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Abstract. We obtain presentations of Borel subgroups of certain Chevalley groups and Kac–
Moody groups of simply laced type. More precisely, we show that Borel subgroups of simply
laced Chevalley groups over a commutative, unital ring (satisfying a minor technical condition),
are the amalgamated product of their rank 2 subgroups, generalising a result of Tits over fields
(different from F2). We moreover show that Borel subgroups of Kac–Moody groups over local
Bézout domains also have a presentation as an amalgamated product of their rank 2 subgroups
as soon as this holds for their rank 3 subgroups. In particular we deduce that Borel subgroups of
simply laced Kac–Moody groups over a local Bézout domain (with residue field different from F2)
have such a presentation if and only if they are of 3-spherical type.

1. Introduction

In this article, we show that the Borel subgroups of simply laced Kac–Moody groups over a
local Bézout domain (satisfying the minor condition that its residue field is different from F2)
have a presentation as the amalgamated product of a certain finite system of subgroups if and
only if the Kac–Moody group is of 3-spherical type.

A (minimal) Kac–Moody group GA(R) over a ringR is constructed from a generalised Cartan
matrix (GCM) A. More precisely, associated to any GCM A, there is a Coxeter group W (the
Weyl group of A), and the group GA(R) is defined by a Steinberg-like presentation in terms of
generators xα(r), for all r ∈ R and all roots α in the root system Φ of the Coxeter complex of W.
If W is infinite (or, equivalently, A is not a Cartan matrix), there are infinitely many roots α, and
hence GA(R) is defined by a presentation in terms of infinitely many generators (and infinitely
many relations).

Inside GA(R), there is a Borel subgroup B+
R , consisting of a “maximal unipotent” subgroup

U+
R generated by the elements xα(r) for all α ∈ Φ positive, as well as a torus TR.
In the literature, the question of obtaining tractable presentations of the groups U+

R (and hence
B+

R ) has mostly been considered over fields. In [Tit86, Proposition 7] (see also Proposition 5.1
below), Tits proved that over most rings R, the maximal unipotent subgroup U+

R of a Cheval-
ley group (i.e. a Kac–Moody group of spherical type, meaning that A is a Cartan matrix) is the
amalgamated product of its rank 2 subgroups as soon as this holds for all of its rank 3 subgroups.
He moreover showed that when K is a field different from F2, the group U+

K of type A3 (i.e. the
group of upper triangular unipotent matrices in SL4(K)) has such a presentation.

Later, using geometric arguments, Abramenko obtained in [Abr96, Proposition 11] the same
result for the maximal unipotent subgroup U+

K of Chevalley groups of type B3 and C3 over
fields K, provided that K has size at least 16. This bound was improved to 5 in [HNVM16]. In
combination with the reduction step in Tits’ work, this effectively settled the question of obtaining
such presentations of the subgroup U+

K of Chevalley groups over fields K.
Over more general rings, the same question remains open. In this paper, we adapt Tits’ strategy

in [Tit86] to prove the following. For any root α, denote by Uα the subgroup of U+
R generated
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by xα(r) for all r ∈ R. Recall that a GCM A = (Aij)i,j∈I is called simply laced if AijAji ≤ 1 for
all distinct i, j ∈ I.

Theorem A. Let A = (Aij)i,j∈I be a simply laced Cartan matrix. Let R be a commutative, unital ring
such that 1R is the sum of 2 invertible elements. Then U+

R ⩽ GA(R) is the amalgamated product of its
subgroups Ui,j := ⟨Uαi , Uαj ⟩, along the canonical inclusions Uαi ↪→Ui,j , for all i, j ∈ I .

Over semi-local rings, the condition that 1R is the sum of two invertible elements is equivalent
to the ring having no quotient F2 (see Proposition 5.9 below).

In [DM07], similar results for Kac–Moody groups of non-spherical type over fields K are
obtained. Using geometric methods rather than group theoretic ones as in Tits’ work, the authors
again make a reduction step, showing that U+

K has a presentation in terms of an amalgamated
product of its rank 2 subgroups, if this is the case for each rank 3 subgroup. Using then the
aforementioned results for the A3 ([Tit86]), B3 and C3 cases ([Abr96] and [HNVM16]), this
yields the desired presentation for U+

K ⩽ GA(K), with A of 3-spherical type, and K a field of size
at least 5. Note that a GCM A = (Aij)i,j∈I is called 3-spherical if AJ := (Aij)i,j∈J is a Cartan
matrix for all J ⊆ I with |J | = 3.

It was moreover recently shown in [CM26, Theorem E] that A being of 3-spherical type is a
necessary condition forU+

K to have this presentation. These results together provide a reasonably
good understanding of presentations of U+

K in the Kac–Moody setting over fields. Over more
general rings, however, this is no longer the case.

In this paper, we again carry out a reduction step to the rank 3 case, as in [DM07], this time
for local Bézout domains R. We will establish our results for the group

U
+
R = φR(U

+
R ) ⩽ GA(K),

where K is the field of fractions of R and φR is the group homomorphism

φR : GA(R) → GA(K),

naturally induced by the inclusionR ↪→K. It was recently proven in [MM25] that, in this context,
φR is actually injective, and hence U

+
R
∼= U+

R . However, we will not need this fact, and in fact our
methods provide an alternative proof of the main result of loc. cit. in the 3-spherical simply laced
case (see Corollary D below).

For eachα ∈ Φ, we again writeUα for its image inGA(K), and we writeU i,j forφR(⟨Uαi , Uαj ⟩).
The reduction step to the rank 3 case which we obtain is then as follows.

Theorem B. Let (Aij)i,j∈I be a 3-spherical generalised Cartan matrix. Let R be a local Bézout domain
satisfying (co) . Suppose that for every J ⊆ I with |J | = 3, the subgroup

U+
JR := GAJ

(R) ∩ U+
R

of U+
R is the amalgamated product of its subgroups Uj1,j2 := ⟨Uαj1

, Uαj2
⟩ along the canonical inclusions

Uαj1
↪→Uj1,j2 , for all j1, j2 ∈ J . Then U

+
R is the amalgamated product of its subgroups U i1,i2 along the

inclusions Uαi1
↪→U i1,i2 , for all i1, i2 ∈ I .

The condition (co) is the following mild assumption on R.

R has no quotient F2 if AijAji = 2 for some i, j ∈ I, and R has no quotient F2 or F3(co)

if AijAji = 3 for some i, j ∈ I.

In combination with Theorem A, we then obtain a presentation for the subgroups U
+
R of 3-

spherical simply laced Kac–Moody groups.

Corollary C. Let R be a local Bézout domain such that its residue field is not F2. Let (Aij)i,j∈I be a
simply laced generalised Cartan matrix. ThenU

+
R ⩽ Gmin

A (R) is the amalgamated product of its subgroups
U i1,i2 along the canonical inclusions Uαi1

↪→U i1,i2 , for all i1, i2 ∈ I , if and only if A is 3-spherical.
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As alluded to above, Corollary C implies that under the same hypotheses, the canonical map
φR : GA(R) → GA(K) is injective, thus providing an alternative proof in the 3-spherical simply
laced case of the recent result [MM25, Theorem A] that φR is injective.

Corollary D. Let A be a 3-spherical simply laced GCM and let R be a local Bézout domain such that its
residue field is different from F2. Then the canonical map

φR : GA(R) → GA(K)

is injective.

The first part of the paper is dedicated to the proof of Theorem B. We now briefly outline
some of the methods we will use to prove this result.

To obtain their presentation of U+
K for A non-spherical and K a field, the authors of [DM07]

make use [Tit86, Corollaire 1] (sometimes referred to as the Tits lemma) which, for groups G
acting transitively on a chamber system C, characterises the existence of a presentation of G
as the amalgamated product of the stabilisers of rank 2 residues in C, in terms of the simple
connectedness of C.

The authors of [DM07] moreover introduce filtrations of chamber systems C, meaning a se-
quence C0 ⊆ C1 ⊆ C2 ⊆ . . . of subcomplexes of C such that

⋃
n∈NCn = C, satisfying some

additional properties, and show that under certain conditions, the simple connectedness of C is
equivalent to the simple connectedness of C0 (see Theorem 3.14 in loc. cit. or Proposition 4.4
below).

Since Kac–Moody groups over fieldsK have an associated building C−(GA(K)) = GA(K)/B−
K ,

which is a simply connected chamber system, the strategy of loc. cit. is to construct a suitable
filtration of C−(GA(K)) such that U+

K acts transitively on C0. A condition on (Cn)n∈N required
to apply their result and conclude that C0 is simply connected, amounts to the rank 3 residues
of C0 being simply connected. In turn, by the Tits lemma, this condition is equivalent to the
subgroups U+

J K of U+
K with |J | = 3 admitting a presentation as an amalgamated product of their

rank 2 subgroups.
For any domainR with field of fractions K, the Kac–Moody group Gmin

A (R) := φR(GA(R)) ⩽
GA(K) also has an associated chamber system C−(Gmin

A (R)) on which it acts transitively. When
R is a Bézout domain, it is moreover isomorphic to the building C−(GA(K)), by [MM25, Lemma
8.7]. Hence in this case, C−(Gmin

A (R)) is simply connected.
In the first part of this paper, we obtain a Birkhoff decomposition for Gmin

A (R) for R a local
ring. We then use this result to construct, under the assumptions of Theorem B, a filtration
(Cn)n∈N of C−(Gmin

A (R)), such that U
+
R acts transitively on C0, and which reduces the simple

connectedness of C0 to that of its rank 3 residues.
This article is structured as follows. In section 2, we introduce the necessary preliminaries on

Kac–Moody groups which we will use throughout the rest of the paper. In section 3 we construct
a Birkhoff decomposition of Gmin

A (R), for R a local ring. Section 4 is dedicated to the proof of
Theorem B: we first give the necessary background from [DM07], and then obtain the filtration
required to carry out the reduction step to the rank 3 case, showing Theorem B. In section 5, we
prove Theorem A, and in section 6 we conclude with the proofs of Corollary C and Corollary D.

