PRESENTATION OF BOREL SUBGROUPS OF KAC-MOODY GROUPS OVER
LOCAL RINGS

ROBYNN CORVELEYN

AsTrRACT. We obtain presentations of Borel subgroups of certain Chevalley groups and Kac—
Moody groups of simply laced type. More precisely, we show that Borel subgroups of simply
laced Chevalley groups over a commutative, unital ring (satisfying a minor technical condition),
are the amalgamated product of their rank 2 subgroups, generalising a result of Tits over fields
(different from F3). We moreover show that Borel subgroups of Kac-Moody groups over local
Bézout domains also have a presentation as an amalgamated product of their rank 2 subgroups
as soon as this holds for their rank 3 subgroups. In particular we deduce that Borel subgroups of
simply laced Kac—-Moody groups over a local Bézout domain (with residue field different from F3)
have such a presentation if and only if they are of 3-spherical type.

1. INTRODUCTION

In this article, we show that the Borel subgroups of simply laced Kac-Moody groups over a
local Bézout domain (satisfying the minor condition that its residue field is different from Fs)
have a presentation as the amalgamated product of a certain finite system of subgroups if and
only if the Kac-Moody group is of 3-spherical type.

A (minimal) Kac—Moody group & 4(R) over aring R is constructed from a generalised Cartan
matrix (GCM) A. More precisely, associated to any GCM A, there is a Coxeter group W (the
Weyl group of A), and the group & 4(R) is defined by a Steinberg-like presentation in terms of
generators z,(7), forall € R and all roots « in the root system @ of the Coxeter complex of W.
If W is infinite (or, equivalently, A is not a Cartan matrix), there are infinitely many roots «, and
hence & 4(R) is defined by a presentation in terms of infinitely many generators (and infinitely
many relations).

Inside & 4(R), there is a Borel subgroup B}, consisting of a “maximal unipotent” subgroup
UE generated by the elements x4 (r) for all « € ® positive, as well as a torus Tr.

In the literature, the question of obtaining tractable presentations of the groups UE (and hence
BE) has mostly been considered over fields. In [Tit86, Proposition 7] (see also Proposition
below), Tits proved that over most rings R, the maximal unipotent subgroup U}"%' of a Cheval-
ley group (i.e. a Kac-Moody group of spherical type, meaning that A is a Cartan matrix) is the
amalgamated product of its rank 2 subgroups as soon as this holds for all of its rank 3 subgroups.
He moreover showed that when K is a field different from Fs, the group UH'{ of type Az (i.e. the
group of upper triangular unipotent matrices in SL4(K)) has such a presentation.

Later, using geometric arguments, Abramenko obtained in [Abr96| Proposition 11] the same
result for the maximal unipotent subgroup Uy of Chevalley groups of type Bz and Cj over
fields K, provided that K has size at least 16. This bound was improved to 5 in [HNVMI16]. In
combination with the reduction step in Tits’ work, this effectively settled the question of obtaining
such presentations of the subgroup Uﬂz of Chevalley groups over fields K.

Over more general rings, the same question remains open. In this paper, we adapt Tits’ strategy
in [Tit86] to prove the following. For any root «, denote by U, the subgroup of U}J{ generated
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by z4(r) forall r € R. Recall that a GCM A = (A;j); jer is called simply laced if A;;Aj; < 1 for
all distinct 7, j € 1.

Theorem A. Let A = (Ajj)ijer be a simply laced Cartan matrix. Let R be a commutative, unital ring
such that 15 is the sum of 2 invertible elements. Then Ug < G 4(R) is the amalgamated product of its
subgroups U; j = (Ua,;, U, ), along the canonical inclusions Uq, — U j, for all i, j € 1.

Over semi-local rings, the condition that 1 is the sum of two invertible elements is equivalent
to the ring having no quotient Fy (see Proposition [5.9]below).

In [DMO7], similar results for Kac-Moody groups of non-spherical type over fields K are
obtained. Using geometric methods rather than group theoretic ones as in Tits’ work, the authors
again make a reduction step, showing that Uﬂ'g has a presentation in terms of an amalgamated
product of its rank 2 subgroups, if this is the case for each rank 3 subgroup. Using then the
aforementioned results for the A3 ([Tit86]]), Bs and Cs cases ([Abr96] and [HNVM16]), this
yields the desired presentation for UH'{ < B 4(K), with A of 3-spherical type, and K a field of size
at least 5. Note that a GCM A = (A;j); jer is called 3-spherical if Ay := (Aij)ijes is a Cartan
matrix for all J C I with |J| = 3.

It was moreover recently shown in [CM26, Theorem E] that A being of 3-spherical type is a
necessary condition for Uy to have this presentation. These results together provide a reasonably
good understanding of presentations of UH'{ in the Kac—Moody setting over fields. Over more
general rings, however, this is no longer the case.

In this paper, we again carry out a reduction step to the rank 3 case, as in [DMO07], this time
for local Bézout domains R. We will establish our results for the group

Th = or(U) < 64(K),
where K is the field of fractions of R and ¢ is the group homomorphism
VYR @A(R) — @A(K),

naturally induced by the inclusion R < K. It was recently proven in [MM25] that, in this context,

g is actually injective, and hence U; ~ UE. However, we will not need this fact, and in fact our
methods provide an alternative proof of the main result of loc. cit. in the 3-spherical simply laced
case (see Corollary [D]below).

For each a € ®, we again write U,, for its image in & 4(K), and we write U; ; for pr((Us,, Ua;))-
The reduction step to the rank 3 case which we obtain is then as follows.

Theorem B. Let (A;j); jer be a 3-spherical generalised Cartan matrix. Let R be a local Bézout domain
satisfying (co)). Suppose that for every J C I with |J| = 3, the subgroup

Uty = B, (R) N U
of UE is the amalgamated product of its subgroups Uy, j, == (Uq,, , U,

aj, ) along the canonical inclusions
Ua;, <> Ujy o, Jor all ju, j2 € J. Then U; is the amalgamated product of its subgroups U, ;, along the

inclusions Uai, < Ujy iy Jorall iy, is € I

The condition is the following mild assumption on R.

(co) R has no quotient Fy if A;;A;; = 2 for some ,j € I, and R has no quotient Fy or F3
it A;jA;; = 3 forsomei,j € I.

In combination with Theorem @ we then obtain a presentation for the subgroups U; of 3-
spherical simply laced Kac—Moody groups.

Corollary C. Let R be a local Bézout domain such that its residue field is not Fo. Let (Aij); jer be a
simply laced generalised Cartan matrix. Then U; < BWI(R) is the amalgamated product of its subgroups
U, i, along the canonical inclusions Uay, > Ujy iy Jorall iy, i € I, if and only if A is 3-spherical.
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As alluded to above, Corollary [C]implies that under the same hypotheses, the canonical map
vr: B4(R) — & 4(K) is injective, thus providing an alternative proof in the 3-spherical simply
laced case of the recent result [MM25, Theorem A] that g is injective.

Corollary D. Let A be a 3-spherical simply laced GCM and let R be a local Bézout domain such that its
residue field is different from Fo. Then the canonical map

Yr: G4(R) — 64(K)
1s injective.

The first part of the paper is dedicated to the proof of Theorem |B We now briefly outline
some of the methods we will use to prove this result.

To obtain their presentation of Uﬂ'g for A non-spherical and K a field, the authors of [DMO7]|
make use [Tit86, Corollaire 1] (sometimes referred to as the Tits lemma) which, for groups G
acting transitively on a chamber system C, characterises the existence of a presentation of G
as the amalgamated product of the stabilisers of rank 2 residues in C, in terms of the simple
connectedness of C.

The authors of [DMO07] moreover introduce filtrations of chamber systems C, meaning a se-
quence Cp € C; € Cy C ... of subcomplexes of C such that | J, .y C,y = C, satislying some
additional properties, and show that under certain conditions, the simple connectedness of C' is

equivalent to the simple connectedness of Cj (see Theorem 3.14 in loc. cit. or Proposition
below).

Since Kac—Moody groups over fields K have an associated building C~ (& 4(K)) = & 4(K) /By,
which is a simply connected chamber system, the strategy of loc. cit. is to construct a suitable
filtration of C~ (B 4(K)) such that Uﬂz acts transitively on Cp. A condition on (C,)nen required
to apply their result and conclude that Cj is simply connected, amounts to the rank 3 residues
of Cy being simply connected. In turn, by the Tits lemma, this condition is equivalent to the
subgroups UfK of UHJ{ with |J] = 3 admitting a presentation as an amalgamated product of their
rank 2 subgroups.

For any domain R with field of fractions K, the Kac~-Moody group &5 (R) := pr(® 4(R)) <
® 4(K) also has an associated chamber system C~ (&% (R)) on which it acts transitively. When
R is a Bézout domain, it is moreover isomorphic to the building C~ (& 4(K)), by [MM25, Lemma
8.7]. Hence in this case, C~ (&% (R)) is simply connected.

