαi + Nαj)⟩ ⩽ U+.

Since A is of 2-spherical type, each Ui,j is the unipotent radical of the standard Borel subgroup of
a Chevalley group of type A1 ×A1, A2, B2 or G2, depending on whether AijAji = 0, 1, 2 or 3.
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Definition 6.1. The Kac–Moody–Steinberg group (or KMS group) GA(K) of type A over K is the
direct limit of the system {Ui, Ui,j | i ̸= j ∈ I} with respect to the canonical inclusions Ui ↪→Ui,j
for all i ̸= j ∈ I.

For each J ⊆ I spherical, we call the subgroup UJ := ⟨Ui | i ∈ J⟩ ⩽ GA(K) a local group.

Example 6.2. Let A be the GCM of the root system ∆ of type HB
(2)
2 , with simple roots {a, b, c}

(see fig. 1.1). In other words,

(6.1) A =

 2 −1 −2
−1 2 −2
−1 −1 2

 .

For α ∈ ∆+, let xα : (K,+) → U+
A(K) be as in section 2.3. Then

G
HB

(2)
2

(K) := lim−→
Ui,Uj ↪→Ui,j

{Ui, Ui,j | 1 ≤ i < j ≤ 3},

where

Ua := U1 = ⟨xa(λ) | λ ∈ K⟩, Ub := U2 = ⟨xb(λ) | λ ∈ K⟩, and Uc := U3 = ⟨xc(λ) | λ ∈ K⟩
and the groups Ui,j are as follows (cf. Lemma 2.2):

Ua,b := U1,2 = {xa(λ1)xb(λ2)xa+b(λ3) | λ1, λ2, λ3 ∈ K} ∼= U+
A2

(K) ⩽ SL3(K),

Ub,c := U2,3 = {xb(λ1)xc(λ2)xb+c(λ3)x2b+c(λ4) | λ1, λ2, λ3, λ4 ∈ K} ∼= U+
B2

(K) ⩽ Sp4(K),

Ua,c := U1,3 = {xa(λ1)xc(λ2)xa+c(λ3)x2a+c(λ4) | λ1, λ2, λ3, λ4 ∈ K} ∼= U+
B2

(K) ⩽ Sp4(K).

By Lemma 2.1, U+
A(K) is generated by the subgroups Uαi(K) for i ∈ I when |K| ≥ 4. In

particular, when |K| ≥ 4, the canonical morphism

(6.2) ΘK,A : GA(K) → U+
A(K)

where each Ui with i ∈ I is mapped to Uαi(K) ⩽ U+
A(K), is surjective.

6.2. High-dimensional expanders from G
HB

(2)
2

(Fq). In this section, we prove the second part of

Theorem A. In particular, our constructions satisfy the hypotheses of [GdPVB25, Theorem 4.3],
and thus yield infinite families of bounded degree, spectral high-dimensional expanders.

Theorem 6.3. LetΦMa,Mb,Mc be as in Corollary 3.3, withMa,Mb andMc invertible. ThenΦMa,Mb,Mc

is a group homomorphism which is injective on the rank 2 subgroups of U+

HB
(2)
2

(K). Write

Ψ := ΘK,HB
(2)
2

◦ ΦMa,Mb,Mc .

Then Ψ satisfies the intersection property

Ψ(UJ ∩ UK) = Ψ(UJ) ∩Ψ(UK)

for all spherical subsets J,K ⊆ I .

Proof. LetMa,Mb,Mc ∈ GLn(K). SinceΘK,HB
(2)
2

isomorphically maps eachUJ with J ⊆ {a, b, c}
and |J | = 2 onto the rank 2 subgroup U+

AJ
(K), it suffices to show that Ψ is injective on the rank 2

local groups of G
HB

(2)
2

(K).

The images of the rank 2 local groups Ua,b, Ub,c and Ua,c under Ψ are respectively given by
⟨Va(λ), Vb(λ) | λ ∈ K⟩, ⟨Vb(λ), Vc(λ) | λ ∈ K⟩ and ⟨Va(λ), Vc(λ) | λ ∈ K⟩. By definition,

Ua,b ∼= U+
A2

(K),

and each element u ∈ Ua,b can be uniquely written as a product

u = xa(λ1)xb(λ2)xa+b(λ3), λ1, λ2, λ3 ∈ K .

Using the relation
[xa(χ), xb(µ)] = xa+b(χµ), for all χ, µ ∈ K,
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(see eq. (2.2) ) to calculate the image of xa+b(λ3), it follows that the image of Ua,b is given by

Ψ(Ua,b) = {Ψ(xa(λ1)xb(λ2)xa+b(λ3)) | λi ∈ K}

=




1 0 0 λ1Ma

λ2Mb 1 λ1Ma λ3MaMb + λ1λ2λ3MbMa

0 0 1 −λ2Mb

0 0 0 1

 | λi ∈ K

 .(6.3)

Since Ma and Mb are invertible matrices and thus in particular Ma, Mb and MaMb are different
from zero, it follows that, for u ∈ Ua,b,

Ψ(u) = 1 ⇐⇒ λ1 = λ2 = λ3 = 0 ⇐⇒ u = 1.