Acknowledgement. I would like to thank Timothée Marquis for helpful comments on an earlier
version of this article.
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Notation. Throughout this article, for a group G and elements x, y ∈ G, we denote by [x, y] the
commutator [x, y] := x−1y−1xy. Moreover, we define xy := y−1xy.
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2. Preliminaries

2.1. Coxeter groups. For a reference on the notions introduced in this section, we refer to
[AB08, Chapter 2]. A Coxeter system consists of a pair (W,S), where S is a (finite) set of in-
volutions which generate the Coxeter group W , the latter of which is given by a presentation

W :=
〈
si ∈ S | (sisj)2mij = 1

〉
,

where mij ∈ N∪{∞} and mii = 1 for all i. Let n = |S|. We call (mij)1≤i,j≤n the Coxeter
matrix associated to (W,S). For anyw ∈W , there is a uniquely defined length ℓ(w) defined as d if
w = si1 . . . sid and d is minimal for this property. We say that the wordw = (si1 , . . . , sid) on the
alphabet S is reduced if for the corresponding element w := si1 . . . sid ∈W , we have ℓ(w) = d.

By Tits’ solution to the word problem for Coxeter groups (see for example [AB08, Theorem
2.33]), any word (sj1 , . . . , sjm) may be rewritten in reduced form by carrying out a sequence of
the following two operations:

(M1) Deleting a subword of the form (si, si).
(M2) Replacing a subword t(i, j) := (si, sj , si, . . .) of length mij < ∞ by the word t(j, i) :=

(sj , si, sj , . . .) of length mji = mij .

We will denote by τ(i, j) the element sisjsi . . . ∈W corresponding to the word t(i, j).
A Coxeter system (W,S) has a naturally associated simplicial complex, called a Coxeter complex,

on which W acts. It comes equipped with a set Φ of roots or half spaces, consisting of simple roots
αsi for si ∈ S, and their images w(αsi) for all w ∈ W . The root system Φ decomposes into a
union Φ = Φ+ ⊔ Φ− of subsets Φ+ and Φ− consisting of respectively positive and negative roots.
The sign of roots is characterised as follows.

Lemma 2.1 ([Hum90, Theorem 5.4]) . Let (W,S) be a Coxeter system with root systemΦ = Φ+⊔Φ−.
Let αs ∈ Φ+ for s ∈ S denote the simple root associated to s. Then for any w ∈ W , ℓ(ws) < ℓ(w) if
and only if w(αs) ∈ Φ−.

Let J ⊆ S. We say that w ∈ W is right J-reduced if ℓ(wsj) > ℓ(w) for all sj ∈ J . We
denote moreover by WJ the subgroup of W generated by all sj ∈ J . For any w ∈ W , the
coset wWJ has a unique shortest element wJ . This is the unique element wJ ∈ wWJ such that
ℓ(wJsj) = ℓ(wJ) + 1 for all sj ∈ J . The element wJ is right J-reduced. Moreover, for any
w′ ∈ wWJ , ℓ(w′) = ℓ(wJ) + ℓ(w−1

J w′) (see [AB08, Proposition 2.20]).

2.2. Generalised Cartan matrices and associated Weyl group. Let A = (Aij)i,j∈I be a matrix
with integer coefficients. It is called a generalised Cartan matrix (GCM) if for all i ̸= j ∈ I ,Aii = 2,
Aij ≤ 0 and Aij = 0 ⇐⇒ Aji = 0.

A GCM is called spherical (equivalently, of finite type) if it is a Cartan matrix. We say that A is
n-spherical if AJ := (Aij)i,j∈J is spherical, for all J ⊆ I with |J | ≤ n. The size |I| of I is called
the rank of A. In this paper, all GCM’s A are assumed to be 2-spherical.

A GCM is called decomposable if it can be written as a block-diagonal matrix
(

A1 0
0 A2

)
after

applying a permutation of its index set I.
A GCM is called simply laced if for all J ⊆ I of rank 2, AJ =

(
2 −1
−1 2

)
or AJ = ( 2 0

0 2 ). Simply
laced GCM’s are 2-spherical. The Cartan matrix of type A3 is given by

A =
(

2 −1 0
−1 2 −1
0 −1 2

)
.

Let Q :=
⊕

i∈I Zαi be the free abelian group generated by symbols αi, for all i ∈ I. They are
called the simple roots associated to A. We denote Π := {αi | i ∈ I}. Let W ⩽ GL(Q) be the
group generated by the simple reflections

si : Q→ Q, αj 7→ αj −Aijαi.

It is called the Weyl group of A.
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The pair (W, S), where S := {si | i ∈ I}, is a Coxeter system, with associated Coxeter
matrix (mij)i,j∈I where for i ̸= j, we have mij = 2, 3, 4, 6, or ∞, respectively if and only if
AijAji = 0, 1, 2, 3 or ≥ 4. Note that the GCM A is spherical if and only if W is finite, and A is
2-spherical if and only if mij < ∞ for all i, j ∈ I. The set Φ := W · Π is called the set of real
roots associated to A, and it is in one-to-one correspondence with the set of roots of the Coxeter
complex of (W, S).

For any J ⊆ I , we define Φ±(J) := Φ± ∩
⊕

j∈J Zαj .
A pair of distinct roots α, β ∈ Φ is called prenilpotent if there are some w1, w2 ∈ W such that

{w1α,w2β} ⊆ Φ+ and {w2α,w2β} ⊆ Φ−. Then the set ]α, β[N:= (Nαi + Nαj)∩Φ is finite (see
[Mar18, Definition 7.41]).

2.3. The Kac–Moody groups GA(R) and Gmin
A (R). In this section, we briefly introduce the

Kac–Moody groups GA(R) and Gmin
A (R) under consideration in this article. We refer respec-

tively to [Mar18, Chapter 7] and to [Mar18, Section 8.8] for the precise definitions of GA(R)
and Gmin

A (R). Throughout this section, let R be a commutative ring with unit.

The groups GA(R). Let A = (Aij)i,j∈I be a GCM. The (“simply connected”) minimal Kac–Moody
group GA(R) of type A over R is given by a presentation, with generators depending on the real
roots Φ = W · {αi | i ∈ I} associated to A. We refer to [Mar18, Definition 7.47 & Example
7.11] for the precise definition (see also [Tit87]). For our purposes, the relevant information is
the following.

For every α ∈ Φ, we specify a copy Uα(R) ∼= (R,+) of the additive group of R, and denote
the isomorphism by

xα : (R,+) → Uα(R).

We denote by StA(R) the group defined as the free product of all the Uα(R) as α runs through
Φ, quotiented out by the relations

(2.1) [xα(r), xβ(s)] =
∏
γ

xγ(C
αβ
ij r

isj), for all {α, β} ⊆ Φ prenilpotent and all r, s ∈ R,

where γ = iα + jβ enumerates ]α, β[N in a fixed order, and the constants Cαβ
ij are integers as

given by [Mar18, Proposition 7.43]. The group GA(R) is then defined in terms of a presentation,
generated by the group StA(R), subject to some additional relations (see [Mar18, Definition
7.47]).

Throughout, we set GR := GA(R), and distinguish the following subgroups of GR. We iden-
tify

Uα = UαR := Uα(R), for any α ∈ Φ,

with their images in GR, and define moreover

U±
AR := U±

R := ⟨UαR | α ∈ Φ±⟩.

If A =
(

A1 0
0 A2

)
is decomposable, then U±

AR
∼= U±

A1R
× U±

A2R
.

Inside GR, there is a torus TR ∼= (R×)|I|, and it follows from the defining relations of GR that
TR normalises U±

R . We define the Borel subgroups B±
R ⩽ GR as

B±
R := U±

RTR.

For any ring R, we will write B+
2 (R) (resp. B−

2 (R)) for the subgroup of upper (resp. lower)
triangular matrices of SL2(R), and U±

2 (R) for the subgroup of B±
2 (R) consisting of unipotent

matrices.
For i ∈ I , we define moreover

GiR := ⟨UαiR, U−αiR⟩ ⩽ GR and P±
iR := ⟨GiR, B

±
R⟩ ⩽ GR,
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and for J ⊆ I ,

U±
JR := ⟨UαR | α ∈ Φ±(J)⟩, and GJR := ⟨GjR | j ∈ J⟩, and P±

JR := ⟨GJR, B
±
R⟩.

Moreover, for any A, the torus TR normalises each GiR. The following fact will be useful to
us.

Lemma 2.2 ([MM25, Lemma 4.3]) . Let A be 2-spherical and suppose R satisfies (co) in case A is
non-spherical. Then for any i ∈ I and ε ∈ {±},

GiRU
ε
R = U ε

RGiR and GiRB
ε
R = Bε

RGiR.

The result below will be essential for our construction of filtrations fitting the requirements of
the work in [DM07].

Lemma 2.3 ([MM25, Proposition 4.2]) . Let A be a 2-spherical GCM and suppose that R satisfies
(co) . Then U±

R = ⟨U±αiR | i ∈ I⟩. In particular, GR is generated by its subgroups GiR and TR, for
i ∈ I .

For any i ∈ I , we define s̃i := xαi(1)x−αi(1)xαi(1). One can prove (see [Mar18, Proposition
7.57]) that for any w ∈ W with reduced expression (si1 , . . . , sin), the element w̃ := s̃i1 . . . s̃in ∈
GR depends only on w and not on the chosen expression (si1 , . . . , sin). In particular, the sub-
group NR := ⟨s̃i, TR | i ∈ I⟩ ⩽ GR surjects onto W , with kernel TR. One can also show that
when K is a field, P±

J K = B±
KWJB

±
K , see [Mar18, §B.3]. Moreover, for any w ∈ W and any

α ∈ Φ,
w̃Uαw̃

−1 = Uwα.

Lemma 2.4. Let A be a GCM with Weyl group W and with real roots Φ = Φ+ ⊔Φ−. Let J ⊆ I and
let w ∈ W be right J-reduced. Then

w̃U+
JRw̃

−1 ⊆ B+
R .

Proof. The conjugate w̃U+
JRw̃

−1 is generated by xwαj (λ) for j ∈ J and λ ∈ R. Then by
Lemma 2.1, wαj ∈ Φ+ for any j ∈ J , since w is right J-reduced. It follows that w̃U+

JRw̃
−1 ⊆

B+
R . □

An important feature of the theory of Kac–Moody groups over fields is the fact that they have
an associated (twin) BN-pair, and hence act on an associated (twin) building (see also section 4.1).
In particular, for K a field and ε ∈ {±}, GK has Bruhat decompositions

(2.2) GK =
∐
w∈W

Bε
Kw̃B

ε
K,

and Birkhoff decompositions

(2.3) GK =
∐
w∈W

B−ε
K w̃Bε

K =
∐
w∈W

U−ε
K w̃Bε

K,

see [Mar18, Corollary 7.70 & §B.3].
In particular, from the Bruhat decompositions it follows that

SL2(K) = Bε
2(K) ⊔Bε

2(K)
(

0 1
−1 0

)
Bε

2(K),

for any field K and ε ∈ {±}. The double cosets in the Bruhat and Birkhoff decompositions satisfy
the following properties (see [AB08, Proposition 6.36 & Proposition 6.77]). Let Bε := Bε

K and
U ε := U ε

K, and write moreover w for w̃ ∈ GK.