In the first part of this paper, we obtain a Birkhoff decomposition for Qj%in(R) for R a local
ring. We then use this result to construct, under the assumptions of Theorem |B} a filtration
(Cp)nen of C~(BFM(R)), such that U; acts transitively on Cp, and which reduces the simple
connectedness of Cj to that of its rank 3 residues.

This article is structured as follows. In section [2} we introduce the necessary preliminaries on
Kac—Moody groups which we will use throughout the rest of the paper. In section|3|we construct
a Birkhoff decomposition of &%%(R), for R a local ring. Section [4|is dedicated to the proof of
Theorem |B} we first give the necessary background from [DMO7], and then obtain the filtration
required to carry out the reduction step to the rank 3 case, showing Theorem B] In section |5} we
prove Theorem[A] and in section [6]we conclude with the proofs of Corollary[C|land Corollary D}
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2. PRELIMINARIES

2.1. Coxeter groups. For a reference on the notions introduced in this section, we refer to
[ABOS8, Chapter 2]. A Coxeter system consists of a pair (W, S), where S is a (finite) set of in-
volutions which generate the Coxeter group W, the latter of which is given by a presentation

W .= <3i es | (SZ‘Sj)Zm” = 1>,

where m;; € NU{oo} and my = 1 forall i. Let n = |S|. We call (m;j;)i<i j<n the Coxeter
matriz associated to (W, S). For any w € W, there is a uniquely defined length ¢(w) defined as d if
w = sj, ...S;, and d is minimal for this property. We say that the word w = (s;,,..., s;,) on the
alphabet S is reduced if for the corresponding element w :=s;, ...s;, € W, we have {(w) = d.

By Tits’ solution to the word problem for Coxeter groups (see for example [ABO8, Theorem
2.83]), any word (sj,, ..., S;j,,) may be rewritten in reduced form by carrying out a sequence of
the following two operations:

(M1) Deleting a subword of the form (s;, s;).
(M2) Replacing a subword t(, j) := (s4, 55, Si, . . .) of length m;; < oo by the word t(j,7) :=
(sj,8i,5j,...) of length mj; = m;;.
We will denote by 7(4, j) the element s;s;s; ... € W corresponding to the word t(3, j).

A Coxeter system (W, S) has a naturally associated simplicial complex, called a Coxeter complex,
on which W acts. It comes equipped with a set ® of roots or half spaces, consisting of simple roots
as, for s; € S, and their images w(ag,) for all w € W. The root system ® decomposes into a
union ® = &+ 1 &~ of subsets ®* and ®~ consisting of respectively positive and negative roots.
The sign of roots is characterised as follows.

Lemma 2.1 ([Hum90, Theorem 5.4]). Let (W, .S) be a Coxeter system with root system ® = &1 o~
Let as € 7 for s € S denote the simple root associated to s. Then for any w € W, £(ws) < L(w) if
and only if w(os) € .

Let J C S. We say that w € W is right J-reduced if {(ws;) > ¢(w) for all s; € J. We
denote moreover by W the subgroup of W generated by all s; € J. For any w € W, the
coset wWW; has a unique shortest element wy. This is the unique element w; € wW; such that
lwys;) = L(wy) + 1 forall s; € J. The element wy is right J-reduced. Moreover, for any
w' € wWy, L(w') = L(wy) + L(w; 'w') (see [ABO8, Proposition 2.20]).

2.2. Generalised Cartan matrices and associated Weyl group. Let A = (4;;); jer be a matrix
with integer coeflicients. It is called a generalised Cartan matrizx (GCM) if foralli £ j € I, Ay = 2,
Aij §()andAij =0 < Aﬂ:O

A GCM is called spherical (equivalently, of finite type) if it is a Cartan matrix. We say that A is
n-spherical if Ay := (A;j)i jes is spherical, for all J C I with |J| < n. The size |I| of I is called
the rank of A. In this paper, all GCM’s A are assumed to be 2-spherical.

A GCM is called decomposable if it can be written as a block-diagonal matrix (%1 XQ) after
applying a permutation of its index set I.

A GCM is called simply laced if for all J C I of rank 2, A; = (_21 31) or Ay = (39). Simply
laced GCM'’s are 2-spherical. The Cartan matrix of type A3 is given by

Let Q := @, Zay; be the free abelian group generated by symbols o, forall i € I. They are
called the simple roots associated to A. We denote II := {«; | i € I}. Let W < GL(Q) be the
group generated by the simple reflections

S - Q — Q, Oy = O — A,’jai.

It is called the Weyl group of A.
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The pair (W, S), where S := {s; | i € I}, is a Coxeter system, with associated Coxeter
matrix (mj;); jer where for i # j, we have m;; = 2,3,4,6, or oo, respectively if and only if
A;jAj; =0,1,2,3 or > 4. Note that the GCM A is spherical if and only if W is finite, and A is
2-spherical if and only if m;; < oo forall 4,5 € I. The set & := W - Il is called the set of real
roots associated to A, and it is in one-to-one correspondence with the set of roots of the Coxeter
complex of (W, S).

For any J C I, we define ®*(J) := &+ N Dcs Loy

A pair of distinct roots a, 8 € ® is called prenilpotent if there are some wy,ws € W such that
{wia, w2} C ®F and {waa, w28} C ®~. Then the set Ja, Bly:= (Na; + Na;) NP is finite (see
[Mar18|, Definition 7.41]).

9.3. The Kac—Moody groups & 4(R) and &3 (R). In this section, we briefly introduce the
Kac-Moody groups & 4(R) and &% (R) under consideration in this article. We refer respec-
tively to [Marl8) Chapter 7] and to [Marl8, Section 8.8] for the precise definitions of & 4(R)
and &3 (R). Throughout this section, let R be a commutative ring with unit.

The groups & 4(R). Let A = (Aij)ijer be a GCM. The (“simply connected”) minimal Kac—Moody
group & 4(R) of type A over R is given by a presentation, with generators depending on the real
roots ® = W - {a; | i € I} associated to A. We refer to [Mar18| Definition 7.47 & Example
7.11] for the precise definition (see also [Tit87]]). For our purposes, the relevant information is
the following.

For every a € ®, we specify a copy Uy (R) = (R, +) of the additive group of R, and denote
the isomorphism by

zo: (R, +) = Ua(R).

We denote by Gt4(R) the group defined as the free product of all the i, (R) as « runs through
®, quotiented out by the relations

2.1)  [za(r) H Ty aﬂ is for all {e, B} C @ prenilpotent and all 7, s € R,

where v = ia + jf enumerates ], [y in a fixed order, and the constants C’Z-B are integers as
given by [Mar18, Proposition 7.43]. The group & 4(R) is then defined in terms of a presentation,

generated by the group Gt4(R), subject to some additional relations (see [Marl8, Definition
7.47)).

Throughout, we set Gr := & 4(R), and distinguish the following subgroups of Gr. We iden-
tify
Uy = Uar := Uo(R), forany a € @,
with their images in G g, and define moreover
Uip :=Us := (Usr | a € ®%).
IfA= ( 0 Ay ) is decomposable, then UAR = UA r X UAQR

Inside G, there is a torus Tp = (R* )lf\, and it follows from the defining relations of Gy that
Tr normalises Uj%t. We define the Borel subgroups B;% < GpRras
+ . 7rE
B = Ui Tg.

For any ring R, we will write BJ (R) (resp. B, (R)) for the subgroup of upper (resp. lower)
triangular matrices of SLy(R), and US (R) for the subgroup of By (R) consisting of unipotent
matrices.

For ¢ € I, we define moreover

Gir = (Us;r,U—asr) <G and Py := (Gig, By) < G,



6 ROBYNN CORVELEYN

and for J C I,
Utp = (Usr | € ®(J)), and Gyr:=(Gjr|j€J), and Pj,:=(Gr, BE).

Moreover, for any A, the torus Tg normalises each G;g. The following fact will be useful to
us.

Lemma 2.2 (IMM25, Lemma 4.3]). Let A be 2-spherical and suppose R satisfies in case A is
non-spherical. Then forany i € I and e € {£},

GZ'RU]% = U}%GzR and GlRB% = B%GzR

The result below will be essential for our construction of filtrations fitting the requirements of

the work in [DMO7].