Hence Ψ is injective on Ua,b.
Similarly, Ua,c is isomorphic to U+

B2
(K). Using the commutation relations given by eq. (2.2) ,

one has that
[xc(λ1), xa(λ2)] = xa+c(λ1λ2)x2a+c(λ1λ

2
2),

and
[xa(λ1), xa+c(λ2)] = x2a+c(λ1λ2),

for all λ1, λ2 ∈ K. It is then a direct computation to conclude that

Ψ(Ua,c) = {Ψ(xa(λ1)xc(λ2)xa+c(λ3)x2a+c(λ4)) | λi ∈ K}

=



1 (λ1λ2 + λ3)MaMc (λ4 − λ1λ3)MaMcMa λ1Ma

0 1 λ1Ma 0
0 0 1 0
0 λ2Mc −λ3McMa 1

 | λi ∈ K

 .(6.4)

Since none of the entries Ma, Mc, MaMc, MaMcMa are zero, one has again that for u ∈ Ua,c,
Ψ(u) = 1 if and only if λi = 0 for all i ∈ {1, . . . , 4}. Hence Ψ is injective on Ua,c.

A similar calculation now shows that Ψ(Ub,c) is of the form

Ψ(Ub,c) = {Ψ(xb(λ1)xc(λ2)xb+c(λ3)x2b+c(λ4)) | λi ∈ K}

=




1 0 0 0
λ1Mb 1 0 0

(λ4 − λ1λ3)MbMcMb (−λ1λ2 + λ3)MbMc 1 −λ1Mb

λ3McMb λ2Mc 0 1

 | λi ∈ K

 .(6.5)

Again thanks to the fact thatMb andMc are invertible, Ψ is injective on Ub,c, and we conclude that
Ψ is injective on the local groups.

The intersection property trivially follows from eqs. (6.3), (6.4) and (6.5). □

The coset complex CC(G,H) (see [GdPVB25, Definition 2.4]) associated to a group G and a
collection of subgroups H := {H1, . . . ,Hn}, is the simplicial complex with vertex set

⊔n
i=1G/Hi,

and with (k − 1)-simplices the size k subsets

{g1Hi1 , . . . , gkHik}, such that
k⋂
j=1

gjHij ̸= ∅.

Corollary 6.4. Let p > 2 and k > 3 be distinct primes. Let q = pr > 3 with r ≥ 1. Suppose
Ma,Mb,Mc ∈ GLk(Fq) are as in Proposition 4.8. Then for the associated matrices V ′

a, V
′
b , V

′
c as defined

in eq. (4.3) , defining

HT := ⟨{V ′
a, V

′
b , V

′
c} \ {T}⟩ ⩽ SL4k(Fq), T ∈ {V ′

a, V
′
b , V

′
c},

the coset complex

Xq,k := CC
(
SL4k(Fq), {HT }T∈{V ′

a,V
′
b ,V

′
c}

)
is a

√
2q+2
q−2 -spectral high-dimensional expander of dimension 2.
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Corollary 6.5. Let p > 2 and k > 3 be distinct primes. Let q = pr > 3 with r ≥ 1. Suppose
Ma,Mb,Mc ∈ GLk(Fq) are as in Proposition 5.1. Then for the associated matrices V ′

a, V
′
b , V

′
c as defined

in eq. (4.3) , the coset complex

X ′
q,k := CC

(
Sp4k(Fq), {HT }T∈{V ′

a,V
′
b ,V

′
c}

)
is a

√
2q+2
q−2 -spectral high-dimensional expander of dimension 2.

In particular, setting Pp := {k prime | p ̸= k and k > 3}, we obtain new infinite families
(Xq,k)k∈Pp and (X ′

q,k)k∈Pp of bounded degree, spectral high-dimensional expanders, for all p > 2

and all q = pr > 3 (with r ≥ 1).

Proof of Corollaries 6.4 and 6.5. Let ΦMa,Mb,Mc be as in Theorem 4.12 or Theorem 5.3. In partic-
ular K = Fq has size at least 4. Since HB

(2)
2 is 2-spherical, it follows that the canonical map

ΘK,HB
(2)
2

: G
HB

(2)
2

(K) → U+

HB
(2)
2

(K)

is surjective. Then the quotients of U+

HB
(2)
2

(K) from Theorems 4.12 and 5.3 are quotients of

G
HB

(2)
2

(K) as well. It follows from Theorem 6.3 that Ψ := ΘK,HB
(2)
2

◦ ΦMa,Mb,Mc is injective on

the local groups and satisfies the intersection property. Then [GdPVB25, Theorem 4.3] implies
that the coset complexes arising from Ψ yield infinite families of bounded degree, spectral high-
dimensional expanders. □
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