BεwBεsBε ⊆ BεwBε ∪BεwsBε, and

BεwBεsBε = BεwsBε ⇐⇒ ℓ(ws) = ℓ(w) + 1,(2.4)



PRESENTATION OF BOREL SUBGROUPS OF KAC–MOODY GROUPS OVER LOCAL RINGS 7

and

U−εwBεsBε ⊆ U−εwBε ∪ U−εwsBε, and

U−εwBεsBε = U−εwsBε ⇐⇒ ℓ(ws) = ℓ(w)− 1,(2.5)

Finally, GR possesses a Cartan–Chevalley involution ωR ∈ Aut(GR) which preserves TR and all
s̃i, and which sends UαR to U−αR for all α ∈ Φ.

The groupsGmin
D (R). Throughout this section, we assume thatR is a local ring. ForA = (Aij)i,j∈I

a GCM, there is also a more involved notion of the (minimal) Tits functor Gmin
A , as defined in

[Mar18, Definition 8.126]. It has the property that for any i ∈ I , there is a group functor
morphism φi : SL2 → Gmin

A , and moreover there is a group functor morphism

φ : GA → Gmin
A .

We write φiR : SL2(R) → Gmin
A (R) and φR : GA(R) → Gmin

A (R) for the respective group ho-
momorphisms naturally induced by φi and φ. Then for any r ∈ R, and any i ∈ I , the map φR

has the property that

φiR( 1 r
0 1 ) = φR(xαi(r)) and φiR

(
1 0
−r 1

)
= φR(x−αi(r)).

In particular,
GiR

∼=
〈
( 1 r
0 1 ),

(
1 0
−r 1

)
| r ∈ (R,+)

〉 ∼= SL2(R),

where the latter isomorphism holds because R is a local ring.
Additionally, for any injective ring morphism R1 → R2, the induced group homomorphism

Gmin
A (R1) → Gmin

A (R2) is injective.
Since R is a local ring, Gmin

A (R) is the surjective image φR(GA(R)) of GA(R), and the work
in [MM25] is dedicated to investigating when φR is injective, i.e. to when the groups GA(R) and
Gmin

A (R) coincide. This was already known by Tits’ work in [Tit87] to be the case when R = K
is a field, and is moreover proven to be the case when R satisfies (co) and is a valuation ring, i.e. a
local ring which is moreover a Bézout domain in [MM25, Theorem A].

When R is a domain with field of fractions K, there is a natural map

ψ : GA(R) → GA(K),

induced by the canonical inclusions Uα(R) ↪→Uα(K), for all α ∈ Φ.
SinceGA(K) ∼= Gmin

A (K), the groupGmin
A (R) injects intoGA(K), and under this identification,

the map
φR : GA(R) → Gmin

A (R) ⊆ GA(K)

coincides with ψ, so that Gmin
A (R) is just the image of GA(R) in GA(K) induced by the inclusion

R ↪→K.
Throughout the rest of this article, we will write Gmin

R := Gmin
A (R). Moreover, for a subgroup

H ⩽ GR, we will denote by H its image under φR in Gmin
R , e.g. U

±
R := φR(U

±
R ).

Note that φR preserves TR as well as the elements s̃i for all i ∈ I , and the restriction of φR to
any root subgroup Uα is injective. In particular, we also write TR , s̃i and Uα for their respective
images under φR.

2.4. Some facts about GR and Gmin
R . Unless otherwise stated, in this article we let R be a local

ring and denote byR→ k the projection onto its residue field k := R/L, where L is the maximal
ideal of R. We then write

(2.6) p : Gmin
R → Gmin

k
∼= Gk

for the group homomorphism induced by functoriality.

If we denote respectively by U
±
L and B

±
L the kernels of

p |
U

±
R
: U

±
R → U±

k and p |
B

±
R
: B

±
R → B±

k ,
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one has the following.

Lemma 2.5. Let R and p : Gmin
R → Gk be as above. Then

(2.7) Ker(p) = U
−
LB

+
L = U

+
LB

−
L .

Proof. By [MM25, Proposition 5.3] and surjectivity of φR, one has that Ker(p) ⊆ U
−
LB

+
R. If

g = u−b+ ∈ Ker(p) with u− ∈ U
−
L and b+ ∈ B

+
R, then u−1

− g ∈ Ker(p) and hence b+ ∈ B
+
L . The

result now follows from the fact that Ker(p)−1 = Ker(p) and that TR normalises U
+
L . □

The following lemma is particularly useful.

Lemma 2.6 ([MM25, Lemma 5.10]) . Let A = (Aij)i,j∈I be 2-spherical, and let R be a local ring
satisfying (co) in case A is not spherical. Let πR denote the composition of φR : GR → Gmin

R and
p : Gmin

R → Gk. Then, for J ⊆ I ,

GJR ∩ π−1
R (B−

k B
+
k ) ⊆ TRU

−
JRU

+
JR.

We also record the following lemma for convenience. Here U±
2 (L) denotes the kernel of the

canonical map SL2(R) → SL2(k) induced by R→ k, restricted to U±
2 (R).

Lemma 2.7 ([MM25, Lemma 5.2]) . Let i ∈ I and g ∈ GiR. If p(g) ∈ φik(B
+
2 (k)), then g ∈

φiR(U
−
2 (L)B+

2 (R)). Similarly, if p(g) ∈ φik(B
−
2 (k)), then g ∈ φiR(U

+
2 (L)B−

2 (R)).

When R is a domain, under the identification Gmin
K

∼= GK, we have

(2.8) U
±
R ∩B∓

R ⊆ U±
K ∩B∓

K = {1},

where the last equality follows from the Birkhoff decomposition of GK (see [MM25, eq. (2.1) ]).
This condition also implies that TR ∩ U±

R = {1}.

Lemma 2.8. Let A = (Aij)i,j∈I be a 2-spherical GCM. Let R be a local domain satisfying (co) . Then
for any J ⊆ I ,

(2.9) U
+
R ∩ P−

JR = U
+
JR,

Proof. The inclusion U
+
R ⊆ U

+
R ∩ P−

JR is trivial. For the opposite inclusion, note first that

U
+
R ∩ P−

JR = U
+
R ∩ P+

JR ∩ P−
JR = U

+
R ∩ TRGJR,

where the latter equality follows from [MM25, Proposition 5.12]. Suppose that g ∈ U+
R satisfies

φR(g) ∈ TRGJR. Let t ∈ TR and gJ ∈ GJR be such that φR(g) = φR(tgJ). Then

p(φR(tgJ)) = p(φR(g)) ∈ U+
k ⊆ B−

k B
+
k .

In particular, by Lemma 2.6 it follows that tgJ ∈ TRU
−
JRU

+
JR. Choose t′ ∈ TR and u± ∈ U±

JR
such that tgJ = t′u−u+. In particular, φR(g) = φR(t

′u−u+). Then, by (2.8) ,

φR(t
′−1gu−1

+ ) = φR(u−) ∈ TRU
+
R ∩ U−

JR = {1}.

Hence φR(t
′) = φR(gu

−1
+ ) ∈ TR ∩ U+

R = {1}, and we obtain that φR(g) = φR(u+) ∈ U
+
JR. □

3. Birkhoff decomposition of Gmin
R

Throughout this section, we fix a 2-spherical GCMA = (Aij)i,j∈I , andR a local ring. We aim
to construct a decomposition of Gmin

R which generalises the Birkhoff decompositions in the field
case.
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Definition 3.1. Let g ∈ Gmin
R . A Birkhoff expression of g is a decomposition of the form

g = u+g1 . . . gdb−,

with u+ ∈ U
+
R and b− ∈ B

−
R, and such that for all 1 ≤ j ≤ d, there is some ij ∈ I such that

gj ∈ GijR. The type of such a Birkhoff expression of g is the tuple (si1 , . . . , sid), for si ∈ W. The
Birkhoff expression g = u+g1 . . . gdb+ is reduced if d is minimal among the lengths of types of
Birkhoff expressions of g.

For A a GCM, let (mij)i,j∈I denote its Coxeter matrix and for any i, j ∈ I , let t(i, j) and
τ(i, j) be as in section 2.1. The following result is a construction of subsets of Gmin

R generalising
the double cosets appearing in the Birkhoff decomposition of a Kac–Moody group over a field.

Proposition 3.2. Let R be a local ring satisfying (co) in case A is not spherical. Let p : Gmin
R → Gk be

as in (2.6) and let w = (si1 , . . . , sid) be a word in the generators {si | i ∈ I} of W . Define

B(w) :=
{
g ∈ Gmin

R | g has a reduced Birkhoff expression of type (si1 , . . . , sid)
}
.

Then the following hold:

(i) g ∈ B(w) implies that p(g) ∈ U+
k w̃B

−
k ,

(ii) Let w′ = (sj1 , . . . , sjd) differ from w by a finite sequence of operation of type (M2) . Then
B(w) = B(w′).

(iii) The set B(w) is non-empty if and only if w is reduced.

Proof. (i) . Let w = (si1 , . . . , sid). We prove the statement by induction on d. Let g ∈ B(w).
Suppose d = 0. Then g ∈ U

+
RB

−
R. It then follows by definition that p(g) ∈ U+

k B
−
k .

Suppose now that for any w = (si1 , . . . , sid) with d ≤ n and any g ∈ B(w), one has p(g) ∈
U+
k w̃B

−
k , where w = si1 . . . sid ∈ W.

Let then w = (si1 , . . . , sin+1) and g ∈ B(w), i.e.

g = u+g1 . . . gn+1b−, for some u+ ∈ B
−
R, gj ∈ GijR, and b− ∈ B

−
R,

with n+1 minimal amongst the lengths of Birkhoff expressions of g. By Lemma 2.2, B
−
RGiR =

GiRB
−
R and GiRU

+
R = U

+
RGiR, for any i ∈ I. Hence for all j ∈ {1, . . . , n+ 1},

gj ̸∈ φijR(U
+
2 (R)B−

2 (R)) ⊆ U
+
RB

−
R,

by minimality of n + 1. Then Lemma 2.7 implies that p(gj) ̸∈ φijk(B
−
2 (k)). It follows in

particular that
p(gn+1) ∈ φin+1k

(
B−

2 (k)
(

0 1
−1 0

)
B−

2 (k)
)
⊆ B−

k s̃in+1B
−
k .