Lemma 2.3 ((MM25, Proposition 4.2]). Let A be a 2-spherical GCM and suppose that R satisfies
(co). Then UL = (Usa;r | @ € I). In particular, G is generated by its subgroups Gir and Tg, for
1€ L

Forany i € I, we define §; := x4, (1)x_q, (1), (1). One can prove (see [Marl8, Proposition
7.57]) that for any w € W with reduced expression (s;,, ..., s, ), the element w :=§;, ... §; €

n

Gr depends only on w and not on the chosen expression (s;,,...,s;, ). In particular, the sub-
group Np := (3;,Tr | i € I) < Gp surjects onto W, with kernel Tr. One can also show that
when K is a field, PJiK = B]%WJBH{([, see [Marl8, §B.3]. Moreover, for any w € W and any
a€ P,

WU~ = Uy
Lemma 2.4. Let A be a GCM with Weyl group W and with real roots ® = ®* 11 ®~. Let J C I and
let w € W be right J-reduced. Then

WU fpw~t C B

Proof. The conjugate WU pw ™! is generated by Twa;(A) for j € Jand A € R. Then by

Lemma , waj € T forany j € J, since w is right J-reduced. It follows that u?U}L},%@TF1 -

B. O
R

An important feature of the theory of Kac-Moody groups over fields is the fact that they have
an associated (twin) BN -pair, and hence act on an associated (twin) building (see also section (4. 1)).
In particular, for K a field and € € {£}, Gk has Bruhat decompositions

(2.2) Gk = [ BxwBxk,
weW
and Birkhoff decompositions
(2.3) Cx = H BgfwBg = H Uy S0 Bg,
wew weW
see [Mar18,, Corollary 7.70 & §B.3].
In particular, from the Bruhat decompositions it follows that
SLa(K) = B5(K) U B3 (K)( ° §) B5(K),

forany field K and € € {£}. The double cosets in the Bruhat and Birkhoff decompositions satisfy
the following properties (see [ABOS8, Proposition 6.86 & Proposition 6.77]). Let B* := Bf and
U¢ := Ug, and write moreover w for w € Gk.

B*wBfsB* C B*wB® U B*wsB®, and
(2.4) BfwB®sB® = B*wsB® <= ((ws) = {(w) + 1,
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and
U fwB*sB®* CU *wB* UU *wsB®*, and
(2.5) U fwBsB® = U *wsB* <= {l(ws) = L(w) — 1,

Finally, G possesses a Cartan—Chevalley involution wr € Aut(G ) which preserves T and all
3;, and which sends U, g to U_yg for all o € .

The groups 5™ (R). Throughout this section, we assume that R is alocal ring. For A = (A;;); jer
a GCM, there is also a more involved notion of the (minimal) Tits functor &\*", as defined in

[Marl8, Definition 8.126]. It has the property that for any i € I, there is a group functor
morphism ¢;: SLy — &%™, and moreover there is a group functor morphism

p: By — QSfffin.

We write @;p: SLa(R) — &5(R) and pg: G4(R) — SR(R) for the respective group ho-
momorphisms naturally induced by ¢; and . Then for any r» € R, and any i € I, the map pg
has the property that

vir(§1) = ¢r(2a,(r))  and  @ir( L 7) = pr(z_a,(r)).
In particular,
Gir = ((§7): (5 1) |7 € (R, +)) = SLa(R),
where the latter isomorphism holds because R is a local ring.

Additionally, for any injective ring morphism R; — Ra, the induced group homomorphism
BRN(Ry) — SN (Ry) is injective.

Since R is a local ring, &3 (R) is the surjective image ¢r(S4(R)) of & 4(R), and the work
in [MM25] is dedicated to investigating when g is injective, i.e. to when the groups & 4(R) and
UM (R) coincide. This was already known by Tits’ work in [Tit87] to be the case when R = K
is a field, and is moreover proven to be the case when R satisfies and is a valuation ring, i.e. a
local ring which is moreover a Bézout domain in [MM25, Theorem A].

When R is a domain with field of fractions K, there is a natural map
P: G4(R) — B4(K),

induced by the canonical inclusions 4, (R) — i (K), for all « € ®.

Since & 4(K) = &%311(K), the group &% (R) injects into & 4 (K), and under this identification,
the map

pr: GA(R) = 61" (R) C 6.4(K)

coincides with 1, so that 3 (R) is just the image of & 4(R) in & 4(K) induced by the inclusion
R—K.

Throughout the rest of this article, we will write G := &% (R). Moreover, for a subgroup
H < Gpg, we will denote by H its image under ¢ in GE", e.g. Uﬁ = @R(Ug).

Note that @ preserves Tk as well as the elements §; for all ¢ € I, and the restriction of ¢ to

any root subgroup U, is injective. In particular, we also write T , §; and U, for their respective
images under ¢g.

2.4. Some facts about G and Grlfz‘in. Unless otherwise stated, in this article we let R be a local
ring and denote by R — k the projection onto its residue field k& := R/L, where L is the maximal
ideal of R. We then write

(2.6) p: GRIN _ GINin >~ @G
for the group homomorphism induced by functoriality.

If we denote respectively by U% and E% the kernels of

-+ -t
p|U§: Up— US and p|§§: By — B,
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one has the following.

Lemma 2.5. Let R and p: G'3™ — Gy, be as above. Then
(2.7) Ker(p) =U. B, = U, By.

Proof: By [MM25, Proposition 5.3] and surjectivity of ¢g, one has that Ker(p) C U;E;. If
g=u_by € Ker(p) withu_ € Uy and by € EE, then u~'g € Ker(p) and hence by € FJLF. The
result now follows from the fact that Ker(p)~! = Ker(p) and that T normalises UZ. O

The following lemma is particularly useful.

Lemma 2.6 ((MM25, Lemma 5.10]). Let A = (Ajj)i jer be 2-spherical, and let R be a local ring
satisfying in case A is not spherical. Let mg denote the composition of pr: Gr — GB™ and
p: Grﬁin — Gy Then, for J C I,

GyrN7g (B BYY) C TRURU .

We also record the following lemma for convenience. Here U (L) denotes the kernel of the
canonical map SLg(R) — SLa(k) induced by R — k, restricted to Ui (R).

Lemma 2.7 ([IMM25, Lemma 5.2]). Leti € I and g € Gir. If p(9) € pir(By (k)), then g €
0ir(Uy (L)BS (R)). Similarly, if p(g) € @ir(By (k)), then g € 0;r(Uy (L)By (R)).

When R is a domain, under the identification Gﬁgi“ =~ Gk, we have
2.8) UpNn By CUENBE = {1},

where the last equality follows from the Birkhofl' decomposition of G (see [MM25) eq. (2.1)]).
This condition also implies that Tr N ﬁﬁ = {1}.

Lemma 2.8. Let A = (A;}); jer be a 2-spherical GCM. Let R be a local domain satisfying (co). Then
Jorany J C I,

=

(2.9) URQPJR:UJR’

Proof. The inclusion ﬁg - U; N Py is trivial. For the opposite inclusion, note first that
UpNPr=UpNPiaNPrr=UsNTrGyr,

where the latter equality follows from [MM25, Proposition 5.12]. Suppose that g € UE satisfies
or(g) € TRGyg. Lett € Tg and g; € G g be such that pr(g) = ¢r(tgs). Then

p(er(tgs)) = pler(9) € U C B, B

In particular, by Lemma it follows that tg; € TRU]RUjR. Choose t' € Tk and uy € Uj'[R
such that tg; = t'u_u4. In particular, pr(9) = ¢r(t'u_uy). Then, by (2.8),

er(t' tgui') = pr(u_) € TRU RN Uk = {1}.

Hence pr(t') = pr(gui') € TR N U; = {1}, and we obtain that pr(g) = ¢r(uy) € UjR. O

3. BIRKHOFF DECOMPOSITION OF G

Throughout this section, we fix a 2-spherical GCM A = (A;;); jer, and R alocal ring. We aim
to construct a decomposition of G'5'" which generalises the Birkhoff decompositions in the field

case.
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Definition 3.1. Let g € G'B™™. A Birkhoff expression of g is a decomposition of the form
g =utgi...9gab—,

with uy € U; and b_ € Bp, and such that for all 1 < j < d, there is some i; € I such that
g; € éz'jR- The type of such a Birkhoff expression of g is the tuple (s;,, ..., s;,), for s; € W. The
Birkhoff expression g = u.g1 ... ggb+ is reduced if d is minimal among the lengths of types of
Birkhoff expressions of g.

For A a GCM, let (m;;); jer denote its Coxeter matrix and for any 4,j € I, let t(7,j) and
7(7, j) be as in section The following result is a construction of subsets of G generalising
the double cosets appearing in the Birkhofl' decomposition of a Kac—Moody group over a field.