Additionally, writing w′ := (si1 , . . . , sin), we have

g′ := u+g1 . . . gn ∈ B(w′),

since the above decomposition not being a reduced Birkhoff expression of g′, would contradict
the reducedness of the Birkhoff expression u+g1 . . . gn+1b− of g = u+g1 . . . gn+1b− = g′gn+1b−.
By the induction hypothesis,

p(g′) ∈ U+
k s̃i1 . . . s̃inB

−
k .

Combining the above then implies by (2.5) that

p(g) = p(g′gn+1b−) ∈ U+
k s̃i1 . . . s̃inB

−
k s̃in+1B

−
k ⊆ U+

k {s̃i1 . . . s̃in , s̃i1 . . . s̃in+1}B−
k .

Suppose that p(g) ∈ U+
k s̃i1 . . . s̃inB

−
k . Then by Lemma 2.5,

g ∈ U
+
Rs̃i1 . . . s̃in Ker(p)B

−
R ⊆ U

+
Rs̃i1 . . . s̃inU

+
LB

−
R ⊆ U

+
RGi1R . . . GinRB

−
R,

where the last inclusion follows from [MM25, Lemma 5.1], which implies thatGiRU
+
L = U

+
LGiR

for any i ∈ I. But this is a contradiction with the minimality of n+ 1, and hence

p(g) ∈ U+
k s̃i1 . . . s̃in+1B

−
k ,
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as desired. This concludes the proof of (i) .
(ii) . Suppose w′ = (sj1 , . . . , sjd) is obtained from w = (si1 , . . . , sid) by applying (M2) n

times, for some n ≥ 1. Let w ∈ W be the associated group element. Let g ∈ B(w). By (i) ,

p(g) ∈ U−
k s̃i1 . . . s̃jdB

+
k = U−

k w̃B
+
k = U−

k s̃j1 . . . s̃jdB
−
k .

In particular, since U
+
Rw̃B

−
R surjects onto U+

k w̃B
−
k , we have as in the previous paragraph that

g ∈ U
+
Rs̃j1 . . . s̃jd Ker(p)B

−
R ⊆ U

+
Rs̃j1 . . . s̃jdU

+
LB

−
R ⊆ U

+
RGj1 . . . GjdB

−
R,

by Lemma 2.5 and [MM25, Lemma 5.1]. Hence g has a Birkhoff expression of type (sj1 , . . . , sjd).
By the fact that d is the minimal length for which a Birkhoff expression of g exists, it follows that
this Birkhoff expression is reduced as well. Thus g ∈ B(w′). The converse inclusion follows
similarly. Hence we obtain (ii) .

(iii) . Suppose w = (si1 , . . . , sid) is not reduced. Let g ∈ B(w). By Tits’ solution to the word
problem, there is an integer n ≥ 1 such that, after applying some n operations of type (M2), the
obtained word w′ = (sj1 , . . . , sjd) has a subword of the form (si, si). But then, from the fact that
B(w) = B(w′) by (ii) , it follows that

g ∈ U
−
RGj1R . . . GiRGiR . . . GjdRB

−
R = U

+
RGj1R . . . GiR . . . GjdR,

where the equality holds because GiRGiR = GiR. But this would mean that g has an expression
g = u+g1 . . . gd−1b−, for some gℓ ∈ GtℓR and elements u+ ∈ U

+
R and b− ∈ B

−
R. This is a

contradiction with reducedness of the expression of g of type w. Hence B(w) is empty if w is
not reduced.

Conversely, if w = (si1 , . . . sid) is reduced, then g := s̃i1 . . . s̃in is a reduced Birkhoff expres-
sion of g. Indeed, by definition, p(s̃i1 . . . s̃in) ∈ U−

k w̃B
+
k withw = si1 . . . sin . Since w is reduced,

it follows that ℓ(w) = n. If g had a Birkhoff expression of shorter length, we would have by (i)
that p(g) ∈ U+

k w
′B−

k with ℓ(w′) < ℓ(w), a contradiction with the Birkhoff decomposition of Gk.
Hence g ∈ B(w). □

It follows from Proposition 3.2 that for any w ∈ W , the set B(w) does not depend on the
chosen reduced expression w of w. We then denote

(3.1) B(w) := B(w), for any reduced expression w = (si1 , . . . , sid) of w ∈ W.

Theorem 3.3. Let R be a local ring satisfying (co) in case A is not spherical. Then Gmin
R has a decom-

position

(3.2) Gmin
R =

∐
w∈W

B(w).

Moreover,

(3.3) B(w) = p−1(U+
k w̃B

−
k ) = U

+
Rw̃B

−
R Ker(p).

Proof. By Lemma 2.3,Gmin
R is generated by the groups TR andGiR for i ∈ I. Since TR normalises

each GiR, for every element g ∈ Gmin
R there is some sequence (i1, . . . , id) ∈ Id such that

g ∈ Gi1R . . . GidRTR,

and hence g has a Birkhoff decomposition. In particular, g ∈ B(w) for some w ∈ W. It follows
that Gmin

R =
⋃

w∈W B(w).
Let w ̸= w′ ∈ W and suppose g ∈ B(w) ∩B(w′). Then by Proposition 3.2(i) ,

p(g) ∈ U+
k w̃B

−
k ∩ U+

k w̃
′B−

k ,

a contradiction by the Birkhoff decomposition of Gk. Hence B(w) ∩ B(w′) = ∅. The decom-
position (3.2) follows. By Proposition 3.2(i) , B(w) surjects onto U−

k w̃B
+
k , and hence B(w) ⊆

p−1(U−
k w̃B

+
k ). Conversely, if g ̸∈ B(w), then by (3.2) , g ∈ B(w′) for some w′ ̸= w. Then again
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by Proposition 3.2(i) , p(g) ∈ U−
k w̃

′B+
k , and hence p(g) ̸∈ U−

k w̃B
+
k , by the Birkhoff decomposi-

tion of Gk. In particular, g ̸∈ p−1(U−
k w̃B

+
k ). This shows (3.3) . □

Remark 3.4. Note that using the Cartan–Chevalley involution, Gmin
R also has a decomposition

Gmin
R =

∐
w∈W B̃(w), where, for w = si1 . . . sid of length d,

B̃(w) := p−1(U−
k w̃B

+
k ) = U

−
Rw̃B

+
R Ker(p).

4. Residual filtrations of the chamber system of Gmin
R

In this section, we consider the chamber system associated to Gmin
R . In particular, we will con-

struct a filtration of this chamber system, and use the results from [DM07] to reduce the question
of obtaining a presentation of an arbitrary U

+
R of simply laced type to obtaining a presentation

for U+
R of type A3 (in case R is a local Bézout domain).

4.1. Buildings and chamber systems. A chamber system is a set C together with a collection
(∼i )i∈I of equivalence relations on C, such that c ∼i d and c ∼j d if and only if i = j or
c = d. Elements of C are called chambers, and two chambers c, d ∈ C are called i-adjacent if
c ∼i d. A chamber system is said to be connected if any two chambers c, d ∈ C can be joined by a
gallery

c = c1 ∼i1 c2 ∼i2 . . . ∼ik ck+1 = d.

The type of such a gallery is the tuple (i1, . . . , ik). Let J ⊆ I. AJ-gallery is a gallery c ∼j1 . . . ∼jk
d such that j1, . . . , jk ∈ J . For c ∈ C, the J-residue of c is the set RJ(c) of chambers d ∈ C which
can be joined to c by a J-gallery. Then (RJ(c), (∼j)j∈J) is also a chamber system.

Example 4.1. Let R be a ring and let A = (Aij)i∈I be 2-spherical. Then we associate a chamber
system C−(Gmin

R ) toGmin
R by taking the cosetsGmin

R /B
−
R as the set of chambers, and for any i ∈ I ,

letting gB
−
R be i-adjacent to hB

−
R if and only if h−1g ∈ P

−
iR. In particular,

gB
−
R ∼i hB

−
R ⇐⇒ there exists gi ∈ GiR such that hB

−
R = ggiB

−
R.

We will write

(4.1) gc−0 := gB
−
R for the chamber in C−(Gmin

R ) given by the coset gB
−
R ∈ Gmin

R /B
−
R.

The group Gmin
R acts on its chamber system by left multiplication, and this action preserves i-

adjacency for any i ∈ I. In other words, Gmin
R acts on C−(Gmin

R ) by chamber automorphisms.
Stabilisers of J-residues of the chamber c−0 are given by the parabolic subgroups P

−
JR. If R = K

is a field, the chamber system C−(GK) = C−(Gmin
K ) is moreover a building (see [Mar18, Corol-

lary 7.70]).

A chamber system is said to be simply connected (or more precisely, simply 2-connected) if ev-
ery gallery which starts and ends in the same chamber c, is 2-homotopic to the gallery (c). Here
a 2-homotopy consists of a finite sequence of elementary 2-homotopies, which in turn consist of
replacing a J-subgallery (with |J | ≤ 2) connecting two chambers by another J-subgallery con-
necting the same two chambers (see [DM07, §2] for the precise definition).

An important feature of the theory of groups acting on chamber systems, is the following.

Proposition 4.2 ([Tit86, Corollaire 1]) . Let C := (C, (∼i)i∈I) be a chamber system, and let G be a
group acting transitively on C such that the action preserves i-adjacency. Let c ∈ C . Then the following
are equivalent:

(a) C is simply connected;
(b) G is the amalgamated product of the stabilisers

GJ := StabG(RJ(c)) = {g ∈ G | g · c′ ∈ RJ(c), for all c′ ∈ RJ(c)},
for all J ⊆ I with |J | ≤ 2, along the canonical inclusions GJ1 ⊆ GJ2 for J1 ⊆ J2 ⊆ I .
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See e.g. [Ser80, §1] for a precise definition of such an amalgamated product. To obtain a
presentation of a group G as an amalgamated product of a certain set of subgroups, it hence
suffices to show that G acts on a simply connected chamber system and to identify the stabilisers
of the rank 2 residues. To obtain chamber systems suited to our purposes, we need the following
terminology.

Definition 4.3 ([DM07, §3]) . Let C = (C, (∼i)i∈I) be a chamber system. A filtration of C is a
sequence F := (Cn)n∈N of subsets of C, satisfying the following conditions:

(i) Cn ⊆ Cn+1 for all n ∈ N,
(ii)

⋃
n∈NCn = C,

(iii) For every n > 0, if Cn−1 ̸= ∅, then there exists an i ∈ I such that for all c ∈ Cn, there is
some c′ ∈ Cn−1 which is i-adjacent to c.

The filtration F is called residual if for every non-empty J ⊆ I and any J-residue RJ in C, the
sequence (Cn ∩ RJ)n∈N is a filtration of the chamber system (RJ , (∼j)j∈J)). For any subset
X ⊆ C, we define

(4.2) aff(X) := CmX ∩X, where mX := min{n ∈ N | Cn ∩X ̸= ∅}.

A residual filtration F is said to be locally connected if it satisfies the following condition:

For any J ⊆ I with |J | ≤ 2, and any J-residue RJ , the chamber system(lco)

(aff(RJ), (∼j)j∈J) is connected.

Finally, F is said to be locally simply connected if it satisfies:

For any J ⊆ I with |J | ≤ 3, and any J-residue RJ , the chamber system(lsco)

(aff(RJ), (∼j)j∈J) is simply connected.

We will make crucial use of the following three facts.

Proposition 4.4 ([DM07, Corollary 3.10 & Theorem 3.14]) . Let F = (Cn)n∈N be a residual
filtration of a chamber system C, with C0 ̸= ∅ and satisfying (lco) and (lsco) . Then the following are
equivalent:

(i) C is simply connected.
(ii) C0 is simply connected.

Proposition 4.5 ([Ron09, Theorem 4.3]) . Buildings are simply connected chamber systems.

Proposition 4.6 ([MM25, Lemma 8.7]) . Let R be a local Bézout domain with field of fractions K,
satisfying (co) in case A is not spherical. Then the canonical map

C−(Gmin
R ) → C−(GK), gB

−
R → gB−

K

is an isomorphism of chamber systems.

In particular, in view of Proposition 4.5 and the fact that C−(GK) is a building by Example 4.1,
under the hypotheses of Proposition 4.6, C−(Gmin

R ) is simply connected. In the following section,
we will construct a suitable filtration of C−(Gmin

R ) such that U
+
R acts transitively on C0, and the

latter will be simply connected by Proposition 4.4. We will then apply Proposition 4.2 to obtain
Theorem B.

4.2. Filtration of C−(Gmin
R ). We define the map

(4.3) δ : C−(Gmin
R ) → W, via δ(gc−0 ) = w ⇐⇒ g ∈ B(w).

This is well-defined by (3.2) and the definition of B(w) (see (3.1) ). As in section 2, let ℓ denote
the length function on W , with respect to {si | i ∈ I}.
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Lemma 4.7. Let R be a local ring, with residue field k. Let J ⊆ I and let RJ be a J-residue in
C−(Gmin

R ). Let gc−0 ∈ RJ with δ(gc−0 ) = w. Set moreover

l := min
{
ℓ(δ(hc−0 )) | hc

−
0 ∈ RJ

}
.

Then the following hold:

(a) For any hc−0 ∈ RJ , one has δ(hc−0 ) ∈ wWJ . In particular,

(4.4)
{
δ(hc−0 ) | hc

−
0 ∈ RJ

}
= wWJ .

(b) aff(RJ) =
{
hc−0 ∈ RJ | ℓ(δ(hc−0 )) = l

}
=

{
hc−0 ∈ RJ | δ(hc−0 ) = wJ

}
, wherewJ is the unique

element of wWJ of minimal length.

Proof. Let gc−0 be as in the statement. Let moreover hc−0 ∈ RJ . Let (i1, . . . , id) be the type of a
J-gallery from gc−0 to hc−0 . Then for 1 ≤ t ≤ d, there exist gt ∈ GitR such that

gc−0 ∼j1 gg1c
−
0 ∼j2 . . . ∼jd gg1 . . . gdc

−
0 = hc−0 .

Now, p(g) ∈ U+
k w̃B

−
k by Proposition 3.2. Moreover, since gt ∈ GitR for all 1 ≤ t ≤ d, we have

p(gt) ∈ B−
k ⊔B−

k s̃itB
−
k . Hence by (2.4) , there is some subword (sj1 , . . . , sjn) of (si1 , . . . , sid) ∈

{sj | j ∈ J}d such that
p(g1 . . . gd) ∈ B−

k s̃j1 . . . s̃jnB
−
k .

It follows that
p(h) ∈ U+

k w̃B
−
k s̃j1 . . . s̃jnB

−
k ,

and hence by (2.5) , there is some subwordw′ of (sj1 , . . . , sjn) such that for the associated element
w′ ∈ WJ , we have p(h) ∈ U+

k w̃w̃
′B−

k . By (3.3) it now follows that h ∈ B(ww′). In particular,
δ(hc−0 ) ∈ wWJ . This shows one inclusion of (4.4) .

Conversely, by definition, every element hc−0 ∈ RJ is of the form gxc0 for some x ∈ P
−
JR.

Since p(g) ∈ U+
k w̃B

−
k , there exist u+ ∈ U

+
R and b− ∈ B

−
R such that p(g) = p(u+w̃b−). Then,

for any w′ ∈ WJ , setting x := b−1
− w̃′ ∈ P

−
JR, we have that

p(g)p(x) = p(u+w̃w̃
′) ∈ U+

k w̃w̃
′B−

k .

In other words, for anyw′ ∈ WJ , there is a chamber hc−0 = gxc−0 ∈ RJ such that δ(hc−0 ) = ww′,
which yields the other inclusion. This shows (a). Now (b) follows from (a) and the fact that wJ is
the unique element of minimal length in wWJ . □

Fix an injection |·| : W → N satisfying:

(i) |1W | = 0,
(ii) ℓ(w1) < ℓ(w2) =⇒ |w1| < |w2|.

Proposition 4.8. Let R be a local ring with residue field k. Let for any n ∈ N,

(4.5) Cn :=
{
gc−0 ∈ C−(Gmin

R ) | |δ(gc−0 )| ≤ n
}
.

Then (Cn)n≥0 is a residual filtration of C−(Gmin
R ).

Proof. Let RJ be a J-residue in C−(Gmin
R ). It is clear that for any n ∈ N, RJ ∩Cn ⊆ RJ ∩Cn+1.

Moreover,
⋃

n∈N(RJ ∩ Cn) = RJ .
All that remains to show is that for every n > 0 such that Cn−1 ∩ RJ ̸= ∅, there exists a

j ∈ J such that every chamber c ∈ Cn ∩ RJ is j-adjacent to some chamber c′ ∈ Cn−1 ∩ RJ .
There are two possible cases: either Cn−1 ∩ RJ = Cn ∩ RJ , or there exists an element gc−0 ∈
(Cn \ Cn−1) ∩ RJ . In the former case, we may choose j ∈ J arbitrarily, since every chamber
c ∈ Cn ∩ RJ = Cn−1 ∩ RJ is j-adjacent to itself. In the latter case, by definition there is a fixed
w ∈ W such that δ(gc−0 ) = w, for all gc−0 ∈ (Cn \ Cn−1) ∩ RJ . Moreover, wWJ has a unique
element of minimal length wJ , and since Cn−1∩RJ is non-empty, this element is different from
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w. Indeed, define m = min{r ∈ N | Cr ∩ RJ ̸= ∅}. Then m < n, and with l as in Lemma 4.7,
i.e. l = ℓ(wJ),

Cm ∩RJ =
{
gc−0 ∈ RJ | |gc−0 | = m

}
=

{
gc−0 ∈ RJ | ℓ(δ(gc−0 )) = l

}
=

{
gc−0 ∈ RJ | δ(gc−0 ) = wJ

}
.

In particular, by Lemma 4.7,

w = wJw
′, with w′ ∈ WJ \ {1W}.

Let now j ∈ J such that ℓ(w′sj) = ℓ(w′) − 1, and let moreover gc−0 ∈ (Cn \ Cn−1) ∩ RJ , i.e.
δ(gc−0 ) = w. Choose y ∈ φjR(SL2(R)− U+

2 (L)B−
2 (R)). We show that δ(gyc−0 ) = wsj . Indeed,

by Lemma 2.7, we have that p(y) ̸∈ φjk(B
−
2 (k)). In particular, p(y) ∈ φik(B

−
2 (k)

(
0 1
−1 0

)
B−

2 (k)),
and hence p(y) ∈ B−

k s̃jB
−
k . It follows that

p(gy) ∈ B+
k w̃B

−
k s̃jB

−
k = B+

k w̃s̃jB
−
k ,

where the latter equality follows by (2.5) , since

ℓ(wsj) = ℓ(wJw
′sj) = ℓ(wJ) + ℓ(w′sj) = ℓ(wJ) + ℓ(w′)− 1 = ℓ(w)− 1.

Hence gy ∈ B(wsj) by (3.3) , i.e. δ(gyc−0 ) = wsj . In particular,

ℓ(δ(gyc−0 )) < ℓ(δ(gc−0 ))

and by definition of |·| : W → N, it follows that gyc−0 ∈ Cn−1. By construction gyc−0 ∈ RJ .
Hence j ∈ J is an element such that every gc−0 ∈ Cn∩RJ is j-adjacent to some hc−0 ∈ Cn−1∩RJ ,
finishing the proof. □

Next, we show the condition (lco) . We calculate what the set aff(RJ) looks like for a residue
RJ in C−(Gmin

R ).

Proposition 4.9. Let RJ be a J-residue in C−(Gmin
R ), with J ⊆ I . Let hc−0 ∈ RJ be such that

δ(hc−0 ) = w, and let wJ be the unique element of minimal length inwWJ . Then there is some gc−0 ∈ RJ

such that δ(gc−0 ) = wJ , and

(4.6) aff(RJ) =
{
gxc−0 ∈ C−(Gmin

R ) | x ∈ U
+
JR

}
.