Proposition 3.2. Let R be a local ring satisfying in case A is not spherical. Let p: G'5™ — Gy, be
as in (2.6) and let w = (si,, ..., Si,) be a word in the generators {s; | i € I} of W. Define

B(w) = {g € G | g has a reduced Birkhoff expression of type (siy, . . . , Si,) }

Then the following hold:
(i) g € B(w) implies that p(g) € Ut 0B,
(i) Let W' = (sj,,...,s;,) differ from w by a finite sequence of operation of type . Then
B(w) = B(w').
(ii7) The set B(w) is non-empty if and only if w is reduced.
Proof. @i). Let w = (s;,...,si,). We prove the statement by induction on d. Let g € B(w).
Suppose d = 0. Then g € ﬁ;E;%- It then follows by definition that p(g) € U, B, .
Suppose now that for any w = (s;,,...,5;,) withd < n and any g € B(w), one has p(g) €
U,ij,;,wherew =5 ...8, €W.
Let then w = (s;,,...,s;,,,) and g € B(w), i.e.

g =UtG1-..9gnt1b_, forsomeuy € By, gj € éin, and b_ € Bp,

with 7 4+ 1 minimal amongst the lengths of Birkhoff expressions of g. By Lemma BiGig =
GirBp and éiRU; = U;@m, forany ¢ € I. Hence forall j € {1,...,n+ 1},
_ =t
g9j & vi,r(Uy (R)By (R)) C UgBg,
by minimality of n + 1. Then Lemma implies that p(g;) & ¢i;x(By (k)). It follows in
particular that

P(9n+1) € Pineak (B2 (K)( 2 ) By (k) € By i, By
Additionally, writing w’ := (s, ..., $;, ), we have
g =uig1...gn € B(w'),
since the above decomposition not being a reduced Birkhoff expression of ¢’, would contradict
the reducedness of the Birkhofl expression v gy ... gn11b_ of g =uyg1...gni1b- = ¢’ gni1b_.
By the induction hypothesis,
p(d) € U5, ... 5,8, .
Combining the above then implies by (2.5)) that
p(9) = p(g'gns1b-) € U 8, ... 5:, By 8in o By CUASi, ... 80, 80y -+ iy } By -
Suppose that p(g) € U'§;, ... 5, B, . Then by Lemma
=+ . 5 ~ 7+« . s~ Tt = B
g c URSil < Shy, Ker(p)BR - URSil PN SinULBR - URG’L:[R NN GlnRBR7

where the last inclusion follows from [MM25, Lemma 5.1], which implies that G; RUJLr = Uzéi R
for any 7 € I. But this is a contradiction with the minimality of n + 1, and hence

p(g) € U,jéil 8By
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as desired. This concludes the proof of (i).

@ii). Suppose w' = (sj,,...,sj,) is obtained from w = (s;,,...,s;,) by applying (M2) n
times, for some n > 1. Let w € W be the associated group element. Let g € B(w). By (i),

plg) €U, 5, ...5;,Bf =U_ Bl =U,5;,...5,B; .
In particular, since U;@E;L surjects onto U ,:' wB,, we have as in the previous paragraph that
=+ . e . o ~ts = e
g € Ustl ...deKer(p)BR g URSjl "’deULBR g URGJI G]dBR?
by Lemmaand [MM25, Lemma 5.1]. Hence g has a Birkhoff expression of type (sj,, ..., s;,).
By the fact that d is the minimal length for which a Birkhoff expression of g exists, it follows that
this Birkhoff expression is reduced as well. Thus g € B(w’). The converse inclusion follows
similarly. Hence we obtain (i) .
({iii). Suppose w = (s, ..., ;,) is not reduced. Let g € B(w). By Tits’ solution to the word
problem, there is an integer n > 1 such that, after applying some n operations of type (M2)), the

obtained word w’ = (s;,, ..., sj,) has asubword of the form (s;, s;). But then, from the fact that

B(w) = B(w') by (ii), it follows that
[ — — — — —_— 7+7 — —
g < URGle“'GiRGiR"'doRBR = URGle...GiR...G]’dR,
where the equality holds because G;rG;r = G;r. But this would mean that g has an expression
g = uigi...ga—1b_, for some g € Gy,g and elements uy € U; and b_ € Bp. This is a

contradiction with reducedness of the expression of g of type w. Hence B(w) is empty if w is
not reduced.

Conversely, if w = (s;,,...s;,) is reduced, then g := §;, ... §;, is a reduced Birkhoff expres-
sion of g. Indeed, by definition, p(§;, ... 35;,) € U,;wB,j withw = s;, ...s;,. Since w is reduced,
it follows that ¢(w) = n. If g had a Birkhoff expression of shorter length, we would have by
that p(g) € U;Fw'B;; with £(w’) < £(w), a contradiction with the Birkhoff decomposition of G
Hence g € B(w). O

It follows from Proposition that for any w € W, the set B(w) does not depend on the
chosen reduced expression w of w. We then denote

3.1) B(w) := B(w), forany reduced expression w = (s;,,...,s;,) of w € W.

Theorem 3.3. Let R be a local ring satisfying in case A is not spherical. Then G'5™ has a decom-
position

(8.2) Gp" =[] B(w).
weW
Moreover,
(3.3) B(w) = p"\(U; 9By ) = Ui By Ker(p).

Proof. By Lemma G2 is generated by the groups Tr and G, g for i € I. Since Tg normalises
each G, for every element g € G'B™™ there is some sequence (i1, ..., iq) € I? such that
g c éilR- . .@-dRTR,
and hence g has a Birkhoff decomposition. In particular, g € B(w) for some w € W. It follows
that GE™ = ey B(w).
Let w # w’ € W and suppose g € B(w) N B(w'). Then by Proposition |3.2({i),
plg) € UfwB, NU w'By;;

a contradiction by the Birkhoff decomposition of Gj. Hence B(w) N B(w') = 0. The decom-
position (3.2)) follows. By Proposition H , B(w) surjects onto Uk_ﬁ)B;‘, and hence B(w) C
p (U, wBy). Conversely, if g ¢ B(w), then by (8.2)), g € B(w') for some w’ # w. Then again
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by Proposition H ,p(g) € Uk_u?'B,:', and hence p(g) ¢ Uk_u]Blj, by the Birkhoff decomposi-
tion of G. In particular, g ¢ p_l(Uk_ﬁ)B,;"). This shows (3.3). O

Remark 8.4. Note that using the Cartan—Chevalley involution, G also has a decomposition

G%in = [1,ew B(w), where, for w = s;, ... s;, of length d,

3 L= Rty — T B
B(w) :=p (U, wBy) = UgwBgKer(p).
4. RESIDUAL FILTRATIONS OF THE CHAMBER SYSTEM OF Glﬁin

In this section, we consider the chamber system associated to GH™. In particular, we will con-
struct a filtration of this chamber system, and use the results from [DMO07] to reduce the question

of obtaining a presentation of an arbitrary U; of simply laced type to obtaining a presentation
for UE of type As (in case R is a local Bézout domain).

4.1. Buildings and chamber systems. A chamber system is a set C together with a collection
(~i )ier of equivalence relations on C, such that ¢ ~; d and ¢ ~; d if and only if i = j or
¢ = d. Elements of C are called chambers, and two chambers ¢,d € C are called i-adjacent if
¢ ~; d. A chamber system is said to be connected if any two chambers ¢, d € C can be joined by a
gallery

C=C1 ~j C2 iy - Vi, Chy1l = d.
The type of such a gallery is the tuple (i1, ... ,4;). Let J C I. AJ-galleryisagalleryc ~j, ... ~j,
d such that j1, ..., jr € J. Forc € C, the J-residue of c is the set R j(c) of chambers d € C whic
can be joined to ¢ by a J-gallery. Then (R (c), (~;);es) is also a chamber system.

Example 4.1. Let R be aring and let A = (A;;);er be 2-spherical. Then we associate a chamber
system C~ (GBI to G by taking the cosets GBI /B, as the set of chambers, and forany i € I,
letting g B, be i-adjacent to hBp if and only if h~1g € P,. In particular,

gBRr ~i hBy <= thereexists g¢; € Gir suchthat hBp = gg;Bpg.
We will write
4.1) gcy == gBp for the chamber in C~(G'3™) given by the coset By € GR™/Bp.
The group G%ﬁn acts on its chamber system by left multiplication, and this action preserves i-

adjacency for any i € I. In other words, G'S™ acts on C~(G%") by chamber automorphisms.

Stabilisers of J-residues of the chamber ¢ are given by the parabolic subgroups P ;. If R = K
is a field, the chamber system C~(Gk) = C~(GE") is moreover a building (see [Mar18, Corol-
lary 7.70]).

A chamber system is said to be simply connected (or more precisely, simply 2-connected) if ev-
ery gallery which starts and ends in the same chamber ¢, is 2-homotopic to the gallery (¢). Here
a 2-homotopy consists of a finite sequence of elementary 2-homotopies, which in turn consist of
replacing a J-subgallery (with |J| < 2) connecting two chambers by another J-subgallery con-
necting the same two chambers (see [DMO07, §2] for the precise definition).

An important feature of the theory of groups acting on chamber systems, is the following.