Proof. Note that a chamber gc−0 ∈ RJ with δ(gc−0 ) = wJ exists by Lemma 4.7(a) . Then p(g) ∈
B+

k w̃JB
−
k , and in particular, there exists b+ ∈ B

+
R such that p(g)B−

k = p(b+)w̃JB
−
k . Hence

b+w̃J is a representative of the coset gB
−
R, i.e. gc−0 = b+w̃Jc

−
0 . We then have

RJ =
{
b+w̃Jxc

−
0 ∈ C−(Gmin

R ) | x ∈ GJR

}
.

Now, by Lemma 4.7(b) ,

b+w̃Jxc
−
0 ∈ aff(RJ) ⇐⇒ p(b+w̃Jx) ∈ B+

k w̃JB
−
k .

Moreover, GJk has a Birkhoff decomposition GJk =
∐

w′∈WJ
U+
Jkw̃

′B−
Jk. In particular, for any

x ∈ GJR, there is a w′ ∈ WJ such that p(x) ∈ U+
Jkw̃

′B−
k , and hence

p(b+w̃Jx) ∈ B+
k w̃JU

+
Jkw̃

′B−
Jk.

By Lemma 2.4, since wJ is right J-reduced, we have that w̃JU
+
Jk ⊆ B+

k w̃J . In particular,

p(b+w̃Jx) ∈ B+
k w̃JU

+
Jkw̃

′B−
k ⊆ B+

k w̃J w̃
′B−

k .

Hence b+w̃Jxc
−
0 ∈ aff(RJ) if and only if w′ = 1, i.e. p(x) ∈ U+

JkB
−
Jk. By Lemma 2.5, it follows

that b+w̃Jxc
−
0 ∈ aff(RJ) if and only if x ∈ U

+
JRU

+
LB

−
R ∩GJR. Now,

U
+
JRU

+
LB

−
R ∩GJR = U

+
JR

(
U

+
LB

−
R ∩GJR

)
⊆ U

+
JR

(
B

+
RB

−
R ∩GJR

)
⊆ U

+
JR

(
U

+
JRU

−
JRTR

)
⊆ U

+
JRB

−
R,
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where the inclusion B
+
RB

−
R ∩GJR ⊆ U

+
JRU

−
JRTR follows from Lemma 2.6. It follows in partic-

ular that b+w̃Jxc
−
0 ∈ aff(RJ) if and only if x ∈ U

+
JRB

−
R, showing the claim. □

Proposition 4.10. LetA be 2-spherical, andR a local ring satisfying (co) . Then the filtration (Cn)n≥0

of C−(Gmin
R ) as defined in (4.5) satisfies (lco) .

Proof. By Proposition 4.9, for any J-residue RJ , there is some g ∈ Gmin
R such that any two

elements in aff(RJ) are of the form gxc−0 and gyc−0 , with x, y ∈ U
+
JR. Since R is assumed to

satisfy (co) , it follows by Lemma 2.3 that x−1y can be expressed as a product of elements in the
simple root subgroups UαjR for j ∈ J . Hence there exists a J-gallery from gxc−0 to gyc−0 , which
is moreover completely contained in aff(RJ) by Proposition 4.9. □

We now prove Theorem B.

Theorem 4.11. Let A = (Aij)i,j∈I be a 2-spherical GCM and R a local Bézout domain satisfying
(co) . Then U

+
R is the amalgamated product of its subgroups U

+
JR for J ⊆ I and |J | ≤ 2, along the

canonical inclusions U
+
J1R ↪→U

+
J2R for all J1 ⊆ J2, if this is the case for all of its rank 3 subgroups U

+
I′R,

i.e. for all I ′ ⊆ I with |I ′| = 3.

Proof. Under the hypotheses onA andR, the chamber system C−(Gmin
R ) is a building by Proposi-

tion 4.6. In particular, C−(Gmin
R ) is simply connected by Proposition 4.5. The filtration (Cn)n∈N

of C−(Gmin
R ) as defined in (4.5) , is a residual filtration satisfying (lco) by Proposition 4.8 and

Proposition 4.10. Moreover, by definition, C0 = U
+
Rc

−
0 . Hence if (Cn)n∈N were to satisfy (lsco) ,

then by Proposition 4.4, U
+
Rc

−
0 would be a simply connected chamber system, on which U

+
R acts

transitively.

In particular, if (Cn)n∈N satisfies (lsco) , we find that U
+
R has the desired amalgamated product

decomposition by Proposition 4.2, since the stabilisers in U
+
R of the residues of rank at most 2

containing c−0 are the subgroups U
+
R ∩ P−

JR = U
+
JR (see (2.9) ) with |J | ≤ 2, by Example 4.1.

By definition, (Cn)n∈N satisfies (lsco) if and only if for any J-residue RJ ⊆ C−(Gmin
R ) with

|J | = 3, the set aff(RJ) is simply connected. By Proposition 4.9, this is equivalent to the set
gU

+
JRc

−
0 being simply connected, for all g ∈ Gmin

R and all J ⊆ I of size 3. But since the action of
Gmin

R on C−(Gmin
R ) preserves i-adjacency for any i ∈ I , we have that for any g ∈ Gmin

R and any
J ⊆ I ,

gU
+
JRc

−
0
∼= U

+
JRc

−
0 ,

as chamber systems. In combination with Proposition 4.2, it follows that (Cn)n∈N satisfies (lsco)
if and only if for any J ⊆ I with |J | = 3, the subgroup U

+
JR ⩽ U

+
R is the amalgamated product

of its subgroups U
+
JR ∩ P−

J ′R = U
+
J ′R (see (2.9) ) with J ′ ⊆ J and |J ′| ≤ 2, along the inclusions

U
+
J1R ⊆ U

+
J2R for all J1 ⊆ J2 ⊆ J . □

5. Simple connectedness in type A3

5.1. The reduction step and proof in the A3 case. In [Tit86], Tits showed that for a Cartan
matrix A, the problem of obtaining a presentation of U+

R as an amalgamated product of its rank
2 subgroups, reduces to its rank 3 subgroups having such a presentation. He then moreover
showed that for a Cartan matrix A of type A3, and K a field different from F2, the group U+

K is
the amalgam of its rank 2 subgroups. These result were then combined to obtain an amalgamated
product decomposition of U+

K in terms of its rank 2 subgroups for any Cartan matrix of simply
laced type.

We adapt Tits’ strategy to the more general setting of commutative rings satisfying a minor
condition which extends the requirement that K ̸= F2, proving Theorem A.

First, we formulate the statement of Tits’ reduction step to the rank 3 case for spherical type
GCM’s, for the convenience of the reader.
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Proposition 5.1 ([Tit86, Proposition 7]) . Let A = (Aij)i,j∈I be a Cartan matrix, with simple roots
{αi | i ∈ I}. Let R be a (commutative, unital) ring. Suppose the following two conditions are satisfied for
U+
R ⩽ GA(R):

(i) For any distinct i, j ∈ I , the group U+
{i,j}R is generated by UαiR and UαjR;

(ii) For any distinct i, j, k ∈ I , the group U+
{i,j,k}R is the amalgamated product of its subgroups U+

JR

with J ⊆ {i, j, l} and |J | ≤ 2, along the canonical inclusions of the subgroups UαiR, UαjR and
UαlR.

Then U+
R itself is the amalgamated product of its subgroups U+

JR for all J ⊆ I with |J | ≤ 2, along the
canonical inclusions of the root subgroups UαiR ↪→U+

JR for all i ∈ J ⊆ I .

Remark 5.2. The condition (i) holds as soon as R satisfies (co) , by [All16, Lemma 11.1]. In
particular, for a simply laced Cartan matrix, the condition (i) is satisfied for any commutative
unital ring R.

For the rest of this section, let A be of type A3. Note that in this case, for any R,

GR = E4(R) ⩽ SL4(R), and U+
R =

{(
1 ∗ ∗ ∗
0 1 ∗ ∗
0 0 1 ∗
0 0 0 1

)
∈ E4(R)

}
.

Here E4(R) denotes the subgroup of SL4(R) generated by the elementary matrices I4+λEi,j , for
all λ ∈ R, where I4 denotes the identity matrix andEi,j denotes the matrix which has every entry
equal to 0, except the entry (i, j), which equals 1. For any i ∈ I = {1, 2, 3}, the root subgroup
Uαi of U+

R is generated by the elements I4 + λEi,i+1, for all λ ∈ R.

Theorem 5.3. Let R be a (commutative, unital) ring such that 1R is the sum of two invertible elements.
LetA = (Aij)i,j∈I be the Cartan matrix of typeA3. ThenU+ := U+

R ⩽ GR is the amalgamated product
of the simple root subgroups Uαi and the rank two subgroups U+

JR = ⟨Uαi , Uαj ⟩, along the canonical
inclusions Uαi ↪→U+

JR, for all J = {i, j} ⊆ I .

When R is a field, this statement is precisely [Tit86, Proposition 8], which we formulate here
for completeness’ sake.

Proposition 5.4 ([Tit86, Proposition 8]) . Let K be a field different from F2 and let A = (Aij)i,j∈I
be the Cartan matrix of type A3. Then U+

K ⩽ GK = SL4(K) is the amalgamated product of the sim-
ple root subgroups Uαi and the rank two subgroups U+

J K = ⟨Uαi , Uαj ⟩, along the canonical inclusions
Uαi ↪→U+

J K, for all J = {i, j} ⊆ I .

Before we proceed with the proof of Theorem 5.3, we first introduce some notation. By
definition, U+ := U+

R is the group with generators

xα(r), for all α ∈ ∆ := {α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3} and all r ∈ R,

and relations, for all r, s ∈ R:

xα(r)xα(s) = xα(r + s), for all α ∈ ∆,(i)

[xα1(r), xα2(s)] = xα1+α2(rs), [xα1+α2(r), xα1(s)] = [xα1+α2(r), xα2(s)] = 1,(ii)

[xα2(r), xα3(s)] = xα2+α3(rs), [xα2+α3(r), xα2(s)] = [xα2+α3(r), xα3(s)] = 1,(iii)

[xα1(r), xα3(s)] = 1(iv)

[xα1+α2(r), xα2+α3(s)] = 1(v)

[xα1+α2(r), xα3(s)] = [xα1(r), xα2+α3(s)](vi)

[xα1+α2(r), xα3(s)] = xα1+α2+α3(rs),(vii)

[xα1+α2+α3(r), xα(s)] = 1, for all α ∈ ∆.(viii)
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Moreover, the amalgamated product Ũ of the root subgoups Uαi and the rank two subgroups
Ui,j := U+

{i,j}R of U+ along the inclusions of Uαi into Ui,j , is given by the group with the gener-

ators xα(r), for all r ∈ R and all α ∈ ∆̃ := ∆ \ {α1 + α2 + α3}, satisfying the relations (i) for all
α ∈ ∆̃, as well as the relations (ii) , (iii) and (iv) .

Define in Ũ , for any t ∈ R,

(5.1) v123(t) := [xα1+α2(1), xα3(t)].

Proving Theorem 5.3 consists of showing that Ũ also satisfies eqs. (v) to (viii) , with the ele-
ments xα1+α2+α3(t) replaced by v123(t), and that v123(t) also satisfies (i) .

Let Ui := Uαi for all i ∈ I. Moreover, let Vi be the conjugation of Ui by xα2(1), i.e. Vi :=
xα2(−1)Uixα2(1). In particular, by (ii) and (iii) ,

V1 = ⟨xα1(r)xα1+α2(r) | r ∈ R⟩(5.2)

V3 = ⟨xα3(r)xα2+α3(−r) | r ∈ R⟩.(5.3)

Remark 5.5. As Tits remarked in [Tit86, §16.5], Proposition 5.4 does not hold over F2. Indeed,
if one supposes K = F2, then we define, for i ∈ {1, 3}, the groups Di := Ui ∗ Vi, which are
isomorphic to the infinite dihedral group D∞. Moreover, we can define the semidirect product

H := (D1 ×D3)⋊ U2,

by letting the elements xα2(1) act on Di by conjugation (respecting the relations (ii) and (iii) ).
Then the relations (i) , (ii) , (iii) and (iv) are satisfied in H , and in particular H ∼= Ũ . It follows
that Ũ ̸∼= U , since U is the finite group

U ∼=
{(

1 ∗ ∗ ∗
0 1 ∗ ∗
0 0 1 ∗
0 0 0 1

)
∈ SL4(F2)

}
.

The following lemma is an intermediary step towards the proof of Theorem 5.3.

Lemma 5.6 ([Tit86, §16 (7) ]) . ForUi and Vi as above, the following commutation relations hold in Ũ :

[U1, U3] = [U3, V3] = [V1, V3] = [U1, V1] = {1}.

Proof. The groups U1 and U3 commute by (iv) , and conjugating relation (iv) by xα2(1) shows that
V1 and V3 commute. Now U1 commutes with V1 by (5.2) and (ii) , and U3 commutes with V3 by
(5.3) and (iii) . □

Moreover, the following holds.

Lemma 5.7 ([Tit86, Lemme 4]) . Let ui ∈ Ui and vi ∈ Vi be such that [u1v1, u3v3] = 1. Then

[u1, v3] = [u3, v1],

and [u1, v3] is central in the subgroup X of Ũ generated by U1, U3, V1 and V3.

Proof. Suppose u1v1u3v3 = u3v3u1v1. Then v1u3v3 = u−1
1 u3v3u1v1. But v1u3v3 = v3v1u3 since

v3 commutes with u3 and v3 by Lemma 5.6. Hence

v1u3 = v−1
3 u−1

1 u3v3u1v1.

But the latter is equal to u3v−1
3 u−1

1 v3u1v1, since u3 commutes with u1 and v3. Hence

u−1
3 v1u3 = v−1

3 u−1
1 v3u1v1 = v1v

−1
3 u−1

1 v3v1,

where the last equality follows from the fact that v1 commutes with u1 and v3. Hence

v−1
1 u−1

3 v1u3 = v−1
3 u−1

1 v3u1.

This shows the first statement. It now trivially follows that [u1, v3] is central in X , since, by
Lemma 5.6, [u1, v3] commutes with U3 and V1, and [u3, v1] commutes with U1 and V3. □
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Proof of Theorem 5.3. Consider the group Ũ as defined above. We show the relations eqs. (v)
to (viii) hold, with the elements xα1+α2+α3(t) replaced by v123(t), and that v123(t) also satisfies
(i) . We begin by showing relation (vi) . Let r, s ∈ R. Then by (ii) ,

[xα1(r), xα3(s)] = 1.

Conjugating this expression by xα2(t) for t ∈ R implies that

[xα1(r)xα1+α2(rt), xα3(s)xα2+α3(−st)] = 1.

In particular, by (i) ,

[xα1(r − rt)xα1(rt)xα1+α2(rt), xα3(s− st)xα3(st)xα2+α3(−st)] = 1.

But by (5.2) and (5.3) ,

xα1(r − rt) ∈ U1, xα1(rt)xα1+α2(rt) ∈ V1, and

xα3(s− st) ∈ U3, xα3(st)xα2+α3(−st) ∈ V3.

Hence we may apply Lemma 5.7 to obtain that for all r, s, t ∈ R

(5.4) [xα1(r − rt), xα3(st)xα2+α3(−st)] = [xα3(s− st), xα1(rt)xα1+α2(rt)] ,

and moreover these elements are central in the subgroup X of Ũ generated by U1, U3, V1 and
V3. In any group G, the following relations hold for x, y, z ∈ G:

[x, zy] = [x, y][x, z]y(5.5)

[xz, y] = [x, y]z[z, y],(5.6)

It follows that

[xα1(r − rt), xα3(st)xα2+α3(−st)] = [xα1(r − rt), xα2+α3(−st)] [xα1(r − rt), xα3(st)]
xα2+α3 (−st)

= [xα1(r − rt), xα2+α3(−st)] ,

where the last equality follows from (iv) . Similarly,

[xα3(s− st), xα1(rt)xα1+α2(rt)] = [xα3(s− st), xα1+α2(rt)] .

However, in any group G there are moreover the relations

(5.7) [x−1, y] = [y, x]x
−1

and [x, y−1] = [y, x]y
−1
, for all x, y, z ∈ G.

Applying (5.7) to the previous expression, we get

[xα3(s− st), xα1+α2(rt)] = [xα1+α2(rt), xα3(−s+ st)]xα1+α2 (s−st)

= [xα1+α2(rt), xα3(−s+ st)] ,

where the last equality holds because [xα1+α2(rt), xα3(−s+ st)] is central in X , and because
xα1+α2(s− st) ∈ X. We conclude from (5.4) that

(5.8) ∀r, s, t ∈ R, [xα1(r − rt), xα2+α3(−st)] = [xα1+α2(rt), xα3(−s+ st)] .

In particular,

If there exists a t ∈ R such that t, 1− t ∈ R×, then for any r, s ∈ R, the elements(5.9)

[xα1(r), xα2+α3(s)] and [xα1+α2(r), xα3(s)] are central in X.

We now apply a change of variables to the above. Let λ ∈ R× such that 1 + λ is invertible. Take
t := λ(1 + λ)−1. Then t and 1− t = (λ+ 1)−1 are invertible. In particular, by (5.8) ,

For any λ ∈ R such that λ, λ+ 1 ∈ R×, and for any r, s ∈ R,(5.10)

[xα1(r), xα2+α3(s)] = [xα1+α2(rλ), xα3(sλ
−1)].
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By assumption, there exists an element b ∈ R× such that 1 + b ∈ R×. Then 1 + (−b− 1) ∈ R×,
and 1− b−1(b+ 1) = b−1 ∈ R×. In particular by (5.10) , one has that, for any r, s ∈ R,

[xα1+α2(r), xα3(s)] = [xα1(rb
−1), xα2+α3(sb)]

= [xα1+α2(−rb−1(b+ 1)), xα3(−sb(b+ 1)−1)]

= [xα1(r), xα2+α3(s)],

and relation (vi) follows.
Next, we show (v) . By definition, for any r, s ∈ R,

[xα1+α2(r), xα2+α3(s)] = [[xα1(r), xα2(1)], [xα3(−s), xα2(1)]]

= [xα1(−r)xα2(−1)xα1(r)xα2(1), xα3(s)xα2(−1)xα3(−s)xα3(1)] .

Denote

u1 := xα1(−r) ∈ U1, v1 := xα2(−1)xα1(r)xα2(1) ∈ V1,

u3 := xα3(s) ∈ U3, v3 := xα2(−1)xα3(−s)xα2(1) ∈ V3.

Then we obtain by (5.6) that

[xα1+α2(r), xα2+α3(s)] = [u1, u3v3]
v1 [v1, u3v3] = [u1, v3]

v1 [u1, u3]
v3v1 [v1, u3v3]

= [u1, v3][v1, u3v3],

where the last equality holds because u1 commutes with u3, and v1 commutes with u1 and v3 by
Lemma 5.6. Applying (5.5) we then obtain that

[xα1+α2(r), xα2+α3(s)] = [u1, v3][v1, v3][v1, u3]
v3

= [u1, v3][v1, u3],

where the latter equality follows from Lemma 5.6. In particular, by (ii) and (iii) ,

[xα1+α2(r), xα2+α3(s)] = [xα1(−r), xα2(−1)xα3(−s)xα2(1)] [xα2(−1)xα1(r)xα2(1), xα3(s)]

= [xα1(−r), xα3(−s)xα2+α3(s)] [xα1(r)xα1+α2(r), xα3(s)] .

Applying once more (5.5) and (5.6) , as well as Lemma 5.6, yields

[xα1+α2(r), xα2+α3(s)] = [xα1(−r), xα2+α3(s)] [xα1+α2(r), xα3(s)] .

By (vi) , the last expression is the same as

[xα1+α2(r), xα2+α3(s)] = [xα1(−r), xα2+α3(s)] [xα1(r), xα2+α3(s)] .

Because by assumption there is an element t ∈ R with t, 1 − t ∈ R×, it follows from (5.9) that
[xα1(r), xα2+α3(s)] is central in X , and hence in particular commutes with xα1(−r). Hence by
(5.7) ,

[xα1+α2(r), xα2+α3(s)] = [xα1(−r), xα2+α3(s)] [xα2+α3(s), xα1(−r)] = 1,

where the last equality is satisfied because [x, y]−1 = [y, x] for any x, y in a groupG. The relation
(v) follows.

We now show (viii) . Let v123(r) be as in (5.1) . It suffices to show that v123(r) commutes
with xα2(s) for all r, s ∈ R, since v123(r) = [xα1+α2(1), xα3(r)] is central in X by (5.9) , and X
contains all the root subgroups associated to the roots {α1, α3, α1 + α2, α2 + α3, α1 + α2 + α3}.
But

v123(r)
xα2 (s) =

[
xα1+α2(1)

xα2 (s), xα3(r)
xα2 (s)

]
= [xα1+α2(1), xα3(r)xα2+α3(−rs)]

= [xα1+α2(1), xα2+α3(−rs)][xα1+α2(1), xα3(r)]
xα2+α3 (−rs)

= [xα1+α2(1), xα3(r)] = v123(r).