Proposition 4.2 ([Tit86, Corollaire 1]). Let C := (C, (~;)icr) be a chamber system, and let G be a
group acting transitively on C' such that the action preserves i-adjacency. Let ¢ € C. Then the following
are equivalent:

(a) C is simply connected;
(b) G is the amalgamated product of the stabilisers

Gj:=Stabg(R(c) ={g€ G |g-c € Ryle), foralld € R;(c)},
Jorall J C I with |J| < 2, along the canonical inclusions G j, C Gy, for J; C Jo C I.
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See e.g. [Ser80, §1] for a precise definition of such an amalgamated product. To obtain a
presentation of a group G as an amalgamated product of a certain set of subgroups, it hence
suffices to show that G acts on a simply connected chamber system and to identify the stabilisers
of the rank 2 residues. To obtain chamber systems suited to our purposes, we need the following
terminology.

Definition 4.3 ([DMO07, 8§3]). Let C = (C,(~;)icr) be a chamber system. A filtration of C is a
sequence F := (Cy, )nen of subsets of C, satisfying the following conditions:

(i) Cp, € Chyq forallm € N,
(11) UTZEN CTL = C’
(iii) For every n > 0, if C,,_1 # 0, then there exists an i € I such that for all ¢ € C,,, there is
some ¢’ € C,,_1 which is i-adjacent to c.

The filtration F is called residual if for every non-empty J C I and any J-residue R ; in C, the
sequence (Cy, N R j)nen is a filtration of the chamber system (R, (~;);jes)). For any subset
X C C, we define

4.2) aff(X) :=Cpy N X, wheremy :=min{n e N|C,, N X # 0}.

A residual filtration F is said to be locally connected if it satisfies the following condition:

(Ico) Forany J C I with |J| < 2, and any J-residue R ;, the chamber system
(aff(Ry), (~)jer) is connected.

Finally, F is said to be locally simply connected if it satisfies:

(Isco) Forany J C I with |J| < 3, and any J-residue R, the chamber system

(aff(Ry), (~j)jer) is simply connected.

We will make crucial use of the following three facts.

Proposition 4.4 ([DMO07, Corollary 3.10 & Theorem 38.14]). Let F = (Cy,)nen be a residual
[filtration of a chamber system C, with Cy # (0 and satisfying and (Isco). Then the following are

equivalent:

(1) C is simply connected.
(i) Cy is simply connected.

Proposition 4.5 ([Ron09, Theorem 4.3)]). Buildings are simply connected chamber systems.

Proposition 4.6 ((MM25, Lemma 8.7]). Let R be a local Bézout domain with field of fractions K,
satisfying in case A is not spherical. Then the canonical map

C™(GE™) = C (Gx), 9gBr—gBg
is an isomorphism of chamber systems.

In particular, in view of Proposition and the fact that C™ (G ) is a building by Example
under the hypotheses of Proposition , C~(Gp™) is simply connected. In the following section,
we will construct a suitable filtration of C~(GB™) such that U; acts transitively on Cp, and the
latter will be simply connected by Proposition We will then apply Proposition[f.2] to obtain
Theorem

4.2. Filtration of C~(GE™). We define the map
(4.8) §:C(GE™ =W, via §(gey) =w <= g€ B(w).

This is well-defined by (3.2) and the definition of B(w) (see (3.1)). As in section let £ denote
the length function on W, with respect to {s; | i € I}.
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Lemma 4.7. Let R be a local ring, with residue field k. Let J C I and let Ry be a J-residue in
C=(GB). Let gcy € Ry with §(gcy ) = w. Set moreover

[ :=min {{(6(hcy)) | heg € Ry}

Then the following hold:
(@) Forany hcy € R, one has 6(hey ) € wWy. In particular,
(4.4) {6(hcy) | heg € Ry} = wWy.

®) aff(Ry) = {hcy € Ry | €(6(hey)) =1} = {heg € Ry | d(hey) = wy}, wherew, is the unique
element of wWWj of minimal length.

Proof. Let gcy be as in the statement. Let moreover hey € Ry. Let (i1,...,4q) be the type of a
J-gallery from gcy to hey . Then for 1 <t < d, there exist g; € Gy, g such that

9o ~jr 9910 ~js -+ ~ig 991 -+ - gaco = heg -

Now, p(g) € U,:—’IIJBk_ by Proposition Moreover, since g; € Gy, g forall 1 <t < d, we have
p(gt) € B, U B, 5;, B, . Hence by (2.4), there is some subword (s;,,...,s;,) of (si,...,s,) €
{s; | € J}¢ such that

p(g1-.-94) € B, 85, ...5;, B .
It follows that

p(h) € U wB 3, ... 5;, By,
and hence by (2.5)), there is some subword w’ of (s;,, . . ., sj,) such that for the associated element
w' € Wy, we have p(h) € UFwow'B,, . By (8:3) it now follows that A € B(ww'). In particular,
d(hcy ) € wWy. This shows one inclusion of (4.4).

Conversely, by definition, every element hcy € R is of the form gzcy for some z € Pp.

Since p(g) € U,"wB,, there exist u; € U; and b_ € Bp such that p(g) = p(uswb_). Then,
for any w’ € Wy, setting z := b_ a0/ € P g, we have that

p(9)p(z) = p(uybd’) € Ut b’ By, .

In other words, for any w’ € Wy, there is a chamber hey = gzey € Ry such that 6(hey ) = ww/,
which yields the other inclusion. This shows (g). Now (#) follows from (g and the fact that w is

the unique element of minimal length in wWV;. O

Fix an injection |-|: W — N satisfying:

(i [1w] =0,
(i1) Z(wl) < f(’wg) — |w1| < |w2|.

Proposition 4.8. Let R be a local ring with residue field k. Let for any n € N,
(4.5) Cp == {gcy €CT(GE™) | |6(gey)| < n}.
Then (Cp)n>0 is a residual filtration of C~ (G'8™).

Proof. Let R be a J-residue in C~ (G%in). It is clear that foranyn € N, R;NC,, C R;yNCpt1.
Moreover, | J,,cn(R7NCr) =R ;.

All that remains to show is that for every n > 0 such that C,,_1 N R; # (), there exists a
j € J such that every chamber ¢ € C,, N R is j-adjacent to some chamber ¢ € C,,_1 N R .
There are two possible cases: either C,,_1 N Ry = C, N Ry, or there exists an element gc, €
(Cn \ Cn—1) N R ;. In the former case, we may choose j € J arbitrarily, since every chamber
ce C,NRy=Cpr_1NRyis j-adjacent to itself. In the latter case, by definition there is a fixed
w € W such that 6(gcy ) = w, for all ge¢; € (Cp, \ Cr—1) N Ry. Moreover, wWV; has a unique
element of minimal length w, and since C,,_1 N'R s is non-empty, this element is different from
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w. Indeed, define m = min{r € N | C, N R; # 0}. Then m < n, and with [ as in Lemma
ie. l=/0(wy),
Cn NRy = {gcy € Ry |lgcg|=m} ={gcg € Ry | €((g9cy)) =1}
={gcg €Ry|d(gcy) =ws}.
In particular, by Lemma(4.7]
w=wyw, withw" € Wj\ {1w}.

Let now j € J such that {(w's;) = £(w') — 1, and let moreover gc; € (Cp \ Cr—1) N Ry, i.c.
8(gcg ) = w. Choose y € p;r(SL2(R) — Uy (L) By (R)). We show that §(gycy ) = ws;. Indeed,

by Lemma we have that p(y) & ¢jx(Bj (k)). In particular, p(y) € pi(By (k) (2% §)B; (k)),
and hence p(y) € B, 5;B, . It follows that

p(gy) € B wB, §;B; = B} ws;B,,
where the latter equality follows by , since
l(wsj) = L(wyw's;) = Lwy) + L(w'sj) = Lwy) + L(w') — 1 = L(w) — 1.
Hence gy € B(ws;) by 8.3), i.e. §(gycy ) = ws;. In particular,
£(d(gycq ) < £(6(gcy))
and by definition of |-|: W — N, it follows that gyc, € C,—1. By construction gyc, € R.

Hence j € J is an element such that every gc, € C,NR s is j-adjacent to some he, € Cp,—1NR,
finishing the proof. O

Next, we show the condition (Ico). We calculate what the set aff (R ) looks like for a residue
Ryin C—(GR™).

Proposition 4.9. Let R be a J-residue in C~(G'5™), with J C I. Let hcy € Ry be such that
d(hcy ) = w, and let w s be the unique element of minimal length in wWV ;. Then there is some gc, € R
such that 6(gcy ) = w,, and

(4.6) aff(Ry) = {g:ccg €C(GRnY |z € U}R} .
Proof. Note that a chamber gc, € R with 6(gcy ) = wy exists by Lemma. Then p(g) €
BB, , and in particular, there exists by € E; such that p(g9)B, = p(bs)w B, . Hence
by is a representative of the coset gB, i.e. gc; = bpwjcy . We then have

Rj= {b+1bj$ca cC(GBM) |z € GJR}.
Now, by Lemma,

biwyacy € aff(Ry) <= p(biwyz) € BB, .