Here the second equality holds by (ii) and (iii) , the third bys (5.5) and the fourth by (v) and
(5.9) .
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We now show (vii) , with xα1+α2+α3(rs) replaced by v123(rs) = [xα1+α2(1), xα3(rs)]. Let
r, s ∈ R. Then

[xα1+α2(r), xα3(s)]
xα2 (−r) = [[xα1(1), xα2(r)], xα3(s)]

xα2 (−r)

= [xα2(−r), [xα3(s), xα1(−1)]]xα1 (1) · [xα1(1), [xα2(−r), xα3(−s)]]
xα3 (s)

= [xα1(1), [xα2(−r), xα3(−s)]]
xα3 (s)

= [xα1(1), [xα2(−r), xα3(−s)]]
= [xα1(1), [xα2(1), xα3(rs)]]

= [xα1(1), xα2+α3(rs)] = [xα1+α2(1), xα3(rs)] = v123(rs).

Here the first equality follows by (ii) , the second by the Hall–Witt identity, the third by (iv) , the
fourth by (iv) and (iii) , the fifth by (iii) , and the last line by (vi) . But by (viii) ,

[xα1+α2(r), xα3(s)] = v123(rs)
xα2 (r) = v123(rs),

and (vii) follows. Finally, for any r, s ∈ R,

v123(r + s) = [xα1+α2(1), xα3(r)xα3(s)]

= [xα1+α2(1), xα3(s)][xα1+α2(1), xα3(r)]
xα3 (s)

= [xα1+α2(1), xα3(s)][xα1+α2(1), xα3(r)] = v123(s)v123(r),

where the second equality follows from (5.5) , and the third equality holds since v123(r) is central
in X , which contains xα3(r). Hence (i) holds for v123(r), and this concludes the proof. □

We are now able to prove Theorem A.

Corollary 5.8. Let R be a (commutative, unital) ring such that 1R is the sum of two invertible elements,
and let A = (Aij)i,j∈I be spherical and simply laced. Then U+

R ⩽ GR is the amalgamated product of its
subgroups U+

JR for J ⊆ I and |J | ≤ 2, along the canonical inclusions U+
J1R

⩽ U+
J2R

for J1 ⊆ J2 ⊆ I .

Proof. Since A is simply laced, it follows by Remark 5.2 that the groups U+
JR with |J | = 2 are

generated by the root subgroups Uαj for j ∈ J . Hence the statement follows immediately from
Proposition 5.1 and Theorem 5.3. □

5.2. On the condition that 1 is the sum of two units. A unital ring R is said to be semi-local if
R/J(R) is semisimple, with J(R) its Jacobson radical. For commutative rings this is equivalent
to having finitely many maximal ideals by the Chinese remainder theorem. The following re-
sult is classical, as it follows immediately from [Zel54] and [GPS98]. We include the proof for
convenience of the reader.

Proposition 5.9. LetR be a (not necessarily commutative) semi-local unital ring. Then the following are
equivalent:

(i) R has no quotient isomorphic to F2,
(ii) 1R is the sum of two invertible elements,

(iii) Every element of R is the sum of two invertible elements.

Proof. The implication (iii) =⇒ (ii) is trivial. To see that (ii) implies (i), suppose 1R = u + v
with u, v ∈ R×. Suppose R has a quotient ϕ : R↠F2. Then ϕ(u) = ϕ(v) = 1, since u and v
are invertible and hence so is their image. But then ϕ(1R) = ϕ(u) + ϕ(v) = 0, a contradiction.
Finally, to see that (i) implies (iii), let J = J(R), the Jacobson radical of R. It is characterised as
the ideal

J(R) =
{
x ∈ R | 1 + yx ∈ R×, for all y ∈ R

}
.

First we claim that for r ∈ R, if r + J is a sum of units in R/J , then r is a sum of units in R. It
then suffices to show that every element of R/J is a sum of units.
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First of all, if a+ J is invertible in R/J , then there is some x ∈ R such that xa+ J = 1 + J ,
and in particular, xa− 1 ∈ J , i.e. xa ∈ R× by definition of J . It then follows that a ∈ R×.

Suppose now that r + J is the sum of two units in R/J , i.e. r + J = u + v + J for some
u+ J, v+ J ∈ (R/J)×. Then there is some j ∈ J such that r = u+ v+ j, and since u and v are
invertible by the previous paragraph, we have that

r = u+ v + j = u+ v(1 + v−1j).

Note that 1 + v−1j ∈ R× since j ∈ J , and hence also v(1 + v−1j) ∈ R×. In particular, r is the
sum of two units, as desired.

We now show that every element in R/J is a sum of two units. Since R/J is semisimple, by
the Wedderburn–Artin theorem R/J decomposes as

R/J ∼=
n∏

i=1

Mni(Di),

with eachDi a division ring. SinceR is assumed to have no quotient F2, in particular no Mni(Di)
in the above decomposition is isomorphic to F2. By [Zel54], not every element of a matrix ring
Mn(D) for D a division ring is a sum of two units if and only if n = 1 and D = F2. Hence for
every i, every element r ∈ Mni(Di) is the sum of two units, and by [GPS98, Proposition 1.2],
this property is preserved under taking direct products of rings. In particular, every element of
R/J is a sum of two units, and the conclusion follows. □

Remark 5.10. The equivalence of (i) and (iii) is studied more extensively in the literature. For
example, the authors of [KS07] also show the result for right self-injective rings, using Kaplansky-
style decompositions of such rings. The authors of loc. cit. also mention the existence of (non-
commutative) von Neumann regular rings in which 2 is invertible (and hence 1 is a sum of two
units, and the ring has no quotient F2) in which not every element is the sum of two units,
attributed to Bergman (see [Han77]).

For our purposes we are mostly interested in the equivalence of (i) and (ii), since (i) is a nec-
essary condition by Remark 5.5 and functoriality of U+

R in R, while (ii) is a sufficient condition.
However, we were unable to find a result in the literature which completely classifies the rings R
for which this equivalence holds, even when restricted to the case of commutative rings.

6. Presentation of U
+
R

In this section, we now prove Corollary C and Corollary D. We first state the following result,
due to Stein ([Ste73]). See also [MM25, Theorem 5.5].

Lemma 6.1 ([Ste73]) . Let R be a local domain and let A be spherical. Then φR : GR → Gmin
R is a

bijection. In particular, U±
R

∼= U
±
R.

The following theorem shows the reverse implication in Corollary C.

Theorem 6.2. Suppose A is a 3-spherical simply laced GCM, and let R be a local Bézout domain with
residue field different from F2. Then U

+
R is the amalgamated product of its subgroups U

+
JR with J ⊆ I

and |J | ≤ 2, along the inclusions U
+
J1R ⩽ U

+
J2R for all J1 ⊆ J2.

Proof. By Theorem 4.11, it suffices to show the statement for all rank 3 GCM’s A of simply laced
spherical type. In this case, U

+
R
∼= U+

R by Lemma 6.1. We distinguish three cases for A.
If A is indecomposable, then it is of type A3, and the statement follows from Theorem 5.3,

since by Proposition 5.9, 1R is a sum of two units.
If A is decomposable, then U+

R
∼= U+

A′R × (R,+), where A′ is either of type A2 or of type
A1 ×A1, i.e.

U+
R

∼=
{(

1 ∗ ∗
0 1 ∗
0 0 1

)
∈ SL3(R)

}
× (R,+) or U+

R
∼= (R,+)× (R,+)× (R,+).



22 ROBYNN CORVELEYN

It is then immediate from the relations (2.1) that U+
R has the desired presentation. □

We now prove Corollary D. In [MM25, Theorem A], this result was already proven in the
more general setting of arbitrary 2-spherical GCM’s, but as a consequence of our work we obtain
an alternative proof in the 3-spherical simply laced case.

Proposition 6.3. Let A = (Aij)i,j∈I be 3-spherical and simply laced. Let R be a local Bézout domain
with residue field different from F2, and with field of fractions K. Then the map

φR : GR → Gmin
R ⊆ GK

is injective.

Proof. By Theorem 6.2, U
+
R is the free product of the root subgroups UαR, for the roots α ∈ Ψ,

where
Ψ :=

{
α ∈ Φ | ∃i, j ∈ I such that α ∈ (Nαi + Nαj) ∩ Φ+

}
,

subject to the relations (2.1) for all pairs {α, β} ⊆ Ψ with α ̸= ±β. But these relations are all
already satisfied in U+

R , and since moreover U+
R is generated by all the simple root subgroups

UαiR by Lemma 2.3, it follows that φR|U+
R

is injective.

The proof of [MM25, Theorem 5.5], now applies verbatim. □

We now show the forward implication in Corollary C.

Proposition 6.4. Suppose A = (Aij)i,j∈I is simply laced and R is a local Bézout domain with residue
field different from F2. If U

+
R is isomorphic to the amalgamated product of its subgroups U

+
JR with J ⊆ I

and |J | ≤ 2 along the inclusions U
+
J1R ⩽ U

+
J2R for J1 ⊆ J2, then A is 3-spherical.

Proof. By Proposition 6.3, φR is injective, and hence U
+
R is isomorphic to U+

R ⩽ GR. The result
then immediately follows from [CM26, Theorem E]. □

Corollary C now follows from Theorem 6.2 and Proposition 6.4.

Finally, note that the stabilisers inB
+
R of the J-residues U

+
Rc

−
0 = B

+
Rc

−
0 ⊆ C−(Gmin

R ) are given
by

B
+
R ∩ P−

JR = (U
+
R ∩ P−

JR)TR = U
+
JRTR,

where the last equality follows by (2.9) . We then deduce the following.

Corollary 6.5. Let R be a local Bézout domain with residue field different from F2. Let A be a simply
laced GCM. Then B

+
R is the amalgamated product of its subgroups U

+
JRTR for all J ⊆ I with |J | ≤ 2,

along the inclusions U
+
J1RTR ⩽ U

+
J2RTR for J1 ⊆ J2, if and only if A is 3-spherical.

Note also that applying the Cartan–Chevalley involution ωR, the analogue of any result stated
in this paper for U

+
R and U+

R also holds for U
−
R and U−

R .
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