Moreover, G j;. has a Birkhofl decomposition G j, = Hw’eWJ UijNJ’ B7,.. In particular, for any
z € G g, there isa w’ € Wy such that p(z) € Uj, @' B, , and hence

p(biwyz) € B w U 0 By,
By Lemma since w is right J-reduced, we have that @ JUj_k - B;@ 7. In particular,
p(bywyz) € B w;Uf,w' By C Bfw ' By, .
Hence by jzc, € aff(Ry) if and only if w’ = 1, i.e. p(z) € U}, B7,.. By Lemma it follows
that byw e, € aff(Ry) if and only if € U}rRUIEE NG sr. Now,
UsrULBrNGor = Usp (U BN Gur) € Usr (BBrN Gur)

C Usn (U5rUrTr) € UsnBr,
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where the inclusion E;E; NGr C U}FRU;RTR follows from Lemma It follows in partic-
ular that bywyxc, € aff(Ry)if and only if z € U}FREIE’ showing the claim. O

Proposition 4.10. Let A be 2-spherical, and R a local ring satisfying (co)). Then the filtration (C,)n>0
of C~(G'B™) as defined in (A.9)) satisfies (Ico).

Proof. By Proposition for any J-residue R, there is some g € GBI such that any two

elements in aff (R ;) are of the form gxc, and gyc,, with z,y € UJJFR. Since R is assumed to
satisfy (co)), it follows by Lemma that 2~y can be expressed as a product of elements in the
simple root subgroups Uy g for j € J. Hence there exists a J-gallery from gzcy to gycy , which
is moreover completely contained in aff (R ;) by Proposition [4.9] O

We now prove Theorem

Theorem 4.11. Let A = (Ayj)ijer be a 2-spherical GCM and R a local Bézout domain satisfying
(co). Then U; is the amalgamated product of its subgroups U}_R Jor J C I and |J| < 2, along the

canonical inclusions UJJZ R UJJ; rjorall Jy C Jo, if this is the case for all of its rank 3 subgroups U}_, I
ie forall I' C I with |I'| = 3.

Proof. Under the hypotheses on A and R, the chamber system C~ (G*3*) is a building by Proposi-
tion In particular, C~(G'™") is simply connected by Proposition The filtration (Cy,)nen
of C™(G'™™) as defined in (4.5), is a residual filtration satisfying by Proposition and
Proposition Moreover, by definition, Cy = U;ca . Hence if (C},)nen were to satisfy ([sco),

then by Proposition U;ca would be a simply connected chamber system, on which U; acts
transitively.

In particular, if (Cy,)nen satisfies (Isco)), we find that U; has the desired amalgamated product
decomposition by Proposition since the stabilisers in U; of the residues of rank at most 2
containing ¢, are the subgroups U; NP,p= U—}R (see (2.9)) with |J]| < 2, by Examp]e

By definition, (C,),en satisfies (Isco) if and only if for any J-residue Ry C C‘(G%in) with
|J| = 3, the set aff(R ) is simply connected. By Proposition this is equivalent to the set
gU}ch being simply connected, for all g € G%" and all J C I of size 3. But since the action of
GR™ on C~(G'R™) preserves i-adjacency for any ¢ € I, we have that for any g € GB™ and any
J C1I,

=t 7 -

9Usrc = Ujrco s
as chamber systems. In combination with Proposition [4.2] it follows that (Cy,)nen satisfies
if and only if for j:l_y J g _I withl{_ | = 3, the subgroup U—}R < U; is the amalgamated product
of its subgroups U ;o N P i = U jp (see (2.9)) with J' C J and |J'| < 2, along the inclusions
U CUpploral g CJy CJ. O

5. SIMPLE CONNECTEDNESS IN TYPE A3

5.1. The reduction step and proof in the A3 case. In [Tit86], Tits showed that for a Cartan
matrix A, the problem of obtaining a presentation of UE as an amalgamated product of its rank
2 subgroups, reduces to its rank 3 subgroups having such a presentation. He then moreover
showed that for a Cartan matrix A of type As, and K a field different from Fs, the group Uﬂ‘g is
the amalgam of its rank 2 subgroups. These result were then combined to obtain an amalgamated
product decomposition of Uy in terms of its rank 2 subgroups for any Cartan matrix of simply
laced type.

We adapt Tits’ strategy to the more general setting of commutative rings satisfying a minor
condition which extends the requirement that K # Fy, proving Theorem [Al

First, we formulate the statement of Tits’ reduction step to the rank 3 case for spherical type
GCM’s, for the convenience of the reader.
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Proposition 5.1 ([Tit86} Proposition 7]). Let A = (A;;); jer be a Cartan matrix, with simple roots
{aj | i € I}. Let R be a (commutative, unital) ring. Suppose the following two conditions are satisfied for

Ut < Ba(R):
(1) For any distinct i, j € I, the group U {Z IR is generated by Un,; r and Uy, r;
(i) For any distinct i, §, k € I, the group U (kIR is the amalgamated product of its subgroups U, IR
with J C {i,7,1} and |J| < 2, along the canomcal inclusions of the subgroups Un, r, Un,r and
Ua, R

Then Ug itself is the amalgamated product of its subgroups U JrJoral J C I with|J| < 2, along the
canonical inclusions of the root subgroups U, g — U} Jrfordlic JC L

Remark 5.2. The condition () holds as soon as R satisfies (co), by [All16, Lemma 11.1]. In
particular, for a simply laced Cartan matrix, the condition () is satisfied for any commutative
unital ring R.

For the rest of this section, let A be of type As. Note that in this case, for any R,

1 * * %
Gr =E4(R) < SL4(R), and U;{ = {(861‘:) € E4(R)}.
0001

Here E4(R) denotes the subgroup of SL4(R) generated by the elementary matrices I, +AFE; j, for
all A € R, where I denotes the identity matrix and E; j denotes the matrix which has every entry
equal to 0, except the entry (i, 7), which equals 1. For any i € I = {1,2,3}, the root subgroup
U, of UIJ{r is generated by the elements Iy + AEj; ;1 1, forall A € R.

Theorem 5.3. Let R be a (commutative, unital) ring such that 1y is the sum of two invertible elements.
Let A = (Aij)i jer be the Cartan matrix of type As. Then U™ := U;g < GR is the amalgamated product
of the simple root subgroups U, and the rank two subgroups UjR = (Ua;, Ua,), along the canonical
inclusions Uy, — Uy, forall J = {i,j} C I

When R is a field, this statement is precisely [Tit86, Proposition 8], which we formulate here
for completeness’ sake.

Proposition 5.4 ([Tit86, Proposition 8]). Let K be a field different from Fo and let A = (Ayj)ijer
be the Cartan matrix of type As. Then Ui < Gx = SL4(K) is the amalgamated product of the sim-
ple root subgroups Uy, and the rank two subgroups U j—K = (Un;» Uy, ), along the canonical inclusions
Ua, = Uy, forall J = {i, j} C I

Before we proceed with the proof of Theorem we first introduce some notation. By
definition, U := UE is the group with generators
xo(r), forall @ € A := {1, ag, a3, 01 + a2, a0 + a3, 1 + a2 + az} and all € R,

and relations, for all r, s € R:

@) o(1)za(s) = xo(r +s), forall a € A,

(ii) [mm (r)vxom (3>] Lan+as (7’3) [xaﬁ—az (T)7x041 (3)] = [xa1+a2 (T)vxom <3>] =

(iii) [ az (r)vxom (3>] = xaz-i-aa (7’3) [xa2+0t3 (r),a:a2 (3)] = [xa2+a3 (T)vxas <3>] =

(iv) [Tan (1), Tay (5)] =

(v) [m 1+a (T xa2+a3( )] =1
[
[
[

8

Loy \T

(r),
(vi) (r); oz ()] = [Za, (1), Ta+as (5)]
ma1+a2< ) xa3(3)} = xa1+a2+a3<7n3)7

Taq+agtas(T), Ta(s)] =1, forall a € A.

Laq+as\T
(vii)

(viii)
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Moreover, the amalgamated product U of the root subgoups U, and the rank two subgroups
Uij:=U {J;j} rofU T along the inclusions of U,, into U j, is given by the group with the gener-
ators 24(r), forall r € Rand all @ € A := A\ {1 + a2 + a3}, satisfying the relations (i) for all
a € A, as well as the relations (i), and (iv)).
Define in U, forany ¢t € R,
(b.1) 7)123(t) = [xa1+a2(1),$a3(t)].

Proving Theorem consists of showing that U also satisfies eqs. (M) to 1} with the ele-
MeNts T, +aytas(t) replaced by v1a3(¢), and that v1a3(¢) also satisfies (i) .

Let U; := U,, for all i € I. Moreover, let V; be the conjugation of U; by z,(1), i.e. V; :=
T (—1)UiTa, (1). In particular, by (i) and (iii) ,
(5.2) Vi = (%0, (r)Tar+a, (1) | 7 € R)
(b.3) Vi = (Tas(r)Tagtas(—7) | 7 € R).

Remark 5.5. As Tits remarked in [Tit86, §16.5], Proposition does not hold over Fy. Indeed,
if one supposes K = Fq, then we define, for i € {1,3}, the groups D; := U; * V;, which are
isomorphic to the infinite dihedral group D... Moreover, we can define the semidirect product

H = (Dy x D3) x Us,
by letting the elements z,,(1) act on D; by conjugation (respecting the relations and (i) ).

Then the relations @, @, and are satisfied in H, and in particular H = U. It follows
that U 2 U, since U is the finite group

1 * * %
U%{<85’{j§> GSL4(IF2)}.
0001

The following lemma is an intermediary step towards the proof of Theorem [5.3

Lemma 5.6 ([Tit86, §16 (7)]). For U; and V; as above, the following commutation relations hold in U:
[UlaU?)] = [U37VY3] = [Via‘/é] = [Ulavl] = {1}
Proof. The groups Uy and Us commute by (iv), and conjugating relation by Zq, (1) shows that

V1 and V3 commute. Now U; commutes with V1 by (5.2)) and (i), and Uz commutes with V3 by
(5.3) and (i) . O

Moreover, the following holds.
Lemma 5.7 ([Tit86, Lemme 4]). Let u; € U; and v; € V; be such that [ujvy,usvs] = 1. Then
[u1, vs] = [us, v1],
and [uy, v3) is central in the subgroup X of U generated by Uy, Us, V1 and V3.
Proof. Suppose u1viuzvy = ugvsuivi. Then viugvg = uflu;gvgulvl. But vyugvs = v3viug since
v3 commutes with u3 and v3 by Lemma[5.6] Hence
vViU3 = vg_lul_lu?,vgulvl.
But the latter is equal to u;),vgluflvgulvl, since u3 commutes with ©1 and v3. Hence
u;lvlu;:, = v;luflvgulvl = vlvgluflvg,vl,
where the last equality follows from the fact that v1 commutes with 1 and v3. Hence
vfluglvlug = vg_lul_lvgul.

This shows the first statement. It now trivially follows that [u1,vs] is central in X, since, by

Lemma [u1,v3] commutes with Us and Vi, and [ug, v1] commutes with U and V3. O



18 ROBYNN CORVELEYN

Proof of Theorem|5.3] Consider the group U as defined above. We show the relations eqgs. @
to hold, with the elements %4, +ay+a4(t) replaced by vi93(t), and that vi23(t) also satisfies
(). We begin by showing relation (vi). Let 7, s € R. Then by (i),

[qu (T)) Lag (S)} =1
Conjugating this expression by z,(t) for t € R implies that
[wal (T)$a1+a2 (’I”t), Loy (3)$a2+a3 (_St)] =1
In particular, by (i),
[Za, (r = 1) Za, (1t)Tay 105 (1), Tay (8 — $1)Tay (88) Tagtas (—st)] = 1.

But by (5.2) and (5.3),

Ta,(r—1t) € UL, Xa, (rt)Tay+a,(rt) € V1, and

Tas(s — st) € Us, Tay(st)Tagtas(—st) € V.
Hence we may apply Lemma[5.7]to obtain that for all 7, s,t € R
(5.4) [Ty (1 = 1t), Zay (1) Tag+as (—8t)] = [Tay (s — st), Ta, (1) Tay+as (11)]

and moreover these elements are central in the subgroup X of U generated by Uy, Us, V7 and
V3. In any group G, the following relations hold for x, y, z € G:

(5.5) [z, zy] = [z, yllx, 2]
(5.6) [zz,y] = [z, y]*[2, 9],
It follows that
[0 (1 = 1), oy (58)Tas by (=58)] = [0y (1 = 1), Zag-yay (=51)] [a, (1 = 1), oy (s1)] 7240270
= [xoq (7” - Tt), $062+043(_5t)] )
where the last equality follows from (iv)). Similarly,
[$a3 (3 - St)’ Lay (Tt)$al+a2 (Tt)] = [$a3 (8 - St), Lo +az (Tt)] :
However, in any group G there are moreover the relations
5.7) 271y = [y,z]fl and [z,y7!] = [y,:n]yil, forall z,y,z € G.
Applying to the previous expression, we get

[T (5 — 51), Tayras (1)) = [Taytas (1), Tay(—s + st)]Torreas=sh)

= [Tayta (Tt), Tag(—s + st)],

where the last equality holds because [z4,+qa,(7t), Zas(—s + st)] is central in X, and because

Tay+as(s — st) € X. We conclude from that

(5.8) Vr,s,t € R, [Tay (1 —1t), Tagtas(—St)] = [Tayt+as (1), Tas (—s + st)].

In particular,

(5.9) If there exists at € R such thatt,1 —t € R*, then for any r, s € R, the elements

[Zay (7)), Tag+as (8)] and [T, +a, (7)), Tag (8)] are central in X.

We now apply a change of variables to the above. Let A € R* such that 1 + X is invertible. Take
t:=A1+A)"L. Thentand 1 — ¢ = (\ + 1)~! are invertible. In particular, by (5.8)),

(5.10) Forany A € Rsuch that A\, A\ +1 € R*, and forany r, s € R,

[xal (T)axa2+a3 (S)] = [xa1+a2 (T/\)7xa3(3)‘71>]'
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By assumption, there exists an element b € R* such that 1+ b € R*. Then 1+ (-b—1) € R,
and1 —b"Y(b+1) =b~! € R*. In particular by (5.10), one has that, for any r, s € R,
[$a1+a2 (7“), e (3)] = [mal (Tb_l)v Lag+as (Sb)]
= [Tartas (=07 (0 + 1)), ay (—sb(b + 1)71)]
= [xal (T)a Lag+as (S)]v
and relation (vi) follows.
Next, we show (v) . By definition, for any r, s € R,
[Tartaz (1), Taz+as (5)] = [[Tay (1), Tay ()], [Taz (—5), Tay (1)]]
= [‘73011 (_T)xcvz (_1)xa1 (T):IZa2 (1)7 Lag (S)thQ (_1)x043 (_S)x% (1)] :
Denote
Uy =Ty (—7) €U, 01 := Tay(—1)a, (1)Tay (1) € V1,
Uz 1= Ty (S) €Us, v3:=Tay(—1)Tas(—5)Ta,(1) € V.
Then we obtain by (5.6) that
[xa1+02 (7"), Lag+as (8)] = [ul’ u3v3]v1 [Ulv ’LL3U3] = [ulv U3]U1 [ub U3]

= [u1, v3][v1, uzvs],

U3 vy, ugvs)

where the last equality holds because ©; commutes with u3, and v1 commutes with 1 and v3 by

Lemma[5.6] Applying (5.5) we then obtain that
[Tar+az(1); Taz+as ()] = [u1, vs][vr, vs][vr, us]”
= [ula US] [vla Ug],
where the latter equality follows from Lemma[5.6] In particular, by (i) and (i),
[x011+042 (T)’ Log+as (5)] = [$Oé1 (*T)v Loy (*1)‘%043 (*5)'%&2 (1)] [1:042 (*1)$a1 (T)thQ (1)7 Lo (S>]
= [$Oé1 (*T)v Lo (*S)l‘a2+a3 (5)] [xal (T):L‘a1+a2 (T)’ Lo (5)] :
Applying once more (5.5) and (5.6), as well as Lemmal[5.6} yields
[$a1+az (T)v Log+az (5)] = [xal (_r)’ Lag+as (8)] ['T011+042 (T)’ Lo (5)] :
By (vi), the last expression is the same as
[Tar+az (T); Tagtas (5)] = [Tay (—7)s Tag+as (8)] [Tas (1), Tastas (5)] -

Because by assumption there is an element ¢t € R with ¢,1 — t € R*, it follows from (5.9) that
[Tay (1), Tag+as(8)] is central in X, and hence in particular commutes with x4, (—7). Hence by

G2,

3

[xa1+042 (T)a Laz+asz (S)] = [xa1(_r>7xa2+a3 (3)] [waz-&-aa (3)7 xm(_r)] =1,

where the last equality is satisfied because [z, y] ™' = [y, z] for any z,y in a group G. The relation

() follows.

We now show (viiil). Let via3(r) be as in (5.1). It suffices to show that v123(r) commutes
with x4, (s) forall 7, s € R, since v123(1) = [Tay+as(1), Tas(r)] is central in X by (5.9), and X
contains all the root subgroups associated to the roots {aq, a3, a1 + a9, e + a3, a1 + as + as}.
But

V123 (r)a:az(s) = [maﬁraz(l)z% (S)’ Lo (T)maz(S)]
= [xalJra?(l),xas(’r)xa2+a3(_rs)]
= [xal-i-OéQ (1)7 Lag+as (—TS)] [xal+042 (1)’ Lo (T)]za2+a3(frs
= [x011+042(1)7 Lo (T)] = U123(T)'

Here the second equality holds by and (iii), the third bys (5.5) and the fourth by () and
(5.9).

)
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We now show (vii), with Za, taytas(7s) replaced by v123(18) = [Tay+as(1), Tas(rs)]. Let
r,s € R. Then

Here the first equality follows by (ii), the second by the Hall-Witt identity, the third by (iv), the
fourth by and (iii), the fifth by (iii) , and the last line by (vi). But by (viii),
(

[Zartas (1) Tag (8)] = vi23(rs)™2(") = vya5(rs),

and follows. Finally, for any r, s € R,

V123 (7' + 3) = [xaﬁ—az (1)7 Tag (T)$a3 (3)]
= ( ¥

$a1+a2(1)71’a3 S)][l’al+a2(l),l’a3(1")]$a3
= [:Ea1+a2(1),$a3(8)][$a1+a2(1),l’a3(1")] = U123(8)U123(T)7

where the second equality follows from (5.5)), and the third equality holds since v123(r) is central
in X, which contains x4, (r). Hence (i) holds for v123(r), and this concludes the proof. O

We are now able to prove Theorem [Al

Corollary 5.8. Let R be a (commutative, unital) ring such that 1, is the sum of two invertible elements,
and let A = (Aij)i jer be spherical and simply laced. Then U E < GR is the amalgamated product of its
subgroups UjR Jor J C I and |J| < 2, along the canonical inclusions Ujl r < U}; pforJ1 CJp C 1L

Proof. Since A is simply laced, it follows by Remark that the groups UjR with |J| = 2 are
generated by the root subgroups Uy, for j € J. Hence the statement follows immediately from
Proposition and Theorem 5.3 O

5.2. On the condition that 1 is the sum of two units. A unital ring R is said to be semi-local if
R/J(R) is semisimple, with J(R) its Jacobson radical. For commutative rings this is equivalent
to having finitely many maximal ideals by the Chinese remainder theorem. The following re-
sult is classical, as it follows immediately from [Zel54] and [GPS98]]. We include the proof for
convenience of the reader.

Proposition 5.9. Let R be a (not necessarily commutative) semi-local unital ring. Then the following are
equivalent:

(1) R has no quotient isomorphic to Fo,
(i) 1R is the sum of two invertible elements,
(iii) Every element of R is the sum of two invertible elements.

Proof. The implication = is trivial. To see that (@) implies (), suppose 1p = u + v
with u,v € R*. Suppose R has a quotient ¢: R — Fa. Then ¢(u) = ¢(v) = 1, since u and v
are invertible and hence so is their image. But then ¢(1g) = ¢(u) + ¢(v) = 0, a contradiction.
Finally, to see that (@ implies (), let J = J(R), the Jacobson radical of R. It is characterised as
the ideal
J(R)={z € R|1+yzec R, forally € R}.

First we claim that for r € R, if r 4+ J is a sum of units in R/.J, then 7 is a sum of units in R. It
then suffices to show that every element of R/J is a sum of units.



PRESENTATION OF BOREL SUBGROUPS OF KAC-MOODY GROUPS OVER LOCAL RINGS 21

First of all, if a 4 J is invertible in R/J, then there is some z € R such that za + J =1+ J,
and in particular, za — 1 € J, i.e. za € R* by definition of J. It then follows that a € R*.

Suppose now that r 4+ J is the sum of two units in R/J, i.e. r + J = u + v + J for some
u+J,v+J € (R/J)*. Then there is some j € J such that r = u + v + j, and since u and v are
invertible by the previous paragraph, we have that

r=u-+v+j=u+v(l+v ).
Note that 1 +v~1j € R since j € J, and hence also v(1 + v~1j) € R*. In particular, r is the

sum of two units, as desired.

We now show that every element in R/.J is a sum of two units. Since R/.J is semisimple, by
the Wedderburn—Artin theorem R/J decomposes as

R7=T[Mo (D))
=1

with each D; a division ring. Since R is assumed to have no quotient Fy, in particular no My, (D;)
in the above decomposition is isomorphic to Fy. By [Zel54], not every element of a matrix ring
M,, (D) for D a division ring is a sum of two units if and only if n = 1 and D = Fs. Hence for
every i, every element r € M,,. (D;) is the sum of two units, and by [GPS98, Proposition 1.2],
this property is preserved under taking direct products of rings. In particular, every element of
R/ J is a sum of two units, and the conclusion follows. O

Remark 5.10. The equivalence of () and is studied more extensively in the literature. For
example, the authors of [KSO7] also show the result for right self-injective rings, using Kaplansky-
style decompositions of such rings. The authors of loc. cit. also mention the existence of (non-
commutative) von Neumann regular rings in which 2 is invertible (and hence 1 is a sum of two
units, and the ring has no quotient Fs) in which not every element is the sum of two units,
attributed to Bergman (see [Han77])).

For our purposes we are mostly interested in the equivalence of @ and (@), since () is a nec-
essary condition by Remark and functoriality of U}, in R, while is a sufficient condition.
However, we were unable to find a result in the literature which completely classifies the rings R
for which this equivalence holds, even when restricted to the case of commutative rings.

=+
6. PRESENTATION OF U

In this section, we now prove Corollary[Cland Corollary [D] We first state the following resul,
due to Stein ([Ste73])). See also [MM25, Theorem 5.5].

Lemma 6.1 ([Ste73]). Let R be a local domain and let A be spherical. Then pr: Gr — Grﬁin isa
bijection. In particular, Uz = U;.

The following theorem shows the reverse implication in Corollary [C|

Theorem 6.2. Suppose A is a 3-spherical simply laced GCM, and let R be a local Bézout domain with
residue field different from Fo. Then U; is the amalgamated product of its subgroups U—}R with J C 1
and |J| < 2, along the inclusions U}l R < U}; gforall J; C Js.

Proof. By Theorem[4.11] it suffices to show the statement for all rank 3 GCM’s A of simply laced
spherical type. In this case, U; = UE by Lemma We distinguish three cases for A.

If A is indecomposable, then it is of type As, and the statement follows from Theorem [5.3]
since by Proposition[5.9} 15 is a sum of two units.

If A is decomposable, then UE = UX’R X (R,+), where A’ is either of type Ay or of type
A1 X Al, i.e.

v ={(01%) eSLa(R)} x (R+) or  Uf = (R,+) x (R, +) x (R, +).
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It is then immediate from the relations (2.1)) that U;: has the desired presentation. a

We now prove Corollary [D] In [MM25, Theorem A], this result was already proven in the
more general setting of arbitrary 2-spherical GCM'’s, but as a consequence of our work we obtain
an alternative proof in the 3-spherical simply laced case.

Proposition 6.3. Let A = (Ajj)i jer be 3-spherical and simply laced. Let R be a local Bézout domain
with residue field different from Fs, and with field of fractions K. Then the map

vr: Ggr — Grgin C Gk
1s injective.
Proof. By Theorem U; is the free product of the root subgroups U,g, for the roots o € U,
where
U:={aec®|Fijelsuchthata € (No; + Naj)Nd+},

subject to the relations (2.1) for all pairs {a, 5} C ¥ with a # £/3. But these relations are all
already satisfied in U}, and since moreover UE is generated by all the simple root subgroups
Ua,r by Lemma it follows that ¢ R|U;g is injective.

The proof of [MM25, Theorem 5.5], now applies verbatim. O

We now show the forward implication in Corollary[C|

Proposition 6.4. Suppose A = (A;j)i jer is simply laced and R is a local Bézout domain with residue
Sield different from Fo. If U; is isomorphic to the amalgamated product of its subgroups U}FR with J C 1
and |J| < 2 along the inclusions U}_l r < U}; pjor Ji C J, then A is 3-spherical.

Proof. By Proposition R is injective, and hence U; is isomorphic to U}J{ < GR. The result
then immediately follows from [CM26, Theorem E]. O

Corollary [C|now follows from Theorem and Proposition
Finally, note that the stabilisers in F; of the J-residues U;ca = E;ca C C~(G™™) are given
by
BrN P =(UpNPp)Tr=U,gTr,
where the last equality follows by (2.9). We then deduce the following.

Corollary 6.5. Let R be a local Bézout domain with residue field different from Fo. Let A be a simply
laced GCM. Then E; is the amalgamated product of its subgroups UjRTR Jorall J C I with|J| <2,
along the inclusions U:Z rlRr < U}; rI'r for Ji C Jo, if and only if A is 3-spherical.

Note also that applying the Cartan—Chevalley involution wg, the analogue of any result stated
in this paper for U; and U} also holds for Uy and Up,.
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